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1 Introduction

The study of kaon decays has historically provided one of the richest source of informa-
tion in the construction of the Standard Model (SM). Above all, let’s recall the discovery
of P andC P violation, as well as the indirect indication of the existence of charm. More-
over, at present some of the most stringent constraints which any extension of the SM has
to face on flavour mixing{' P violation andC' PT conservation are derived from kaon
physics. But what is even more fascinating is the fact that in the near future, 50 years
after their discovery, kaon decays could still offer a valuablewamdueprobe to test the
SM and to search for New Physics (NP) [1].

In general, we can separate in three wide classes the observables which it is still
very important to measure with increasing accuracy:

1. Pure NP searches.The observables belonging to this class are those vanishing
or extremely small within the SM, like the widths of the lepton—flavour violating
modes K; — pe, K — mwpe, ...) or the transverse muon polarizationAit —
mu*y, (see e.g. Rizzo in [1] and references therein). The first ones are completely
forbidden within the SM whereas the latter is expected to be much smaller than
the experimental sensitivity. In these cases a non—vanishing experimental evidence
would provide a clear signal for physics beyond the SM, however a positive result
is not guaranteed.

2. Precision SM measurementdnder this name we group the observables which are
completely dominated by SM contributions but are calculable with high accuracy in
terms of fundamental parameters. An interesting example in this sector is provided
by thern scattering lengths, measurable frdty, decays, which can be expressed
in terms of the expectation value of the quark condensate in the chiral limit [2].
Similarly, K;3 decays provide precise information about the Cabibbo angle and
guark—mass ratios [2].

3. Short—distance observabled this category we finally collect th€' P—violating
and FCNC observables which are calculable with high accuracy in terms of short—
distance amplitudes, like the widths Af — 7w decays. This group is probably
the most interesting one since it is useful both to test the flavour structure of the
SM and also to search for NP. In the following we will concentrate only on this
sector, trying to emphasize the cleanliness from long—distance effects and the NP
sensitivity of various observables.



2 FCNC rare decays within the SM

The rare transition& — 7mvv, K — (t¢~ and K — w¢*¢  are naturally good candi-
dates to extract information on the FCNC amplitude— d. f.f. (f = v, £). Within

the SM this amplitude is generated only at the quantum level, thré+grenguin and
W—-box diagrams, and is particularly interesting because of the dominant role played by
the top—quark exchange. Separating the contributions to the amplitude according to the
intermediate up—type quark running inside the loop, one can write

Alsp = difufr) = Y ViVaa Ag, (1)
g=u,c,t

whereV;; denote the elements of the Cabibbo—Kobayashi-Maskawa (CKM) matrix [3].
The hierarchy of the CKM matrix [4] would favor the first two terms in (1) however the
hard GIM mechanism of the parton—level calculation impligs~ m? /M, which leads
to a completely different scenario: assuming the standard phase conventipn €
Ve = 0) and expanding the CKM elements in powers of the Cabibbo angte {.22)
[4], one finds

O(Nmi) +iO0(XNm7)  (¢=1),
VoVaa Ag ~ 1 O(mg) +i O(X°mg) (¢ =¢), )
O()‘AQQCD) (g=u).

As can be noticed, the top—quark contribution dominates both real and imaginary parts
of the amplitude (theVQCD factor in the last line follows from a naive estimate of long—
distance effects associated to the up—quark exchange). This implies several interesting
consequences fod (s, — dp frfr): i) it is dominated by short—distance dynamics and
therefore calculable with high precision in perturbation theory; ii) it is very sensitive to
Via, Which is one of the less constrained CKM matrix elements; iii) it is likely to have a
largeC P—violating phase; iv) it is very suppressed within the SM and thus very sensitive
to possible NP effects.

