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Abstract

A mode analysis of the VIRGO gravitational wave detector is presented.
The dark fringe condition and the background at the detector have been examined. The
plane-parallel and the plano-concave configurations for the recycling cavities have been
compared. No substantial differences have been envisaged.
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Introduction

The VIRGO laser-interferometric gravitational-wave (GW) detector is a Michelson interfer-
ometer with Fabry-Perot(FP) cavities in each arm and with a recycling mirror to improve
the signal to noise ratio. The recycling technique has been studied extensively, [1], [2], [3],
[4], but the transverse mode effects on the recycling performance have been seldom consid-
ered. Since the separations between the interferometer mirrors are much larger than the
mirror sizes, the diffraction effects play an important role, and the use of the plane wave
approximation for the whole interferometer is not quite satisfactory. Since each optical
resonator has its own eigenmodes, a poor transverse mode matching among the input laser
beam, the recycling cavities, and the FP cavities may worsen the detection sensitivity of
the interferometer.

1 Optical Resonator Descriptions

The VIRGO interferometer contains two FP cavities in each Michelson arm, and two recy-
cling cavities which have a common recycling mirror My at the input beam line as shown

in Fig. 1.
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Figure 1: VIRGO Interferometer

For the sake of simplicity all the mirrors will be assumed square with size 2a. The mirrors
My, M, are identical to the mirrors M3 and M4. The two FP resonators are plano-concave
and the recycling cavities may be plane-parallel or plano-concave.



For any nonsymmetric resonators the cavity modes at the left mirror, EZ (z, ¥), are
related to the cavity modes at the right mirror, ER_, by the following equations [5]

Ymin Emn(2,¥) = / /MR K%(z,y; 2,y ) Epn(2’, y')dz'dy (1)

Ymn Emn(2,9) = f fML KY(z,y;2',y)Epa(a’,y')dz'dy (2)

where KL (z,y;z'y’) and KB(z,y;z'y’) are the integral kernels of the resonator in the two
directions, see [5]; the integrals are taken over the corresponding mirror surfaces M® and
MY, m,n are the (z,y) transverse mode indices and vZ_,yE yield the round- trip eigen-

values

Tmn = 71%;1:7&11 = ane:cp[-i(QkL - ¢’mn)] (3)

where L, = 1 — T2 are the so-called diffraction losses, and ¢,n, are the Guoy phases,
which are additional phase shifts due to the finite transverse beam size and depend on the

specific cavity configuration. The resonance frequency is determined by the equation

where L is the seperation of the cavity mirrors, ¢ is an integer, and k = 27"

2 Mode Analysis of the Interferometer

In the configuration shown in Fig. 1, we assume that the separations between M, and My,
M3 and My, are the same, whereas the separations of M; — BS (beam spliter), M3 - BS can
be different . For the whole interferometer there are several basic modes to be considered:

- the input laser beam modes E,n;

- the basic FP-modes with
- U at My, M3;
- U:nn. at A!z, M4.

- the basic modes of the first recycling cavity Mo — BS — M; (length d7) with

- Vinn at ﬂ’fo;
- Vr:m at M].
- the basic modes of the second recycling cavity Mo — BS — M3 (length d¥) with
- Wmn at Mo;
- Wr:m. at Ms.



According to these definitions, each beam departing from the mirrors of Fig. 1, can be
expressed as a linear superposition of the appropriate cavity modes, as follows:

¢£ = Z C:;;nEmns(i - lwb)

’d)g = z Cgan,;n, ¢3 — Z CS W:nna
=Y ClLUu,(i=4,6), v;= ZC;’;:UL;,(J‘: 5,7,8,9) (5)
k. K, |

