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Abstract

A new analysis of the long—distance two—photon dispersive amplitude of A, — ptpu~
is presented. We introduce a phenomenological parametrization of the X' — ~+*~* form
factor, constrained at low energiesby K, — ~(*{~({ = e, ) dataand at high energies by
perturbative QCD. Using thisform factor we provide areliabl e estimate of magnitude and
relative uncertainty of the two—photon dispersive contributionin K, — =, Wefinally

discuss the implications of this analysis for the extraction of short—distance information
from B(Ky, — p*u).
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1 Introduction

Historically the K';, — pt o~ decay provided a very important tool for understanding the
flavor structure of electrowesk interactions [1,2] and nowadays it still represents an in-
teresting window on short—distance dynamics. The amplitude of this process can be con-
veniently decomposed in to two distinct parts: along—distance contribution generated by
the two—photon intermediate state (fig. 1a) and a short—distance part that, within the Stan-
dard Model, isdueto W and Z exchange (fig. 1b). The latter turns out to be dominated
by the top quark and it is known to the next—to-eading order in QCD [3]. If we were
able to disentangle this contribution from the measured A, — p*p~ branching ratio we
could extract interesting information on the Cabibbo—K obayashi-Maskawa (CKM) ma-
trix element V;,; [4]. Moreover, a model—independent determination of the short—distance
amplitude could be useful to put constraints on possible Standard Model extensions[5].

To fully exploit the potential of K, — p* ™ in probing short—distance dynamics,
it isnecessary to have areliable control on itslong—distance amplitude. However, thedis-
persive contribution generated by the two—photon intermediate state cannot be cal cul ated
in a model-independent way and it is subject to various uncertainties [6-11]. The pur-
pose of this paper isto re—analyze this contribution, using al available information on the
K — ~v*~* trangition and trying to evaluate the error due to the model dependent assump-
tions. We will introduce a new |low—energy parametrization of the X' — ~v*~* form fac-
tor in terms of two parameters o and 5 measurable from K, — ~Itl=(l = e,u) and
Kp — eTe utp~. Moreover, we will discuss the matching of this approach with the
behavior of the form factor in perturbative QCD. Finaly, using our estimate of the two—
photon dispersive contribution, we will derive new bounds on the CKM parameter p [12]
and on possible new—physics flavor—changing couplings.

The plan of the paper is as following. In section 2 we briefly discuss the genera
decomposition of the K, — = branching ratio and the main formulae for the bounds
on short—distance parameters. In section 3 we introduce our |ow—energy parametrization
of the K — ~*~* form factor, we discuss the determination of « and 5 and the matching
with the QCD calculation. Finaly, in section 4, we analyze the numerical results.

2 Decomposition of B(Ky, — utu™)
The K';, — p* = branching ratio can be generally decomposed in the following way

B(Ky, = 1rtu7) = [ReAf + [3mA[? (1)
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Figure 1: Long—distance (a) and lowest—order short—distance (b) contributionsto K, —
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where Re.A denotes the dispersive contribution and Sm.A the absorptive the one. The
former can be rewritten as

|§R€“’4| = |§R€Along + §R€~’45hom‘| 5 (2)

whereas the latter can be determined in a model independent way from the K;, — ~v
branching ratio'
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Therecent measurement of B( K, — ™) [4] isalmost saturated by thevalueof |Sm.A|?,
leaving avery small room for the dispersive contribution [4]

ReA.,,|° = B(Kp —putp™) —|SmAP? = (-1.0£3.7) x 107" or
ReA..,|° < 56x107"  (90% CL.). (4)

Within the Standard Model the NLO short—distance amplitude can be written as [ 3,
14]

ReA,|* = 0.9 x 1072(1.2 — p)? m(m) 17 [ |Val]® )
’ 70Gev | |o04|

L In principle the absorptive amplitude receives contributions also from intermediate states other than
two—photons, like the two—pion one, but these are completely negligible [13].
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wherep = p(1 — A/2) [15] and p, A arethe usual Wolfenstein parameters[12]. Using this

result we can write
m(mt) —1.55 V—cb| -2 (6)
170GeV 0.04 ’