The short—distance contribution #(s; — dr.f.fz) can be efficiently described
by means of a single effective dimension—6 operatof; = (5,v"d.)(f1v.f1). The
Wilson coefficients ofD{, have been calculated by Buchalla and Buras including next—
to—leading—order QCD corrections [5] (see also [6,7]), leading to a very precise descrip-
tion of the partonic amplitude. Moreover, the simple structur@$f has two major
advantages: i) the relation between partonic and hadronic amplitudes in the above men-
tioned rare decays is quite accurate, since the hadronic matrix elements(8f tHe;, )
current between a kaon and a pion (or the vacuum) are related by isospin symmetry to
those enterind<;; (or K;;) decays, which are experimentally well known; ii) the lepton



pair is produced in a state of definit&” and angular momentuny{” = 1-) implying,
for instance, that the leading contribution dfs;, — d; f.f;) to K, — 7°ff is CP
violating.

The short—distance contributions of thg — d; f. f;, amplitude toK — 7vw,
K — (*¢ andK — w(*( is therefore very well under control. The remaining question
to address in order to quantify their potential in testing flavour dynamics is the estimate
of other possible contributions. For instance in the casE ef w(* ¢~ an important role
is certainly played by the, — d, ¢/, amplitude, due to electromagnetic interactions.
Then in all decays there is the question of possible long—distance contaminations. In the
following we shall discuss in more detail the potential sources of uncertainties for the
various channels.

21 K — mvv

These modes are particularly clean since neutrinos couple to quarks orily wiad Z
exchange, thus the only non—vanishing contribution to the decay is provided by the
drv; v, amplitude discussed above.

In the charged channek{t — 7 *v©) the dominant theoretical error is related to the
uncertainty of the QCD corrections . (see [7] for an updated discussion), which can be
translated into &% error in the determination di},| from B(K* — n*vw). This QCD
uncertainty can be considered as generated by ‘intermediate—distance’ dynamics; genuine
long—distance effects associated4p have been shown to be substantially smaller [8].

The case ofK;, — mvi is even more clean from the theoretical point of view [9].
Indeed, because of thieP structure, the leading contribution to the decay amplitude gen-
erated by dimension—6 operators is proportional to the imaginary parts in (1). This implies
that in the dominant (direc-P—violating) part of the amplitude the charm contribution
is completely negligible with respect to the top one, where the uncertainty of the QCD
corrections is around 1%. Intermediate and long—distance contributions to this decay are
essentially confined only to the indirect”-violating contribution {;, — K¢ — n°viv
[10]) and to theC' P—conserving one (generated at short distances by higher—dimensional
operators [11]) which are both extremely small. Taking into account also the isospin—
breaking corrections to the hadronic matrix elements [12], one can therefore write a very
accurate expression (with a theoretical error aroWidifor B(K;, — n°v) in terms of
short—distance parameters [7,10]:

mt(mt) 23 %)\t 2
0., _ —10
B(KL — T Z/Z/)SM = 4.25x 10 lm] lyl . (3)

The high accuracy of the theoretical predictiond¢+ — n*vi) andB(K —
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7’vr) in terms of the modulus and the imaginary part\ef= V;,:V}, could clearly offer
the possibility of very interesting tests of the CKM mechanism. Indeed, a measurement
of both channels would provide two independent information on the unitarity triangle (or
equivalently on the»— plane [4]), which can be probed also By-physics observables.
In particular, as emphasized in [7], the ratio of the two branching ratios could be trans-
lated into a determination efn(2/), theC' P—violating observable measurable in a clean
way also fromB°(B%) — J/¥ K. A comparison of the two measurements would then
provide a very powerful tool to search for NP.

