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Abstract

In this paper we present the full calculation of the final photon polarization in the Compton scattering on electron
Y +e — ¥ +e. We claim to be in disagreement with some of the results quoted by FR. Arutyunian and V.A. Tumanian in

Sov. Phys. Usp. 83 (1964) 339; Phys. Lett. 4 (1963) 177.

1. Introduction

A general discussion of the polarization effects in
Compton scattering can be found in Ref. [1] and in
several other review articles published elsewhere [2-
5]. The polarization of the final photon is particularly
relevant in the experiments where high energy polar-
1zed photons are produced by the backscattering of
laser light against high energy electrons in a storage
ring [6,7]. As a matter of fact, since the electron spin-
flip amplitude vanishes in the backward direction, the
final photons retain almost entirely the initial laser po-
larization. However, at other angles the photon polar-
1zation can change due to the role of orbital angular
momentum. The knowledge of the average value of
the final photon polarization is essential for any exper-
imental activity with the backscattered photon beam.

After a short summary of the basic theoretical for-
mulas, we derive the expressions of all the guantities
of interest in the general case where the initial electron
1s arbitrarily polarized. In particular we find that some
of the final photon polarization parameters quoted by
FR. Arutyunian and V.A. Tumanian in Ref. [4] (in
the following referred to as AT) are wrong. The cor-
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rect expressions are here presented and discussed.

2. The Compton process

The kinematics of the process can be described by
the usual (s, t, u)-variables. By indicating with k(k’)
and p the 4-momenta of the initial (final) photon and
electron, respectively, one has:

s —m?=5=2pk

t = —2kk’ (§+t4+i=0)

u—m*=ii=—2pk’

The scattering amplitude can be conveniently dis-
cussed by introducing the Stokes parameters of the
incoming photon (fk(')) and those associated with the
polarization detector (o) (k =1,2,3). In our con-
ventions the first and third parameters determine the
probabilities of two linear polarizations which make
an angle of 77/4 with each other and the second pa-
rameter refers to the circular polarization. The polar-
1zation degrees are defined as follows:
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Pi=\/&+8, P.=|&|, P=\/PP+P2 (21)

and are separately Lorentz-invariant quantities [1].
By referring the Stokes “vector” of the incoming
photon to the unit vectors

kx g

B | k X j/](f)l

- kx k' -
~ (1) ~ (1)
AT x k| X2

(2.2)

and summing over the final electron polarization
states, the squared amplitude can be written as

IM|?=167%e* {Fo+ (&Y -F)+ (o F')
+(o-TEY)Y) (2.3)

where the coefficient Fy and the components of the
vectors F and F' are given by

Fy =4m*a (1 + m*a) — b

F]:O, F1,=F]
F,=2ma{(1+2m?a) (kw) + (k'w) }
F)=F (ko k')

F; = —4m’a (1 +m*a), F/ =F;

and the T-matrix is defined by the following elements:

| b
Ty =2 (1 +2m*a), Ip=—>Tn, Tia=2-F
§ m VA /
Ty= Ty =—-4—ae™ " pwkik,, Tin=T3 =0
U U

I3 = ma{2% (kw) +T11 (K'w) }

T = ma{Th (kw) +2= (k'w) }

In these equations a and b are

i 1
a=—+—, b=
S U

w 1s the spin 4-vector of the initial electron defined by
the conditions
wupt =0, wyowt= e

and £ /2 is the spin of the electron in the electron rest
frame (ERF system).

Eq. (2.3) can be compacted in the following form:

IMI2=%IMIQ{1+(0'§“”)} (24)
where
1 / [
§(f) _ (".:"1(f)afz(f)"f3(f)) — _A_O_ (F -|-T§( ))
(2.5)

1s the Stokes “vector” of the final photon. This vector
is referred to the unit vector base

| k' x )
S () _ o) s () X (2.6)
Xl Xl ’ XZ |k!xi/l(f)|

which should not be confused with that of Eq. (2.2)
defined for the initial photon. The presence of the
scalar product o - & (f) allows to determine the photon
flux in any given polarization channel, by selecting the
appropriate value of the detector Stokes “vector” o
Eq. (2.4). Moreover, the squared amplitude summed
over the polarization states of the final photon can be
obtained by imposing oo = 0 and multiplying by a fac-
tor 2 the expression of Eq. (2.3)