B |ReA | £ |ReAion,|

5= 1.2
P 3 % 10-5

where the sign inside the modulo is positive if ReA,, and ReA,,,, interfere destructively
and |[ReA,| > |ReAi.,|. Inprincipletheabove equation could be used to put both alower
and an upper bound on p. However |Re.A.,,| iscompatiblewith zero and, aswe will show
in the following, the same istruefor |Re.A,.., |, thusthe upper bound on p isuseless being
above unity. On the other hand, independently of theinterference sign between ReA,, and
ReA..y, we can derive a possibly meaningful lower bound on p

IR Ay | + [ReArn, | [ () ]‘1'55 [ vm]‘z}

(7)

3 x10-° 170GeV

5> 1.2 — max
p= { 0.04

Beyond the Standard M odel we can parametrize new—physicscontributionsasin[5],
introducing a flavor—changing Zds coupling at the tree level. Using the Lagrangian

g 7 ‘
Lp = mg(]ﬁdﬂ“%zn ; (8
we obtain |[ReAnp| = 3.7|Rely|. Then, assuming ReA,p,.: = ReAyp + ReA,, the
most conservative bound on |Rely;| isgiven by

|ReUys| < 0.27Tmax {|ReAcrp| + |[ReAiony| + |ReAy|} . 9)

3 The K — ~*v* form factor and ReA;,,,,

The necessary ingredient for the evaluation of Re.A,,,, isS the construction of a suitable
K — ~v*~* amplitude. Assuming C' P conservation, gauge and Lorentz invarianceimplies
the following genera decomposition [16]

AKL = v (g1, )7 (@2, €2) = teupociesalas Fai, q3) (10)

where F'isasymmetricfunctionof ¢7, ¢5 and | F'(0, 0)| can be determined by the K, — ~~
width [17]

64nT (K 12
1F(0,0)| = l i (&LS - W)] = (3.51 £ 0.05) x 107°GeV~1. (1)
mie
Using (10) we obtain
202, m%B,
1ReAion,|* = W;MB(AL — ) |[ReR(m3)|?, (12)

K
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where [18]

U ¢*I* —(q-1)? F(2,(I—p)*)
A& = oo | O B o= =] F00) 49

and p* = m2.

The structure of the ' — ~*~* form factor has been already discussed and parame-
trized in different waysin the literature [6-11]. However, al the existing analyses are in-
spired by model dependent assumptions and suffer from various theoretical uncertainties.
In order to be as model independent as possible and to evaluate the size of the theoretical

errors, we propose the following low—energy parametrization

F(¢2 ¢2) q? q qiq
2 2y \dhda) 1 : o
Have)=Ze0) = tte\goma Y aomt) TP a—ma

where o and 3 are arbitrary real parameters and my is conventionally chosen to be the p
mass. The above expression has at least three interesting features:

1. It isthe most general parametrization compatible with the chiral expansion of the
K1, — ~v*y* amplitude up to O(p°) [16,19].

2. It includesthe poles of the lowest vector meson resonances with arbitrary residues.

3. The parameters o and /3, expected to be O(1) by naive dimensiona chiral power
counting, are in principle directly accessible by experimentsin K, — ~{T{~(l =
e,p)and K — ete putp™,

Clearly the expression (14) cannot be considered correct for arbitrary values of ¢}
and ¢5. To be more general we should consider o and /3 as ¢*—dependendent couplings.
However, we believe a reasonable assumption to treat o and 3 as constants up to ¢; ~
qs ~ 1 GeVZ2. Moreover, being just a phenomenological description, we do not expect the
form factor (14) to produce afinite result in the K7, — p+p~ amplitude. Indeed, using
(14) and (13) we obtain