S'imila'frly the impinging beams can be written as :

n
t/):"n; — Z CmnEmna
m.n

vi= [ [ Khepe )bty = S ClofU V%= 3 Chbha,
P = Z TsC}; Cg,mnpmnvrizns e = chzb Uk
Mgy
Y= Y. RBCLCEY 4mnWins %1*—2:0::15 Uki,
m,n,i,}
vh= S (TgCipLCEY i+ RBCa5CHn, mn)Emn
N
w -Zc Emn= Y (TBCYe:CEY:; — RBCED;Crinii) Emn (6)
Mt od

where C! _ are the expansion coefficients of the beams and cEY. +; and Cfn‘iv ;; are the mode

conversion coeflicients

CEYiy= [ [ Emn(au)Vitz.v)dady, CEy= [ [ Emnla, )Wl vdzdy
0

(7)
The round-trip eigenvalues are
L 1/R
bn = bZ bR bl = bl b
R
P = PE DR Gmn = Gl - (8)

where b,,, and b/ . refer to the two FPs and pn, and gmn to the two recycling cavities.
From the 1inea.r combination of the electric field and Eq.(6) we can derive the following
set of equations (the amplitude reflectivity from a dense to a rare medium has 7 phase shift)

1 = Totin — Ro¥y, %2 = Th¥s + Ry

3 = Tyh + Ry, ¢ = Thvy — Rity

vs = — Raty, ve = Th — R1y7

7 = — Rotg, vs = Ta

o = Tatbg, vy = RoYin + Tots (9)



where Rg, R, Ry, Rg,T,T1,T3, and Tg are the amplitude reflectivity and the ampiltude
transmitivity of the mirrors Mo, M,(M3), My(My), and beam spliter BS. By solving the
set of Eqs(9) and using the definitions of Eq. (6) one has

TgT
Ch=TaChby,, Ch= - R, Iézbkl Z Gijkt
RpgT
Chi=TaCRMT,  Chi= 1 gy 2 Cisllism (10)
I ¢,;

where the coefficients G;; ¢ and H;; n, are given by

EV '
ij:kl = Z Ct] mnpﬁnckl mn? Hij,kl Z Cg,mnq'rnnckl mn | (11)
m,n

m,n

and Ck, s CH -+ are the mode conversion factors

kl mn // Uk:(l‘ y) n("r? y)da:dy, Ckl mn — /-/M Uk,'(il?, y)Wr;n(may)dxdy | (12)

The expressions for C1’ are defined by the equations

C,rlnn + Ro Z C RI(TBCtJ mn T RBDTI'.J mn) R2T12(TgEij,mn + R%R],mn)] - TOC:;?n
t,J

m,n=0,1,2,3,4,... (13)

where

tJ,mﬂ - Z CtJ,klpk mn,kh 13 mn — E Ctg,kl qklcmn ki

E:J,mn — Z Alj klpklcmn ki Ej,mﬂ - Z Bt] qu}clcmn kl
(14)

Finally, the expressions (5, 6) for the beam ¥, %,, %2, and 93 turn out to be determined by
the following coeflicients

C:)nn - ROCM + 1o Z(TBCUPUCEE;J + R C:thjcgf‘frtj

1,
Z(T C:Jqqcrﬁ:::tj - R Ctjptjcgﬂ t_j)
Cr?zn Z: TBC (Rl 1J,m'npmn - R2Tl i1, mn)
C?nn E RBCJ(RI :J,mnqmn - R2Tl 1], mﬂ)

m,n=0,1,2,3,4,... (15)



where
Gt klbklc mn ; k:b C n
Aijmn = 3 3, ki Um_z k1961 C Kl m
k,l 1 - Rl szk‘ 1 i Rlebk’
(16)
3 Output Beam
The output beam %, from Eq.(6) can be rewritten as
Yo = 1,001([4') = ¢o2(L) (17)
where 1,1(L’) and ¥,3(L) are from the different arms and given by Eq.(6)
wOI(L’) ~- Z T CthlLJCﬂEImJEmﬂ’ ¢02(L) = Z R CtjthC‘l’ET‘:tJEmﬂ (18)
mn,j mn,i)

Let’s consider the characteristics of the output beam in two cases.