Taking into account all the indirect constraints gy and V;; obtained within the
SM, the present range of the SM predictions for the two branching ratios is given by [7]:

B(K" — ntvi)syy = (0.8240.32) x 10710, 4)
B(Kp — m°vd)sy = (3.14+£1.3) x 1071, 5)

to be compared with the recent experimental results:

B(Kt = rtwvp) = 42451 x 1077 [13], (6)
B(K;, — n’vp) < 1.6 x107°[14]. (7)

22 K —=/(tr—and K — w0te~

In the decays involving charged leptons the problem of long—distance effects becomes
much more important because of the presence of electromagnetic interactions. In general
we can distinguish three classes of electromagnetic long—distance amplitudes:

1. One—photon exchangelhis mechanism provides the by far dominant contribu-
tion to theC P-allowed transitiond<™ — 7#7/*¢~ and Ky — w°¢*¢~ [15] (see
[16] for an updated discussion). The former has been observed, both in the elec-
tron and in the muon mode, whereas only an upper bound of dabofitexists on
B(Ks — mete™) [17]. Unfortunately chiral symmetry alone does not help to
relate B(K+ — 77¢"¢~) and B(Ks — w%*e™), and without model-dependent
assumptions one can only set a theoretical upper bound of abotion the latter
[16].

In the case ofK; — 7°/*¢~ the long—distance part of the one—photon exchange
amplitude is forbidden bg' P invariance but it contributes to the decay ¥Wa—Kg
mixing, leading to

B(KL — 7T0€+€7)cpvfmd = 3x 1073 B(KS — 7T0€+€7) . (8)



On the other hand, the direciP-violating part of the decay amplitude is very
similar to the one ofkK; — 7% but for the fact that it receives an additional
short—distance contribution by the photon penguin. This theoretically clean part of
the amplitude leads to [18]

B(K — w%ete )Py _gir = 0.69x 107" l my (1) ] [‘9 t

2
170 GeV )\5] - O

The twoC P—violating components of th&;, — 7%c*e~ amplitude will in general
interfere. Given the present uncertainty BAKs — n’cTe™), at the moment we
can only set the rough upper limit

B(Kp — mlete)2h, ., S few x 1071 (10)

on the sum of all th&' P—violating contributions to this mode (the present exper-
imental upper bound is about two orders of magnitude larger [17]). We stress,
however, that the phases of the tew/@—violating amplitudes are well know. Thus

if B(Ks — mete™) will be measured, it will be possible to determine the interfer-
ence between direct and indiré¢P—violating components d8(K;, — n’e*e™)cpy

up to a sign ambiguity.

. Two—photon exchange swave.This amplitude plays an important role iy, —
(¢~ transitions. In theé<; — eTe™ case it is by far the dominant contribution and
it can be estimated with a relatively good accuracy in termis(éf;, — ~+). This
leads to the predictioB (K}, — ete™) ~ 9 x 107'? [19] which recently seems to
have been confirmed by the foll;, — e"e~ events observed at BNL-E871 [20].

More interesting from the short—distance point of view is the cade€;of+ ;1 ™.

Here the two—photon long—distance amplitude is still large but the short—distance
one, generated by the real partdfs; — d;urii;,) and thus sensitive t&V;, [5],

is comparable in size. Unfortunately the dispersive part of the two—photon con-
tribution is much more difficult to be estimated in this case, due to the stronger
sensitivity to the/;, — y** form factor. Despite the precise experimental deter-
mination of B(K; — u* ™), the present constraints &1/, from this observable

are not very interesting [21]. Nonetheless, the measuremeBt{ 6, — " u7)

is still useful to put stringent bounds on possible NP contributions. Moreover, we
stress that the uncertainty of th§, — +*~v* — p* .~ amplitude could be partially
decreased in the future by precise experimental information on the form factors of
K; — v/*¢ andK; — ete putu~ decays, especially if these would be consis-
tent with the parameterization of tli&, — ~*+* form factor proposed in [21].



3. Two—photon exchange iR wave. This final amplitude (the smallest of the three)
IS interesting since it produces a non-helicity—suppreé&dconserving contri-
bution to K;, — 7%Te~ [22]. This contribution does not interfere with tii&P—
violating one in the total rate and leads B{K; — 7n¢te™)cpc ~ few X
10712, At the moment it is not easy to perform accurate predictionB@f;, —
m%ete)cpe, however, precise experimental information on the di—photon spec-
trum of K, — 7%y~ at lowm.,, could help to clarify the situation [22]. Moreover,
the Dalitz plot distribution o2 PV andC PC contributions tak; — me*e™ are
substantially different: in the first case thee™ pair is in aP wave, whereas in the
latter it is in aD wave. Thus in principle it is possible to extract experimentally the
interestingB(K; — n’eTe™)cpy from an observation of various;, — w%ete”
events.

