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Abstract
0

We consider the rare decay n — 7 7yy and calculate the non-resonant contribution to the amplitude to one loop in
Chiral Perturbation Theory. We display our result as both a diphoton energy spectrum and a partial decay rate as a function
of the photon energy cut. It turns out that the one-loop correction can be numerically very important and could be detected,
at sufficiently large center-of-mass photon energies, from a measurement of the partial decay width. (©) 1997 Elsevier

Science B.V.

1. Introduction

The n — 7rmy7y decays been been recently analyzed
[1] in the framework of Chiral Perturbation Theory
(CHPT) [2,3] (see [4] for a recent review). The
experimental interest for such rare decays stems from
the large number of observed n7’s anticipated at various
n-factories, e.g. CELSIUS, ITEP and DA®NE [5],
as well as at other facilities, such as GRAAL, MAMI,
ELSA and CEBAF.

In the neutral decay 7 — 7’7 yy we can identify
two physically distinct contributions to the amplitude:

A(n — 7°1’yy) = Ar + ANr - (1.1)

The first contribution (that we call the ‘resonant am-
plitude’) is characterized by the 7° pole in the dipho-
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ton invariant mass squared (s,,) and 1s proportional
to the on-shell amplitudes 7 — 37 and 7° — yy: 3

(1.2)

By construction, Ag can be predicted up to a phase
from the experimental data on n — 37° and 7° — yy
and needs not to be calculated in CHPT. The main re-
sult of [1], in the » — #Y#%yy channel, can be sum-
marized as follows: the resonant contribution domi-
nates over the tree-level non-resonant one 1n the whole
phase space.

The non-resonant amplitude cannot be predicted
using experimental data and must be calculated in
CHPT. In Ref. [ 1] Angr has been calculated at the tree
level, i.e. to O(p*); at this order only the n-exchange
diagram (n — #°#%* — #%7%yy) contributes.
Knochlein et al. have considered also the n’-exchange
diagram (formally of higher order in CHPT), but for

3 The minus sign in Eq. (1.2) is due to our convention for the
amplitudes.
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both 17- and ’-exchange they found that Ang 1s neg-
ligible with respect to Ag. This is because the lowest-
order mmar®7® and nn’' 7’7 vertices vanish in the limit
m, = my = 0. In spite of the analogous suppression
factor in the 77°-exchange contribution, which is pro-
portional to m, — my, the enhancement due to the pole
makes Ar dominant with respect to Axgr over the tull
range of kinematical parameters. However, there are
good reasons to presume that this suppression does
not occur to one loop. Indeed, recently Talavera et al.
[6] have shown that the one-loop contribution to the

vy — 077" amplitude — which is obviously con-

nected to the n — 707yy one - dominates over the
tree-level result (the former is one order of magnitude
larger than the latter). The reason for this enhance-
ment can be traced to the fact that the tree-level am-
plitude is proportional to mZ, whereas the one-loop
correction is not affected by such suppression.

In this Letter we compute Ang to one loop, ne-
glecting isospin-breaking effects and the suppressed
n-exchange diagrams. In this limit only one-particle-
irreducible (1PI) diagrams contribute and the result
is finite. Furthermore, ANg does not receive any con-
tribution from the O(p®) counterterms analyzed in
(71, just as it happens in the yy — 77 7" case. We
find that the one-loop contribution to Ang 1s domi-
nant, with respect to the corresponding tree-level one.
Once again, the reason is that the tree-level amplitude
goes to zero in the limit m, = my = 0, whereas the
one-loop result does not vanish in this limit. We find,
in addition, that there exists a kinematical region 1n
the phase space, i.e. a region of sufficiently large val-
ues of s,,, where the resonant amplitude — which 1s
a background that shadows Ang - is suppressed, and
a measurement of the decay width I'( — 77 yy)
would allow us to detect a purely O(p®) effect.