3.1 Without GW Signals

In this caes, we have that L’ = L. If the Michelson arms are not equal (d* # d®), but the
difference 6d = d® — dF is not too large. It is reseanable to assume that Vy,, = Wp,, and
V! = W! .. Then the output beam can be rewritten as

wO(L) = RpTp E Z CaB[Rl Z: Crﬁrucaﬂu(qu pi'J')

mn aﬁ
CEhniiCas 5blek: Ciins
- Rt} 3 e Rl — o e (19
t1klyb

where bpn(L), pmn(d) and gn(d) are the eigenvalues of the two I'P cavities and two recy-
cling cavities given by (gmn have the same forms as pn,)

bmn(L) = exp[—i(2kL — (m + n + 1)arccos(2g — 1))},
L

g=1-2, L=3000m, R=3450m. (20)

and the p,n(d) are

Pmn(d) = exp[—i(2kd — (m + n + 1)arccos(2g’ — 1))],
g =1- -g—;-, d=12m, R’ =112512m. (21)

for plane-concave recycling cavities, and

Pmn(d) = PmPn, Pm = exp|{—sm — t(kd + rm)]’

~ (m+1)°rx ~ (m+1)? B _gi '
Pm = —S—Tear—  Sm = ok N(Fresnel number) = V7 (22)



for plane-parallel recycling cavities.

Dark Fringe and Background |
If the Michelson arm lengths are equal (d¥ = d® = d), then q,-Lj = pf}-,q{} = pf}; one has

Yo = 0. (23)

Therefore, no matter what kind of recycling cavities are used, as long as the Michelson arms
are equal, the dark-fringe condition is always fullfilled.
If the Michelson arms are not equal (d¥ # d®*), we usually have that

Yo #0. (24)

a backgroud contribution will always present. This can be evaluated numerically.

If the two recycling cavities are 11.6m and 12.4m long, the background level that has been
obtained for the plane-parallel and plano-concave cases are 1.18+1078P;;, and 6.25%107°FP,,,.
These values are totally neglegible with respect to the recycling power (= 44 F;,) of Eq.(32).

3.2 GW Signal Considered

If the GW signal is considered, we can assume that L' = Lo+ 6L and L = Lo — 6L, for
small L up to the first order we have that

L
Yoi1(L') = ¥o1(Lo + 6L) ~ v01(Lo) + d@(g 0)5L
N dyor(L)/dL .., = dyoi(L)/dL
— ¢01(L0)[1 + ¢01(L0) 6L] o ¢01(L0)€Ip[ ¢01(L0) 6‘L]
= 1 (Lo)e~"¥W
: d LY/dL
Yo2(L) = vo2(Lo)et'®W  @ow = "fz;f(gé) oL (25)

Then the output power is

Pout = |to)? = [901(Lo)l? + |%02(Lo)|* — 2Re[w51(Lo)%o2(Lo)]cos2®cw
+ QIm[E’Sl(Lo)'l,Dog(Lo)]SinQ@Gw (26)

Perfect Transverse Mode Match
If the Michelson interferometer is perfectly transverse mode matched, only the 00—

mode survives. Then the output beam can be written as

Yor(L') = ReT8ClpooRF(L)Eoe,  %o2(L) = ReTBCpooRF(L)Eo (27)
where Rr and C}, can be deduced from Eqs.(15,13) and (14)
- L T
Rp(L) = A= faboall) o ° (28)

1 ~ Ry Rboo(L)’ 1 + RoRFpoo(d)



For small 6L and up to the first order in 6L we have that
Sow = 2kNp 6L (29)
and .

Rp(L') ~ Rp(Lo)exp(—i2kNpd L)
Rp(L) ~ Rp(Lg)exp(+i2kNpg6 L) (30)

If the FPs are on resonance, then

T?R,

Ny = - 31
M (R2 — R1)(1 — Ry R,) (31)
From Eq.(26) the output power P,,; can be rewritten as (6L = 3 Lh)
Pout =4|¢0r(Lo)|*sin*®ew = Pin|Cool*REsin®(2kNyS L)
_ Pin | 1 12 p2 1,2 T12R2 2
= TlCO()l RF[I - COS(QkNMtSL)] = PiﬂICOOI [(1 — R1R2)2 kLh] | (32)

which is proportional to L2.

4 Phase Modulations

The longitudinal locking of the interferometer requires to phase-modulate the laser-beam.
This offers the opportunity for an independent method to detect a GW-signal. In this
chapter we will review this possibility.