3 K — mvvand K; — n*e” beyond the SM

As we have seen in the previous section, the branching ratids; of+ 7%vi, K+ —

ntvv and K, — 7% *e~! could give us valuable and precise information about flavour
mixing. Within the SM this is ruled by the CKM mechanism, which implies the strong
O(\%) suppression ofd(s;, — d,f.f) and leads to the small predictions in (4-5) and
(10). It is therefore natural to expect that these observables are very sensitive to possible
extensions of the SM in the flavour sector.

As long as we are interested only in NP effects to rare FCNC processes, we can
roughly distinguish the extensions of the SM into two big groups: those involving new
sources of flavour mixing (like generic SUSY extensions of the SM, models with new gen-
erations of quarks, etc...) and those where the flavour mixingjlistded by the CKM
matrix (like the 2—Higgs—doublet model of type Il, constrained SUSY models,.¢tc
In the second case the effect to rare decays is typically small, at most of the same or-
der of magnitude as the SM contribution (see e.g. [23,24] for some recent discussions).
On the other hand, in the first case it is easy to generate sizable effects, leading to large
enhancements with respect to the SM rates (see e.g. [25] and [26]).

Interestingly, despite the variety of NP models, it is possible to derive a model-
independent relation among the widths of the three neutrino modes [27]. Indeed, the
iIsospin structure of any — d operator bilinear in the quark fields implies

DK = atww) =T(Kp — ') +T'(Kg — 7°vp) , (11)

! The measurement dB(K; — n°e*e~) should be supplemented by a Dalitz plot analysis and a
determination or a stringent experimental boundx{is — 7%e*e ™).



up to small isospin—breaking corrections, which then leads to

-
B(K;, — 7vp) < —LB(K" — ntvp). (12)

TK+

Any experimental limit onB(K; — =°vi7) below this bound can be translated into a

non-trivial dynamical information on the structure of thes dv amplitude. Using the

experimental result in (6), the present model-independent bourd#{ &y, — 7°vv) is

about6 x 10~ (more than two orders of magnitude larger than the SM value!).
Unfortunately there is no analog model-independent bounddor— #%ete.

However, to compare the NP sensitivity &, — 7’v andK;, — 7%"e~, we note that

in the specific scenario where the dominant contribution to both processes is generated by

an effectiveZsd vertex, one expectB(K; — nlete™) ~ B(Ky — n'vir)/6 [25].

3.1 Supersymmetric contributions

We will now discuss in more detail the rare FCNC transitions in the framework of a low—
energy supersymmetric extension of the SM —with unbrakgmarity, minimal particle
content and generic flavour couplings— which represents a very attractive possibility from
the theoretical point of view. Similarly to the SM, also in this case FCNC amplitudes
are generated only at the quantum level. However, in addition to the standard penguin
and box diagrams, also their corresponding superpartners, generated by gaugino—squarks
loops, play an important role. In particular, the chargino—up—squarks diagrams provide
the potentially dominant non—SM effect to the» dvi(¢+¢~) amplitude [28]. Moreover,

in the limit where the average mass of SUSY particles ) is substantially larger than

My, the penguin diagrams tend to dominate over the box ones and the dominant SUSY
effect can be encoded through an effectitg d; coupling [25].