ReR(m3) = —3[In(A/mg) + 2aIn(A/m,) + BIn(A/mg)]
= =3[In(mg/mo) + 2 In(mg/ms)] — 3(1 + 2a + B) In(A/mg) ,(15)

where
mo = 140 MeV | me = 452 MeV | mg = 806 MeV | (16)

and A isan ultraviolet cutoff. Asone could expect from (13), the cutoff sengitivity of (15)
is determined by the value of the combination (1 + 2« + 3). Indeed, for large values of
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the loop—momentum, the integrand in (13) is proportional to
P2 2 f 20 4+ 5. (17)

The following subsections are devoted to the determination of o and 3. At first
we shall analyze the experimental information coming from K, — (*/~~ and K —
ptu~ete”. Then we will constraint the value of (1 + 2« + 3) analyzing the behavior
of f(¢* ¢*) at large ¢* in the framework of perturbative QCD. Finally we will discuss the
consistency of the previous findings with a model—dependent determination of « and
within the approach proposed in [19].

3.1 Experimental determination of « and /3

As anticipated, o and 3 are in principle accesible by experiments in the decay K —
(t0~vand K, — ptp~ete”, dominated by K, — vv* and K, — ~*+* form fac-
tors respectively. The differential decay ratesof K, — (T/~yvand K, — ptu~ete™,
normalizedto I';” = I'( K, — ), aregiven by

1 devjéw 2 [« 9 q*
— =L - (== 0)[2 X321 0] Go(q? 18
o = a () @0 N (1 0) Gl (18
1 dF{rM_eJre_ 2 o ? 2 241243 q’ qn
— = en A2, A ) GGl (6219
o dnar = g ae) WP (1 ) GG 9)
where
Ma,b,c) = a* + b* + ¢* — 2(ab + be + ac) (20)
and 2
Am? 2m?
Gel(q?) :( —%) (1+%) . (21)

Present dataon both K7, — ete™v [20,21] and K, — pt ™~ [22] let usto extract
useful information about the ¢* dependence of f(4¢*,0). The experimenta results have
been analyzed up to now assuming only the form factor proposed by Bergstrom, Massd
and Singer (BMS model) [7]. The latter depends on one unknown parameter o and, ex-
panding in powers of ¢*/m?, can be written as

2
f(@ 0)pus ~ 1+ (1~ 310&})% +0 ((¢*)?/m?) - (22)
P

The fitted values of o are given by

o = —0.280 +0.083 T5:254 [20] ,
o = —0.28+0.13[21], (23)
aj = —0.028 X5y [22]
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and the corresponding weighted averageis
o = —0.204 £+ 0.062 . (24)

Comparing the BM S form factor (22) with the one proposed in (14), we obtain the follow-
ing relation
a=—1+(31£05)a}, (25)

where the error is due to the different quadratic dependence on ¢*/m?. Then, using (24)
we find
o=—1.63+0.22. (26)

As already pointed out in [19], it must be stressed that an improved determination of «
would be possible if present data were not analyzed assuming only the BMS model.
Contrary to «, the experimental determination of (7 is much uncertain. In principle
the K — ete putu~ rate should be sensitive, in the region where both dilepton pairs
have a large invariant mass, to the higher structure in momenta carried by the 5 compo-
nent of the form factor. However, the real sensitivity of this processto ( is rather small.
Thus, even if thefirst evidence for K, — ete™ut ™ has been recently reported [23], it
isunlikely that 3 wil be measured with areasonable acuaracy in the short term.

3.2 Perturbativeevaluation of f(q¢?, ¢*)

In the limit ¢? = ¢ = ¢* > m% we can smply evaluate the form factor within pertur-
bative QCD. At the lowest order in o, the only diagrams that contributeto f(q?, ¢*) are
those shown infig. 2 [6]. Neglecting masses and momenta of the external quarks, as well
as the contribution of the top quark inside the loop (suppressed by CKM factors[11]), the
result can be written as

QCD/ 2 2 612 q2

where g ,

. _.a 14 27 l W
gq(r) = rdr J(r) l o J(r) 3 In 3 ] (28)

and
—24/1/r — Larctan/r/(1 —r) + 2 0<r<l1,
J(r) = 1—1 29
(r) 1—Urln—————li+m 42 P> (29)
1 +4/1—1/r
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Figure 2: Lowest—order quark diagramsthat contributeto the K, — v*~* transition (any
diagram is understood with the corresponding crossing—photon term).