M2 =322 {Fy+ (£ F)} =327%e* A
(2.7)

The cross-section associated to this squared ampli-
tude is the usual Klein-Nishina formula [1-3] (rg =
e’ /m):

/

do 15 /v’ \2
e TE— = — —— 2.8
do ~ 2 ( v ) Ao (2.8)

2.1. The ERF system

In this system the calculations of the coefficient
Fy, the components of the vector F and the T-matrix
elements, greatly simplify. With the positions

k k'
L

m m

' 4

and by indicating with # the scattering angle, one has:

1 4

2 _ .
1 +2v(1 —cosf)

S=2mv, iU=-2m

! /
2pl p

Egs. (2.5) become:

1 { {
¢V = y {2£9 cosO+ &7 v(1 —cos) (h-{)}
0
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2(f)zALO{__;,,(1----cosﬁ?)(f"'-éf)

V’

(1) (1) :
D 3" (1—cos @) (h-£)+£] (V -
w§3(i)V’(l*cosé’) (g-é)}

) cos

&) = Y { sin” @ + &7 v(1 —cos ) (g &)

+ &7 (1 4+ cos?0) } (2.9)

where
; .
Ag:( ’ | o sinzﬁ)—l—f;’) sin” @
7 v

— &P v(1—cosh) (f- 1) (2.10)
and

R v/ I 5
f=kcosO + k' —, f’=k+k’—_;—cos€

%

g=k—k'cos@, g'=kcosh—k’
h=kxk' (2.11)

In the case { = 0, Egs. (2.9), (2.10) specialize in
the known expressions:

~ 2¢cos 6
(f) _ &
51 = 6

Ao

() = £ cosﬁ(v } v’)

2 2 AO /! V

D= Ai{ sin? @ 4+ £ (14 cos? 9) } (2.12)

0

where Ag 1s given by
! .

A0=( i sin2t9) +&sin29  (2.13)

V V

The same expressions are reported 1n Egs. (3.13)
of Ref. [4] and can be compared with Eqs. (2.12)
and (2.13) by renaming the indices: (1,2,3)ar —
(3,1,2)). Since the components (f ' and &s () ar
identical, we completely agree W1th Ref. [4] 1n the
case of linearly polanzed photons. On the contrary,
the AT-value for &, )

(f) cos ¢ v v (i) (i)
2 lar = Ag {(v" Cp 2){': 282 }
(2.14)

which 1S 1ncorrect, because i1t allows for a circular
polarization component of the final photon even when
the initial photon is purely linear (£ = 0).

According to Eqs. (2.12), (2.13), the Stokes pa-
rameters do not show any explicit dependence upon
the ¢-emission angle of the final photon. As a matter
of fact, this dependence 1s only hidden in the expres-
sions of the unit vectors X(!) and X(f ). In the ref-
erence system where the kinematics of the process is
described:

k=(0,0,1)
k' = (sin@ sin ¢, sinf cos @, cos #)

Egs. (2.2), (2.6) become

P = (—cos ¢, sing, 0), g =P

= (—sin¢, —cos ¢, 0)

fz(f) = (—cosf sin¢g, —cos 8 cos ¢, sinf)

(2.15)

Since under a frame rotation, the Stokes parameters
transform according to (&, is unaffected):

£ =&1¢cos2B + &3 sin2p
£ = —&rsin2B8 + &3 cos2p

a rotation of the two sets of unit vectors ¢{*/) of an
angle (7 — ¢) transforms Eq. (2.12) into

1 .
sl(f) = 4 Ao { — sin* @sin2¢

+ Sl(i) | (1 F cos 0)*sin’2¢ + 2cos 8 |

1 539 [(1 Fcos@)’sindgp | }

/

NGOG 0059( Y )
— |
°2 2 AO p! [ 4

1
syl = ZE{ sin” 6 cos 2¢

; s;” [(1F cos@)?sind¢ |

+s(‘) [(1 Tcos @)*cos’2¢ + 2c039]} (2.16)

with Ag given by
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Fig. 1. ¢-averaged Stokes parameters of the final photon as function of @ = v/ /v . in the ERF-system: A) S;f ) for linearly polarized

incident photon s ) = (0,0,1); B) sz(f ) for circularly polarized incident photon s ) = (0, 1,0). The curves in each figure refer to three
different values of the electron energy in the LAB-system: a) = 2.8 GeV; b) = 50 GeV; c¢) = 500 GeV.