The flavour structure of a generic SUSY model is quite complicated and a conve-
nient way to parametrize the various flavour—mixing terms is provided by the so—called
mass—insertion approximation [29]. This consists of choosing a simple basis for the gauge
interactions and, in that basis, to perform a perturbative expansion of the squark mass ma-
trices around their diagonal. The same approach could be employed also within the SM,
rotating for instance the! fields and choosing the basis where Wie- d;, — u¢ coupling
is diagonal. In this case it would be easy to verify that the dominant contribution to the
Z51,d;, vertex is generated at the second order in the mass expansion by aq{o&bjé
mixing, namely(u? —tz) x (tz —u3 ). The two off-diagonal mass terms would indeed be
proportional ton,V;; andm,V;:. As shown in [25], this “second—order structure” remains
valid also for the SUSY (chargino—up—squarks) contributions. In this case the situation is
slightly more complicated due to the interplay between the standard CKM matrix (ruling



the higgsinog: — ¢, vertex) and a new matrix responsible for te- ¢, mixing [28]. It

Is indeed possible to consider terms with a single off-diagonal CKM element and a single
gt — qg mixing. However, in perfect analogy with the SM case, the potentially dominant
SUSY contribution arises from the double mixifigf — ) x (tp — @3) [25]. This leads

to an effectiveZ5;,d;, vertex proportional to

j\t _ (MIQJ)SLZJ\}(FIQJ)thL , (13)
S

which can be considered as the analog of the SM fagten?/M3,).
The phenomenological constraints dncan be divided into two groups:

1. indirect Ms—dependent bounds di72),,,, and (M2),,4,. dictated mainly by
vacuum-stability, neutral-meson mixing{ — K°, D° — D° and B° — B°) and
b— sv;

2. direct limits on theZs5,d;, coupling dictated by, — ptp~ and®(e'/¢), con-
strainingR\; and3.\,, respectively.

In a wide range of\/s (0.5 TeVS Mg S 1 TeV) the first type of bounds are rather weak
and leave open the possibility for large effects in rare decays. In parti€larT —

ntvw) could be enhanced up to one order of magnitude with respect to the SM predic-
tion, whereas fof (K, — 7°vv) andl'(K; — m’e*e™) the enhancement could even be
higher [25]. Concerning the direct constraints, the boundRanfrom K, — utp~ is
certainly quite stringent [30], however one could still generate the above large enhance-
ments with an almost imaginary (actually this is a necessary condition to enhance the

C' P-violating modes).

Buras and Silvestrini recently claimed that the possibility of a la¥ge is sub-
stantially reduced by the constraints frdtfe’/¢) [30]. According to these authors, the
enhancement of the rare widths can be at most of one order of magnitddé&’n —
m%e*e™) and not more than a facter 3 in T'(K™ — ntviz). We agree with them that
in principle the measurement (¢’ /¢) provides a bound ofi:\,, however we are more
skeptical about the precise value of this bound at present. As we shall discuss more exten-
sively in the next section, the problem wiRt{¢’/¢) is that on one side the SM prediction
is affected by large theoretical uncertainties, on the other side this observable is sensi-
tive also to other SUSY effects, which could partially cancel the contributichef In
addition, even the experimental results concerritig/¢) are not very clear at present
[17]. Probably the situation will improve in the future, but at the moment the extraction
of bounds on theZs, d;, vertex from¥(¢'/€) requires some additional assumptions. On



the contrary, we stress that the direct constraints which could be obtained from the rare
decays, even if less stringent, would be much more clear from the theoretical point of
view.

4 €' /e within and beyond the SM

The€' /e parameter can be defined as

¢ ei(7r/2+52*50) w [%AQ %Ao]

€ € V2

where 4, » denote thek® — (2),, amplitudes,» the corresponding strong phases,
w = RAy/RA, ~ 1/22 ande is the standard\S = 2 C' P-violating term. A measure-
ment ofe’ /e can provide very interesting information about the global symmetries of the
SM. Indeed, as it is well known, an evidence ftfc # 0 would be a clear signal of direct
C'P violation [31]. Moreover, given that afg) = 7/4 ~ 7 /2 + 65 — dy, the phase of /e

is almost vanishing, implying3(¢'/e)| < |R(€'/€)|. This relation can be modified only
by addingC' PT non—invariant terms i’ — 27 amplitudes and thus can be used to test
C'PT invariance [31].