The outline of this Letter is as follows. We begin 1n
Section 2 with the description of the kinematical vari-
ables for the decay 7 — 707 yy and a list of interac-
tion terms relevant to the calculation of the one-loop
amplitude. In Section 3, after recalling the expression
of the decay amplitude at the tree level, we describe
the calculation of the one-loop corrections to the non-
resonant amplitude and give the analytic expression
of the result. We proceed in Section 4 to calculate the
decay width, starting from the sum of Ag + Anr. We
display the result in the form of both a diphoton en-

ergy spectrum and a partial decay rate as a function of

the energy cut around s%,z = m_o. Then we determine
the phase-space region, 1n terms of a s,, range, where
the suppression of the background due to Ag may al-
low to detect the one-loop effects in Anr. We end the
Letter with some concluding remarks and a short dis-
cussion of further developments, including possible
extensions of the one-loop calculation to the charged
pions channel, as well as to the reactions yy — nw.

2. Kinematical variables and interaction terms

The kinematics of the decay

n(q) — 7 (p1)m (p2)y(ki, €1)y(k2, €2)

can be described in terms of five independent scalar
variables which we choose as

Zia=kiz2-(p1+p2), (2.1)
3= (ki+k)-(p1—p2). (22)

If we write the decay amplitude in the following way:

Sogm = (Pl + P2)2 s
sy, = (ki+k2)?,

A(n — Pl yy) = eze‘;‘e‘z’AW : (2.3)
the decay width is given by

I'(n — a7 yy)

_ady /d3pl d3py d°ky d*k;
2 7romy, p Py KK

x 8 (p1 + p2 + ki + k2) A* AL, (2.4)

Since the process 7 — ' a’yy involves the elec-
tromagnetic interaction of an odd number of pions,
the decay amplitude receives contributions only from
the odd-intrinsic parity sector of CHPT and thus 1s at
least O(p*).

The CHPT lagrangian, expanded up to O(p*), is
given by

L=LP + W (2.5)
where

F2
L = i (DL UD*U" + xU' + x'U) (2.6)

and £ can be split into the odd-intrinsic anomalous
part (i.e. the Wess—Zumino term [8]) and the O( p*)
Gasser-Leutwyler lagrangian [3]
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10
LD = Lwz+ Y LL? . (2.7)

=1

As usual, we assume the exponential parametriza-
tion U = exp(iv2Ps/F), where Pg is the SU(3)
octet matrix of pseudoscalar mesons and F coin-
cides to the lowest order with the charged pion
decay constant F, = 92.4 MeV [3,9]. The co-
variant derivative in Eq. (2.6) 1s given by D, U =
d.U+ieA,1Q,U], where A, 1s the photon field and
Q =diag(2/3,—1/3,—1/3). Finally, we employ the
identification y = y' = 2BM in the external scalar
sources, where M = diag(m,,my, mg) 1s the quark
mass matrix and B can be identified to the lowest
order with the mass ratto By = mfr /(m, +my).

In principle, in this decay one could take into ac-
count also the n—nf mixing, 1.e. the mixing of Pg
with the singlet-field ng. However, as shown in [1]},
this effect can be sately neglected 1n the non-resonant
amplitude. Hence in the loop calculation we identify
the mass-eigenstate 1 with the octet field ng. In the
same spirit, since we neglect 1sospin-breaking effects
in Ang, 1n the following we assume m, = m_o.

For the interaction terms necessary to calculate the
tree-level amplitudes one can refer to [1]. However,
not just for the sake of completeness, but also given
that we use a small subset of the couplingsin [1], we
collect them 1n the following:

AP (ng — 727 7°) = 3AP (g — 77T 7))

_ BO(mu — md)

(2.8)
V3F2
AP (ng — nem’m®) = AP (ng — e
Bo(my, + my)
- , 2.9
3F2 (2.9)
A (70 — yy) = V3IAD (93 — yy)
2
8 VoY
- 477-2F Gﬂpa‘gé';iklfzkg . (210)