The normalization factor of (27) is given by

16 )\GFFWOéem
— T~ (.20, 30
9 |F(0,0)|7v2 (30)

where A\ denotes the sine of the Cabibbo angle [12] and F, ~ 93 MeV the pion decay
constant. Thefirst termin (28) is the contribution of the diagram in fig. 2a, whereas the
second oneis originated by theirreducible graphsin fig. 2b—c. We have neglected all the
contributions independent from quark masses that cancels via the GIM mechanisms and,
whenever possible, we have consider the limit My, — oo (thisis aways possible except
for theln(My, /m?) term originated by the reducible diagrams).

From the above equationsit follows

|NFp| =

O(m¢/q*) ¢* > 4m?
QCD¢ 2 2 — 14 1 2
q

Using thisapproximate expression in (13) and keeping in thefinal result only the dominant
In(m?/m?) terms, leads to the approximateformulaof Voloshin and Shabalinfor Re.A,,,,
[6]. This result indicates that the long—distance dispersive amplitude of Ky, — ptu™ is
very small, however it cannot be trusted in detail since the low ¢ limit of f9P (4%, ¢%)
is completely out of control in perturbative QCD. A more detailed analysis of ReA;,,,,
at the quark level has been recently presented in [11], where the leading QCD correction
have been estimated. Nonetheless, aso the final result of [11] cannot be considered fully
conclusive since an arbitrary infrared cutoff isintroduced in order to avoid the dangerous
low ¢* region.

As anticipated, our strategy isto use f9“P (4%, ¢?) to fix the high ¢* behavior of the
low—energy parametrization (14). The simplest requirement that we can derive from (27)
isthat f(q* ¢*) must vanish for ¢*> 2 4m?. This condition can be implemented in the
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phenomenological expression (15) in two ways: in aweak sense, assuming

A2 S dm?, (32)

C

or in astrong one, imposing the “ sum—rule”
l4+2a+03=0. (33)

To be conservative we will use only the weak bound in (32), the strong one would have
been correct only if the low energy parametrization (14) was valid also above the charm
threshold. A morerealistic constraint on |1 + 2« + /3| can be obtained imposing the match-
ing between (14) and (27) for Agcp < ¢* < 4m2. In this case from the second line of
(31) weobtain

14
L4204 8] = [N 2 0.3 (34)

Interestingly, thisresult suggest that the sum—rule(33) isviolated only inamild way below
the charm threshold. We recall, for comparison, that naive dimensional arguments could
not excludevaluesof |1+2a+ 3| oneorder of magnitudelarger thanin (34). Thesmallness
of |1 + 2a + 3| isfurther supported by the leading QCD correctionto f%“P. Indeed, as
discussed in [6,11], the main effect of these correction is an overall multiplicative factor
smaller than one.
Combining (32) and (34), we believe that arealistic bound for the last term in (15)
isgiven by
|14 20 + B In(A/mg) < 0.4. (35)

Wefinally notethat isnot possibleto fix the absolute sign of (1+ 2« + 3) intheframework
of perturbative QCD. Indeed, since we do not trust the low ¢? limit of the perturbative
caclulation, we are not ableto fix the rel ative sign between the un—normalized form factor
(FR9P(q2, ¢*)) and the K;, — ~~y amplitude (7'(0,0)).