/

1 4 1 4
Ao=( - |
V V

sin® @ )

+ (sl(i) cos 2¢ + S;f) sin2¢) sin” @ (2.17)

Here, the Stokes parameters s ¢ and s /) are still ex-
pressed in terms of two reference bases perpendicu-
lar to the corresponding photon momenta, but the unit
vectors defined for the initial photon coincide with X
and y of the reference system, whereas those of the
final photon depend only upon #. The double sign
corresponds to the emission of the final photon in
the torward (upper sign) and backward (lower sign)
hemisphere, respectively. Since Egs. (2.2), (2.6) as-
sume that the third axis is oriented along the photon
momentum and the unit vector j‘/z(f ) changes direc-

tion under reflection (see Eq. (2.15) ), the final pho-
ton turns out to be described 1n systems with oppo-
site handness when it is emitted forward or backward.
This explains why the ¢-dependence has to be taken
with opposite signs when the photon is emitted in the
two hemispheres. As for the circular polarization no
¢-dependence is expected. Hence, no double sign ap-
pears in the expression for 52( 1) and a circularly polar-
ized photon changes helicity passing from one hemi-
sphere to the other.

On the experimental side, the final size of any prac-
tical detector requires an integration over its finite ¢-
acceptance. In particular for a round detector that mon-
itors a backscattered laser beam, the ¢-averaged val-
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Fig. 2. The same as Fig. 1 in the LAB-system.

ues of the Stokes parameters are obtained by weigh-
ing Eqs. (2.16) with the differential cross section, and
averaging over the full ¢-range

27
) d(;bAos(f) _ fo dq&Aos(f)
< Ag >

< s > =

- yielding the results

2
(f) (i) (1+|C089|)
< = 3
i 2 =01 2 < Ag >
< (f) S S(i) cos 6 ( V n V’)
S = - —
2 2 < Ag > \ v/ v
2
( f) (i) (1+|COSQ|)
< = 2.18
S370 2= 8 2 < Ap> ( )

where

V v/’

<A0>=—,+
V 1 4

sin @

(2.19)

The curves a in Fig. 1 show the behaviour of the
Stokes parameters of the final photon as function
of the ratio « = »'/y! ., when UV-photons from
a frequency quadrupled Nd-YAG laser with A =
266 nm (4.66 eV) collide against the electrons of the
up-graded NSLS X-ray ring at BNL (£, =2.8 GeV)
[6]. This behaviour can be understood from the anal-
ysis of the kinematical term appearing in Eqgs. (2.18),
(2.19). This factor can be rewritten in the following
form:

v v’ v2(1 — cos 8)?
v(1 —cos@)

(2.20)

p/! v 1
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Fig. 3. Klein-Nishina differential cross-section d2o-/dxdy, in units of r%, in a plane transverse to the photon momentum in the LAB-system.
The polarization vectors of the incoming particles are [s () = (0,0,1)] and [¢ = 0], respectively. The unit circle in the (x,y) plane

corresponds to a cone of half-aperture 2/y.

and, for v < 1itis always very close to 2, in the whole
angular range. According to Egs. (2.18), (2.19) the
photons emitted inside the cone centered around 6 =
7 (a = 0.833, in case a of Fig. 1), retain almost the
same degree of polarization of the initial photon. The
cusp, present only in the case of linearly polarized
photons, occurs at § = 77/2 as a consequence of the
absolute value appearing in Egs. (2.18). In the case of
incoming circularly polarized light (see Fig. 1B), the
final photon maintains the helicity in forward hemi-
sphere but scatters with opposite helicity in the back-
ward hemisphere.

In the region v > 1, the kinematical factor of
Eq. (2.20) increases with », giving rise to a corre-

sponding decrease of the degree of linear polarization
of the final photon. The curves b and c in Fig. 1A show
that the drop of the linear polarization is dramatic
when the electrons are in the multi-GeV region. This
leads to the surprising conclusion that laser backscat-
tering, at very high energy, cannot be considered as a
good source of linearly polarized photons.