4.1 Internal Modulation

In the so-called internal modulation a phase %631’-th 1s added to the light entering one arm,
while simultaneously the same phase is subtracted from the light entering the other arm.
This means that the phases entering Eqs.(30) become

1
2kNapL' = 2kNpasLo + kNasLoh + §5sinﬂt

1
Qk,NJwL = QkN]\,{Lo — kNJMLoh - §6sin9t (33)

and

2kNpOL = QkNM(L' — L) = 2kNML0h + dsinft
= &f" + ®ow + 6sinQlt (34)

where ®." is an overall off-set phase. From Eq.(32). one has

1 .
PJ& = 4|¢01(L0)|2—2-[1 - cos(@é" + ®gw + 6sinlit)) (35)



where 2 is the phase modulation frequency, ®gw is the GW signal. Eq.(35) can be reex-
pressed in the following way

1
pin — 4|¢01(L0)|2§[1 — Jo(26)cos2® + 2J,(26)sin2®dsint
—~2J2(26)cos2®cos2Qt + ...] (36)

where & = fbé“ + ®gw. For a small modulation depth 6 and small ®, Eq.(36) can be
approximated as

pPir = plr 4 PInsinQt + P2 cos2Qt
1
= Pg—2—[¢52 + 48(®L" + dow )sinflt — 62c0s2Qt + ...] (37)
Po = 4|v01(Lo)|? (38)

4.2 Frontal Modulation

In the frontal modulation configuration the laser beam is phase-modulated at the input
of the interferometer. The input beam may be written as ¥;,[Jo(26) + J1(28)exp(i§2t) —
J1(26)exp(—iQt)]. The output beam becomes

d)! — ¢01(L!)[J0+Jletnte—t2cd _Jle 1Qte:2cd

o

]

—~ T/)oz(L)[Jo_{_JleiQte—n%dR _ Jle—imeizij-dﬂ]
: : Q | 0
= (o1 — Yo2)Jo + 1(Yo1 — Vo2)2J15tn (U — 'E(dL + gR )]cos-c—(dL _ dR)

0 Q
— (o1 + Po2)2J1c08[Qt — —E(dL + dR)]sin—c—(dL — df)
Jo(o1 — Wo2) + 12J1[(¥o1 — Po2)8in¥cosO — (Y01 + Po2)cos¥sin@]  (39)

where

v =Qt — %(dl' +d%), ©-= %(dL — df%) (40)

Usually d # d®, and we can show that

Vo1 — Yoz = [Vo1(Lo) — Yo2(Lo)]cos(®ew) — {¥o1(Lo) + Yo2(Lo)]sin(Pcw)
"/Jol + ¢o2 — :'J)ol(LO) + ¢o2(L0)]COS(¢GW) — z-["bml(LO)_“ ¢o2(L0):3in(¢’GW) (41)

and the output power becomes

o

PEr = PEr 4 PETcos¥ + Pfcos2¥ + Py sin2V¥ (42)
where

P = [[9a1(Lo)® + [%o2(Lo)P)(1 + ®%w ) + 4(J5 + 26°c0s20)Im (151 (Lo)¥o2(Lo) Paw
— 2(J& + 26%c0s20) Re[¥}1( Lo)¥oa(Lo))(1 — BGw ) (43)
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Py" = 465in@[2Im[;,(Lo)yo2(Lo))(1 — BEw) — 4Re[¥}1(Lo)¥oa(Lo)®cw]  (44)

P = 26%[~[|%o1(Lo)I? + 1¥02(Lo))cos20(1 + &Ly ) — 4Im{¥}y(Lo)¥ez(Lo)]|@cw
+ 2Re[y}(Lo)¥o2(Lo))(1 — ¥4 )] (45)

PE" = ~8%[[go1(Lo)[? - |$ea(Lo)|?}sin20(1 + 82yy) (46)

The numerical results show that when the recycling cavity length difference is up to 0.8
meters

Yor(Lo)? ~ Relwty(Lo)or(Lo)] s
Do (Lo)P <10 (47)

So the output power can be expressed as

Prn = PY™ 4 PiTcosW¥ + PETcos2¥ + Pj.Tsin2¥

~ Pg[262sz’n29 + 465inO(®; " — Pow )cos¥ + 26%5in?Ocos2¥) (48)
where ®ow << 1, and
@(I;’r _ {{_n['i’_q.l(L_O)!boz(LO)] (49)