In addition, in order to compute the one-loop diagrams
in Fig. I, we introduce the generic couplings

bm? c(pi = mf,)

AP (Y™ — ¢\ ) = asyn o
(2.11)

+d(pt —m2),

A(4)(¢)O N ¢+¢—7) — féﬂmﬁéﬂk”piqﬁ :

(2.12)

where q, p+, p12 and k are the (outgoing) momenta
of the pseudoscalars ¢°, ¢, ¢, and of the pho-
ton, respectively. The constants a, b, ¢ and d have the
dimensions of inverse mass squared, whereas f has
those of an inverse mass cubed. As we will show in the
next section, the ‘off-shell couplings’ ¢ and d are ir-
relevant for our process, since their contribution to the
amphitude cancels out as a consequence of the gauge
invariance. In the 7t7~ — 7%7% and ng — wto—y
cases, useful in order to estimate the dominant pion

loops, we find

| e
and = .
Fz / 4/372F3

(2.13)

3. The decay amplitude to one loop

In this Section we would like first to briefly recall
the expression of the tree-level amplitudes Al(f) and
AI(:}Q), obtained by considering the 7Y and g exchange
diagrams [ 1]

e’ Bo(my, —my)

A(4) —_ € Lver euk”e“k‘g,
R 4\/§7T2F,3. (S*y‘y_qu.r(]) praft] €2 Ry
(3.1)
2
(4) _ e Bo(my, + my) Y o
ANR = €urap€l kK1€3K)

12\/377'2};3 (S'y'y o m%)
(3.2)

As already stated in the introduction, the enhancement
factor due to the pion pole makes Al(f) dominant —
in spite of its suppression factor (m, — my) — with
respect to Al(\fg in the entire kinematical space.

The O(p®) loop and counterterm (CT) contribu-
tions can be divided in three gauge-invariant sub-
groups: reducible 7°-exchange diagrams, reducible
ng-exchange diagrams and 1PI diagrams.

(i) The 7’-exchange diagrams, which include both
loops and CT, contribute mainly to Ag. In prin-
ciple such diagrams generate also a contribu-
tion to Anr- Indeed, if we decompose the n —

770 (%) * amplitude as follows:
Ay — 77 (7°)*) = Aon-shen(n — 37°)
+ (Syy — M%) X Aoffshell » (3.3)

the Aoft-shent term drops out of Ag. However this
non-resonant contribution vanishes in the limit
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5 0;

Fig. 1. IPI one-loop diagrams for the ¢ — @ ¢Yyy transition.

The second photon line has to be attached to the charged lines
running in the loop and to the vertices.

m, = my and thus can be safely neglected. On
the other hand, |Aonshen| can be extracted by
means of experimental data and we do not need
to evaluate it in CHPT.

(i1) Also the mg-exchange diagrams include both
loops and CT. These diagrams contribute only
to Anr and can be safely neglected. Indeed, we
have explicitly checked that the contribution of
these diagrams is of the same order as the tree-
level result (3.2) that 1s known to be small [1].
The reason of such suppression can be easily
understood: the 77—7 loops, which are expected
to provide the dominant contribution, are sup-
pressed by the factor (m, 4+ my) in (2.9) just
as the tree level result. There are contributions
from the K-K loops and £ which are not
suppressed by (m, + my). They are nonethe-
less negligible, since we are far below the kaon

threshold and the CT combinations involved,
i.e. (Ly+L3/6), (Ly+ L3/3) and L4, are small
[4].

(ii1) The 1PI diagrams are the loop diagrams in Fig. 1
(note that the figure indicates schematically at
least four distinct diagrams). The sum of these
contributions is finite and, as we will show 1n
the following, turns out to be the dominant con-
tribution to Ang.