3.3 Determination of o and 3 in the FMV model

A more precise, but also more model—dependent, determination of « and 3 can be ac-
chieved within specific hadornization models. The Factorization Model in the Vector cou-
plings (FMV) was proposed in [19] as a framework to compute the factorizable contribu-
tions to weak vertices involving vector mesons. This model was proven to be efficient in
achieving a satisfactory joint description of the vector meson exchange contributions to
K — myyand K — ~+*, giving a slope parameter apyv ~ —1.22 quite near to the
phenomenological determination in (26). The application of this model to the construc-
tion of the K';, — ~*y* vertex through vector meson dominance and, consequently, the
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Pseudoscal ar—\Vector—Vector (PVV) weak vertex is straightforward and gives (assuming
only octet contributions)

2567 Ggaemm%/
3v2 IR |1(0,0)|

where fy isfixedfromT'(p° — ete™) tobe|fv| ~ 0.20, '(w — %) gives|hy | ~ 0.037
and my = m,. Moreover, Gy ~ 9.2 x 107% GeV~? isthe effective coupling of the octet
O(p*) weak chira lagrangian determined from X' — 7w, andn ~ 0.21 was fixed in
[19] from the weak V' P~ vertex. Note that the experimental value of the 7° — ~~* dope
implies fyhy > 0, thusthe sign of 3 (and «) is completely determined by the one of
A(Kp — vv). Thesignin (36) is chosen to be positive by consistency with the sign of «
(fixed to be negative by the experimental data).
Combining the predictions of o and 5 in the FMV model we get

fohvn ~ 1.43, (36)

ﬁFMV =

1 + QOéFMV + ﬁFMV = —0.01. (37)

Thisresult is perfectly consistent with the QCD bound in (35).

4 Numerical results

The theoretical bound on (1 + 2« + 3) In(A/mg) in (35), together with the experimen-
tal determination of « in (26), let us to estimate |ReA,,,.,| by means of (12) and (15). In
order to combine the two information we must assume a statistical distribution for (1 +
2a+ ) In(A/mg). Assuming for the latter aflat distribution between —0.4 and +-0.4, and
combining it with the gaussian distribution of «, wefind

[ReAing| < 2.9 107 (90% C.L.) . (38)

The same result is obtained assuming for (1 + 2« + 3) In(A/mg) agaussian distribution
with central value 0 and o = 0.8/1/12 (the o of the original flat distribution). However,
in this case one can distinguish better the various contributions to the limit (38). Indeed
we find

202 m*3,B(Kp — 12 A
ReAng| = O‘emmﬂﬁ“z (2 L W)] 5.25 + 3.47a + 3(1 + 2a + f)In —
LS mpg

— 1.61 % 1075 x 0.41 £ 0.76 £ 0.69] = |0.66 = 1.65| x 1075 . (39)

2 In[19] it was shown that a better estimate of the K1 — ~¢t¢~ slope could be obtained adding to
the FMV prediction a contribution generated by weak Vector—\Vector transition (the main ingredient of the
BMS model). However the two kind of contributions have a different momentum structure and cannot be
consistently added at large ¢?, i.e. in the region where we are interested in thevalue of (1 + 2a + 3).
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I nterestingly, the knowledge of the absolute sign of the central value of ReA;,,, (i.e. the
relative sign between short and long distance) is not very important at this stage, given the
large value of the error in (39). Moreover, at present the largest source of uncertainty is
generated by the experimental error on «, thus a substantial improvement could be fore-
seen with the next generation of high—precision experiments in kaon decays.

Having derived anumerical estimatefor |Re.A;,,.,| wearefinally ableto extract some
short distance information form the measured value of B(K;, — ptu™):

1. Bound on p. Using the Bayesian prescription of the Particle Data Group [17], we
congtruct a statistical distribution for |ReA...,| that eliminates the unphysical val-
ues. Then, combining it with the gaussian distribution of Re.A;,,,, discussed above,
we obtain adistribution functionfor (|ReA.,,| + |ReAin,|). Finaly, using thisdis-
tribution in (7), together with 7 (m;) = (167 + 6) GeV and |V_;| = (0.04 4 0.003)
[14], we find

p > —0.38 o p>-—042 (90% C.L.) . (40)

2. Bound on |Rel;;|. Similarly to the previous case we can derive abound on [Rely;|
by means of Eq. (9). Treating adso |Re.A, | asadatistical variable (assuming a flat
distribution for p between —1 and +1) we find

IRelys| < 2.1 x 1077 (90% C.L.) . (41)
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