Thanks to the cancellation of the kinematical factor
(2.20) in the second of Egs. (2.18) at 8 = 0, 7, this
effect does not indeed occur for circularly polarized
photons, as shown by curves b and c in Fig. 1B. This
is clearly expected from angular momentum consid-
erations, but disagrees quite strongly with the corre-
sponding AT-result (third of Egs. (3.25) of Ref. [4]):
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Here a fully circularly polarized photon is predicted
to bounce back from the electron with a degree of cir-
cular polarization that, despite the angular momentum
conservation, decreases with the increasing energy.

2.2. The LAB-system

On the experimental side 1t 1s definitely more con-
venient to look at the photon polarization in the LAB-
system, where the real experiments are performed.
However in this system the formalism discussed in
Section 2.1 cannot be handled as easily as it has been
done in the ERF-system.

Figs. 2 (curves a) show the behaviour of the linear
and circular polarization of the LEGS photons, when
the electron are unpolarized. Let us notice first that

the value a = 1 corresponds to backward scattering in
the LAB but to forward scattering in the ERF-system.
The Lorentz transformation that connects the two sys-
tems is such that the cusp profiles seen in Fig. 1A are
so squeezed against the vertical axis that they are not

- visible in Fig. 2A. This result would be in strong dis-
agreement with that of Ref. [4], 1f these authors re-
ally claim that the polarization profile 1s unatfected by
the Lorentz transformation. And, indeed, this seems
to be the case: the energy scale along the abscissa in-
dicates that Fig. 22 of Ref. [4] refers to the LAB-
system and the reported polarization degree exhibits
the same cusp-like behaviour that we have found in
the ERF-system. However, the definition of the linear
polarization degree given in Ref. [4]

Blar = V< 51 >2 4 < 53 >2 (2.22)
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1S not a Lorentz-invariant quantity. Therefore the
results obtained in the LAB/ERF-systems must be
different. In particular, for an incoming photon with
s = (0,0,1), Eq. (2.22) yield Bjar = < s >
because < s/’ > = 0 both in the ERF and LAB-

systems. But, the Lorentz-invariant quantity defined
in Eq. (2.1), yields for the LEGS case:

P;=\/<s%>+<s§> ~ 1

in both systems, as expected. Therefore it is very likely

that the incorrect LAB-behaviour quoted in Ref. {4]

1s due to an erroneous interpretation of Eq. (2.22).
This evident discrepancy does not show up in the back-
ward direction where the LEGS-type experiments usu-
ally operate. It would appear as a huge effect around
6ERF) ~ 7r/2. At present, no data are available to
check this conclusion.

Fig. 3 shows the transverse spatial distribution of
the backscattered photons in the present LEGS condi-

tions: linearly polarized light against unpolarized elec-
trons. According to the structure of the Klein-Nishina
formula, the two dips, clearly visible in Fig. 3, line up
with the polarization direction of the initial photons
and disappear completely in Fig. 4 where the same
distribution is shown for circular photons.

Finally, with the help of Egs. (2.9), (2.10) we can
extend these considerations to the case where the elec-
trons are polarized either longitudinally or transversly
to the direction of the incoming photon: any other po-
larization state can be reconduced to a combination of
these two basic states.

Electrons in a storage ring can build up a partial
transverse polarization as a result of the combined
action of the polarizing synchrotron radiation and the
depolarizing effect due to the magnetic lattice imper-
fections. The {-dependent term in Egs. (2.10) shows

that the electron transverse polarization can be mea-
sured with circularly polarized photons, by looking at
the ¢p-asymmetry in the distribution of the scattered
photons. This opportunity has been repeatedly used
to measure the electron transverse polarization in sev-
eral storage rings (SPEAR, LEP, HERA) [9]. How-
ever, the ¢-averaged polarization of the final photon
1s completely insensitive to the electron transverse po-

~larization.

The greatest interest arises when the electrons are
longitudinally polarized. In Ref. [ 10] we showed that
unpolarized photons acquire some small degree of cir-
cular polarization (= 20 % in the ERF) when they are
scattered off longitudinally polarized electrons. More-
over, when the laser photons are circular, the two elec-
tron helicity states determine different values for the
circular polarization of the final photons, as reported
also in Ref. [5]. This difference amplifies consider-
ably at high energy [ 10].
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