The calculation of the loop diagrams 1n Fig. 1 re-
sembles a recent calculation by D’Ambrosio et al.
[10] of the radiative four-meson amplitudes. The dit-
ference is that in our case one pseudoscalar field is
replaced by one photon, but the main features of the
result — simply dictated by QED - are the same. We
find indeed

A]LII;Q[ = 4ef(a57r1r + bm?,) {6;3(51777: “22)
X Ep,vafﬂefk?’ [(62 ' plZ)kg - ZZGg] qﬁ

+ (€1, ky o ez,kz)}, (3.4)

where pj2 = p1 +p;2 and the function E;)(x, y) 1S given
in appendix. As in [10], gauge invariance forces the
result to depend only from the ‘on-shell couplings’ a, b
and f. Furthermore, the amplitude (3.4) 1s O(k,, k2)
in the limit of vanishing photon momenta, in analogy
to the direct-emission amplitudes of [ 10] which are
O(k).

Since we have written the two vertices 1n a gen-
eral form, not only the dominant pion loops, but also
the kaon loops are represented 1n Eq. (3.4). From our
general one-loop amplitude we recover, as a particu-
lar case, part of the result of Talavera et al. [6] (i.e.
the contribution of 1PI diagrams). The precise cor-

respondence between the function 6;0(;(, y) and the
function R(x, y) entering Eq. (10) of [6] is given by

R(x,y) =32a7%yCa(x,y) . (3.5)

The amplitude (3.4) depends only on the function

Cyo and thus is finite. This is a consequence of both
the gauge invariance of the amplitude and the fact that
the on-shell 77~ — 77" amplitude depends only
on s, (1.e. it does not depend on the loop variables).
We expect that the sum of 1PI diagrams is no more
finite if the two external 7”’s are replaced by a 7+ -
7r— pair. Indeed, in this case not only the on-shell
mta~ — 7t~ amplitude does depend on the loop
momenta, but this sum is also not gauge invariant (in
order to obtain a gauge invariant result, it 1s necessary
to add the corresponding reducible diagrams with a
photon emission from the external legs).

4. Numerical analysis

The results of our analysis are summarized in Figs. 2
and 3. The plots have been obtained integrating nu-
merically Eq. (2.4) with the following decay ampli-
tude:

A(n — °7yy) = ARV + (AR + ANR] - (4.1)
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Fig. 2. Diphoton spectrum (zy = s§y,/m;) for the decay

n — 7'mYyy. The upper full line is the total contribution.

The dashed line is the resonant contribution (|ARY*|?), the dot-
ted line is the one-loop non-resonant contribution (|Aga}®) and
the dash-dotted line is the asbolute value of their interference
(p = 2, ayp = 0.18). The lower full line is the tree-level
non-resonant contribution ( |A§44R) ).

The last two terms in Eq. (4.1) are the CHPT results
given in Egs. (3.2) and (3.4), whereas Aﬁhys denotes
a phenomenological expression for the resonant am-
plitude:

ARMS = ALY peio (4.2)

The factor pe'® in the above equation takes into ac-
count the corrections to the tree-level amplitude of
n — 37°, which are known to be large [11]. Assum-
ing a flat Dalitz Plot for this decay — not withstanding
experimental constraints — and using the relation [ 11]

Bo(myg — my) = my — mpy —mag +mey,  (4.3)

from the experimental data on I'(n — 37°) [9] we
find p=2.0+0.1.

Contrary to p, the phase ag cannot be extracted from
the n — 37 data. Similarly to the K — 37 analysis
of {12], in order to evaluate ag, we expand the one-
loop n — 377 amplitude [11] around the center of
the Dalitz Plot. Hence we obtain

| am2\ ' ,
= l T 2 ﬁO]S,
*0 327 F? ( S0 ) (250 + miz)
(4.4)

where so = (m;, + 3m5,) /3.

As anticipated, the two figures show clearly that in
the non-resonant amplitude the one-loop result domi-
nates over the tree-level one 1n the whole phase space.