~ 2Re[2(Lo)¥o2(Lo))

In the general case the output power is given by Eq.(42) with the help of Eq.(43,44,45,46,49).
In the special case where d& = d® (¥01(Lo) = v¥o2(Lo)) one has

P} = 4lyou(Lo) "8k [1 - 26%c0s2(02t - = (d% + dP)] (50)

4.3 Some Results

The output beam %, with frontal phase modulation can be written as

=Y ChnBmn =3 (D% + Dpne™ + Dhpe™ ™) Ep, (51)

and the output power is

Pout=|¥5)? = Z[ID |2 + |Dmal® + | D |

+2Re[Dmn(Dmn + D2 )lcosit — 2Im[DC (D} =~ D2 ))sinQt
+2Re(Dl' D? )cos2Qt + 2Im(DL> D? . )sin20t]
Fr 4+ PiFTcosUt + P{ETsinQt + Pyl cos2Qt + PyE” sin2Qt (52)

Fig.2 shows the output given by Eq.(52) for the plane-concave recycling cavities, while
the Fig.3 shows the same for a plane-parallel recycling cavities. Curve 2a) shows the term

of Am = \/ (PiETY2 4+ (PIF :)_;; 2b) shows the term of Ph = acrtan(;‘l:;;). These results are
lc
calculated with a modulation frequency of Q = 6.2678 M H z, d* = 12.4m and d¥ = 11.6m.
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Figure 2: The amplitude and phase of the modulation frequency term with plano- concave
recycling cavities (where Am and Ph are defined in text)
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It is interesting to compare the output power at the detector without phase modulation,
given by Eq.(32), and the demodulated power at the detector given by Eq.(37, 42) (both
®/" and ®f" are assumed to be zero),

P:=FPo®cwPow without — modulation
Pé" =2Py®Powé internal — modulation
Pg" =4 Py®ow bsin® frontal — modulation
Po=4|¢01(Lo)I* = Pin|Cool* RE (53)

In VIRGO one has: |C}y|* = 44.6 and R% is close to 1. The demodulated output power
with internal-phase modulation is 26/®gw times larger than the output power without
modulation. The demodulated output power with the frontal-phase modulation is lower
than that of the internal-phase modulation scheme by a factor 2s5in@ (sin® = 0.0126 for

the VIRGO case).

4.4 Photon Shot Noise

The ”shot noise limited” value of h is determined by the photon statistics. In the case
without modulation, the output power on the detector is given by Eq.(32).

P, = Pysin®y (54)

where 9 is an off-set phase between the arms of the interferometer.
The shot noise associated to this power is

APy = V2Pohwsiny ' (55)

and the minimal phase variation that can be appreciated is given by

> =
dbout 2Py cosy (56)

That is to say that the best sensitivity is obtained when working on the "dark fringe”
condition ¥ = 0. Since a GW induces the dephasing given by Eq.( 29, 31), The shot noise
limited value of h is given by

1 hw
> N
hShOt—nOlse putli kLNM 2P0 (57)

where P, is given by Eq.(53). Eqs.(32, 57) show that the shorter the length L and the worse
the h -sensitivity i1s. When the arms are different the shot noise limited h value does not
change much, |

hshot—noise—equal“a”’” _ h3h°t_"0ise_u§equal—arm3 < 7.65 % 10_'7 (58)

hshot—noise—unequal—arms

For a 20 watt input laser beam (P;;,) the minimum detectable value for his 1.81%x107%3/v/ H 2.
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With a similar argument, the ’shot noise’ limited value of & can be obtained in the case

of phase modulation.
For the internal modulation Eq.(37) gives the average power impinging upon the detector

1
< P>= -2-P062 (59)

which is affected by the shot noise

AP = \/Z%Poé'*’hu = /Pob?hw (60)

By demodulating the signal one can isolate the sin{}t component Pq. Therefore the minimal
phase variation again is given by

sp > AP _ Vb The \/PO (61)

and for h one has

1 hw
Ronot > 1/—-- | 62
hot = /akLNy V 2Po (62)

Finally for the frontal modulation the result turns out to be exactly the same.