More problematic is the question of what kind of short—distance information can
be extracted from’/e and thus to what extent this observable can be used to perform
precision tests of the SM in the flavour sector. Similarly to the F&f&VC' transitions,
also the weak phases df) and A, are generated only at the quantum level and are very
sensitive to the structure of the CKM matrix. The short—distance information about these
amplitudes are usually encoded in the Wilson coefficients of appropriate four—quark op-
erators, which can be calculated with a good accuracy down to secates:. [32,33].
However, contrary to the rare decays, in the cask ef 27 transitions it is very difficult
to evaluate the hadronic matrix elements of the effective operators.

At the quark levelky A, is dominated by the gluon penguin wheréad, by the
electroweak ones. In both cases the dominant contribution is provided by four—quark
operators of the typésty dy) 3, v, (Tnvuq%), namelyOg for IS4, (y, = 1) and Og
for IA4; (y, = ¢,), which have enhanced matrix elements in the chiral limit. A useful
approximate expression fé(¢’ /¢) can be obtained by showing explicitly the dependence
on the matrix elements of these two operators [30,34]:

_ R R (14)

R (5>5M = [-14+82(RB{"?) — 4.0 (RBS™)] x S, . (15)

Here R, = [158 MeV /(ms(m,.) + mq4(m.))]? shows the leading dependence on the quark
masses of the two matrix elements, whereas their actual value is hiddensa-thetors
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BSY? and B{*’?, expected to be positive ar@(1). The uncertainty in the numerical
coefficients of (15) is expected to be around or bekd [34] (see also Buras in [1]).

Various estimates oR?, and of theB—factors can be found in the literature, lead-
ing to results forR(¢'/¢) sy Which range essentially betweérand3 x 103 [34-36].
Certainly some non—perturbative techniques are more reliable than others, however in all
cases it is very difficult to provide quantitative estimates of the errors, especially in the
case of theB—factors. Lattice results, for example, are based on the lowest—order chiral
relation betweerd K'|O;|27) and (K |O;|7), and could be affected by sizable corrections
due to next—to—leading terms in the chiral expansion. Interesting progress in calculating
hadronic matrix elements have recently been made in the framework of Me=xpan-
sion [37,38], nonetheless even there we are still far from precise results, especially in the
case 0f0g andOs.

Given the above considerations, it is clear that at preRétifc) cannot be used to

perform precision tests of the SM. In the context of NP scenarios, one can generally expect
two main effects ift(¢’/¢): i) a modification of the phase of the gluon—penguin amplitude
and thus of3 A, ii) a modification of the phase of the electroweak—penguin amplitude
and thus of3A,. As we have shown in the previous section, the second effect could be
bounded independently also from the rare processes— 7’viv and K; — wlete™.
In the futureR(€¢'/¢) could therefore provide an interesting complementary window for
NP searches il\S = 1 amplitudes. However, this would require better experimental
bounds on both rare modes aRde'/¢) and, possibly, also better theoretical control on
the B—factors.

5 Conclusions

The K — wvpv decays provide a unique opportunity to perform high precision tests of
C'P violation and flavour mixing, both within and beyond the SM. In some NP scenarios,
even in the case of generic supersymmetric extensions of the SM, sizable enhancements
to B(K — mvi) are possible and, if detected, these could provide the first evidence
for physics beyond the SM. However, even if NP will be discovered before via direct
searches, we stress that precise measurements of these rare modes will provide unique
information about the flavour structure of any extension of the SM.

Among theK — X, /"¢~ decays, the most interesting one from the short—distance
point of view is probably; — 7%cTe~. In order to extract precise information from this
mode, the measurement of its decay rate should be accompanied by a Dalitz plot analysis
and a determination or a stringent experimental bouné oiis — 7%c*e ™).

Accurate measurements®B{e’ /) and (¢’ /e) will provide interesting information
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about the global symmetries of the SM (especiallf®{t’'/¢) were found to be clearly
different form zero). However, given the large theoretical uncertainty, at pr&geiit)
is not very useful to perform precision tests of the model.
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