10— 8

1079 L

10— 10 L

I' [MeV]

10-*11 :'

10-12 |

~ AN

1 L 1 1 L L 1 1 | L | L L ] l i i ]'_\L { .

0 25 =20 75 100 125
dm [MeV]

10— 13

Fig. 3. Partial decay rate of 7 — 797%yy as a function of the

energy cut |s,:,4,2 — m_o| < ém. Full, dashed and dotted curves as
in Fig. 2. The two dash-dotted lines, denoting the absolute value
of the interference between Aﬁhys and A, have been obtained
for ag = 0.16 (upper line) and oy = 0.20 (lower line).

Moreover, for s, 2 O.lSm% the non-resonant ampli-
tude becomes non-negligible with respect to the reso-
nant one. For s,, 2 0.20m,27 the dominant contribution
to the decay is provided by Anr.

All the distributions have been obtained using p = 2
in AR™* and considering the dominant 77— loops only.
We have explicitly checked by means of Eq. (3.4)
that the kaon loops give a very small contribution,
confirming the statement of the previous Section that
the 77-7 loops dominate the non-resonant amplitude
in the whole phase space. The dependence of our re-
sult on ayg i1s quite small, as shown in Fig. 3, while
a precise determination of p is important, in order to
determine with a good accuracy the region where the
non-resonant amplitude dominates over the resonant
one. Our analysis could be improved if high precision
dataonn — 379 were available. They would allow, in
principle, to include the (small) D-wave contribution
we neglected. However, aven with the present uncer-
tainty on the normalization factor p, we can state that
the loop effect is in principle observable. Indeed, for
Syy > 0.23mZ, we find that the non-resonant contri-
bution is larger than the resonant one by more than a
factor of 2.

Notice that our distributions differ from those in [ 1]
~ apart from the one-loop corrections to Ang — by an
overall normalization factor. Since we agree with the
analytic expressions reported in [1], this discrepancy
can be traced to a problem in the program used to

produce their plots.
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5. Discussion and outlook

In this paper we have explicitly calculated the dom-
inant one-loop corrections 1n CHPT to the decay n —
w7 yy, going beyond the lowest order treatment of
[1] - the latter essentially corresponds to a simple
current algebra calculation. The phenomenological in-
terest of this process is due to the experimental factl-
ities which can effectively act, in the next few years,
as m-factories. A similar physical motivation led re-
cently many authors to calculate leading corrections
to the lowest-order CHPT prediction 1n both decays,
such as n — #’yy [13], and scattering processes,
such as yy — wt@~ [14] and yy — #°#Y [15].
Earlier work on the CHPT predictions of pion po-
larizabilities can be found in [16], and the compar-
1son with forward-angle dispersion sum-rules is dis-
cussed in [ 17]. Recently the charged-pion polarizabil-
ities have been computed to two loops [ 18].

Recent results on ¥y — #°#’#° [6] have in-
spired us, since there the lowest-order amplitude is
suppressed and the corrections due to chiral loops
domuinate the cross-section. We found a similar result
to hold for the non-resonant contribution to the decay
n — mryy.

Despite the enhancement due to the one-loop cor-
rections, the non-resonant amplitude is shadowed from
the resonant (i.e. the 77°-exchange) contribution, over
a large portion of the diphoton spectrum. We have
shown, however, that for large s,, the one-loop cor-
rections to the non-resonant amplitude dominate also
over the resonant contribution (see Figs. 2 and 3). A
measurement of the partial width of n — #%7%yy in
this kinematical region - within the reach of the fu-
ture facilities — would represent a new interesting test
of CHPT at O(p®).

We wish to conclude this Letter with a few com-
ments concerning the possibility of future develop-
ments. In particular, one might ask why we concen-
trated on the neutral pton channel, rather than calcu-
lating the amplitude of » — #r* 7~ yy, which is sta-
tistically favored. The reason i1s that the decay n —
7t~ yy is dominated by the bremsstrahlung of n —
7o~y [ 1]. Since the latter is not suppressed already
at the tree level, we expect that the one-loop correc-
tions not related to the n — 7" 7~y amplitude will
be hardly detectable. * From this point of view, when

considering the outlook for a future calculation and

a potentially related measurement, we expect that the
scatterings yy — w7~ n and yy — 7%7’n will pro-
vide more interesting tools for the study of chiral-loop

eftects.