5 Discussions

The performances of the plane-parallel recycling cavities and plano-concave recycling cavi-
ties will now be compared.

5.1 Non-Modulated Interferometer

First, we assumed that the arm lengths of the Michelson and the cavity length of FPs are
the same. The numerical results of the two cases have no differences.

Second, we discuss the case of the Michelson with different arm lengths. If the two arms
are 12.4 and 11.6 meter long, we list the performances of the two cases in Table I.

Table I

J ) I_{ecyafr_lg J(_;a;itiesl - EPI&ne-]iarallel [ Plano-Concave |
[ Total Recycling Power (inP;y,) " " 44.582 | 44 .582

L 00-Mode Recycling Power || 44.582 44.582
709.23 709.25
709.23

FP Intracavity Power (inP;,)
00-Mode Intracavity Power
Reflected Power (inPin)

The Ba,ckground in (Pin)

h

-

0.118 % 10—7 |

0. 625 x 10~
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In both cases the dark fringe condition is not satisfied, the output back ground are 0.625 «
10~3P;, and 1.18 x» 1078P;, respectively, which are much higher than the shot noise lim-
ited detectable signal power. The output power due to the GW signal of the shot noise
limited value of h = 1.81 * 1022 is 0.873 * 10-16P,, for plano-concave recycling cavi-
ties; and 0.695 * 10~'4P;, for plane- parallel recyclings. This requires that the input laser
beam power fluctuation must be less than %%7235:11%:?;:": ~ 1.4 % 10~ for plano-concave and

% ~ 5.9 % 10~7 for plane-parallel recyclings.

Since these requirements are difficult to achieve at low frequencies, phase modulation

appears to be necessary.
For plane-concave recycling cavities the sensitivity of the performances of the interfer-

ometer on the radius of curvature of mirror My is shown in Table II.

Table II
Ii rMe || _110000m [ 112000m [ 112512m | 113000m | 120000m |
relative difference || ' -
of recycling power || 3.06 « 107> | 1.26 * 10~° 0.0 | .12+ 107 | 2.49+ 104
ford"=d” | | ,
relative difference || | ] I
of recycling power |[ 3.06 +107° | 1.25+ 1076 | 1.51+ 0073 | 1.12+10% | 2.49 % 10~* |
for df # d- | j i

In the Table rpy, is the radius of curvature of the mirror My. The perfectly transverse mode
matched value of rag, is 112512.00m. If the Michelson arm lengths are the same, while the
radius of curvature of mirror My varies from 110000m to 120000m, the relative difference of
FP power (the difference between the total power in FP and the power in 00 mode over the
total power) is less than 1078, For the recycling powers the relative differences are shown in
Table II. For the different arm length Michelson (11.6m,12.4m), the relative differences of
FP powers are the same as the equal arm length case. The relative differences of recycling
powers are also shown in Table II. The Table shows that, if the radius of curvature ryy, is
accurate to the level of 0.1 percent, the performance of the interferometer does not change

much.

5.2 With Phase Modulation

Table III presents the results obtained with the phase modulation with the same conditions
of Table I.

We see that the background in the modulation frequency term is still much higher than the
GW signal. For plane- parallel recycling cavities the background is two orders of magnitude
higher than the one of plano-concave recycling cavities. With this background the detection
of the shot noise limited value of h, requires the laser beam power fluctuations to be less
than 5.43 * 10~° for plane-parallel recyclings, and 3.54 * 10~* for plano-concave recycling
- cavities.



— 16 —

Table III

1

P;P;r(Pin) r

L1 (P) | arglPL')

Plano-Concave
recycling cavity

. |

1 T

' 1

| with no GW signal || 0.03244 | 1.89270% 107 | —.57657rad.
| with GW signal i 0.03244 | 1.89326 % 10~7 | —-97638rad.
| the effect of GW 0.0 [0.6701x10"10 [ —.01492rad. |
] Plane-Parallel

recycling cavity |

with no GW signal || 0.03151 | 1.84303 + 10~° | —.03174rad.

with GW signal 0.03151 | 1.84304 %« 10~° | —.03174rad.

| the effect of GW | 0.0 | 1.0000+ 10~ 1° | —.01000rad. ﬂ
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