Added note

After submitting this Letter, we learned about a sim-
ilar calculation which included also the -1’ mixing
effect and an estimate of O(p®) contributions in the
resonant amplitude [ 19]. This result confirms that the
effect we calculated 1s the dominant one in the non-
resonant amplitude.
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Appendix A

The general definition of E';)(x, y) in terms of the
three-denominator one-loop scalar functions can be
found in [10]}. In the 77— case and for x, x — 2y >
4m? the explicit expression is given by:

(47r)2ReC§)(x,y) . {(1 _22)

8 y? X
Jow(22) - o ()]
72 [iog (152 —tog? (125)] + 22|
(A1)

4 From the theoretical point of view, in order to isolate these
effects it is necessary to implement an appropriate definition of
‘generalized bremsstrahlung’, similarly to what has been done in
[ 10] for the radiative-four-meson amphitudes.
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(16m) Im Coo(x,) = 55 { (1 =27 ) 1B~ ol

7 foe (70) —tex (155)] +22}

(A.2)
4mz ~ dm?
where ﬁoz\/l " B =41 (x—2y)
(A.3)

References

[ 1] G. Knoéchlein, S. Scherer and D. Drechset, Phys. Rev. D 53
(1996) 3634.
[2] S. Weinberg, Physica A 96 (1979) 327.

[3] J. Gasser and H. Leutwyler, Ann. Phys. 158 (1984) 142;

Nucl. Phys. B 250 (1985) 465.
|4] G. Ecker, Prog. Part. Nucl. Phys. 35 (1995) 1.

[5] LI. Ametller, in: The Second DA®NE Physics Handbook,
eds. L. Maiani, G. Pancheri and N. Paver (SIS-LNF, 1995).

[6] P. Talavera et al., Phys. Lett. B 376 (1996) 186.

[7] J. Byynens, A. Bramon and F. Comet, Z. Phys. C 46 (1990)
599;
R. Akhoury and A. Alfakih, Ann. Phys. 210 (1991) 81:
H.W. Fearing and S. Scherer, Phys. Rev. D 53 (1996) 315.
[8] J. Wess and B. Zumino, Phys. Lett. B 37 (1971) 95;
E. Witten, Nucl. Phys. B 233 (1983) 422.
[9] Particle Data Group (L. Montanet et al.), Phys. Rev. D 54
(1996) 1.
[10] G. D’Ambrosio, G. Ecker, G. Isidori and H. Neufeld, Phys.
Lett. B 380 (1996) 165.
[11] J. Gasser and H. Leutwyler, Nucl. Phys. B 250 (1985) 539.
[12] G. D’Ambrosto, G. Isidori, N. Paver and A. Pugliese, Phys.
Rev. D 50 (1994) 5767.
{13] LI. Ametller, J. Binens, A. Bramon and F Cornet, Phys.
Lett. B 276 (1992) 185.
{14] J. Bijnens and E Cornet, Nucl. Phys. B 296 (1988) 557.
[15] S. Belluccy, J. Gasser and M.E. Sainio, Nucl. Phys. B 423
(1994) 80; B 431 (1994) 413 (E).
[16] D. Babusci et al., Phys. Lett. B 277 (1992) 158.
[17] D. Babusci, S. Bellucci, G. Giordano and M. Matone, Phys.
Lett. B 314 (1993) 112.
[ 18] U. Biirgi, Phys. Lett. B 377 (1996) 147.
[19] L1. Ametller, J. Bijnens, A. Bramon and P. Talavera, preprint
NORDITA 97/10 N,P, hep-ph/9702302.



	S. Bellucci, G. Isidori

