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ABSTRACT. In this article we present a comprehensive exposition of a method for
performing numerical simulations of lattice gauge theories with dynamical fermions. Its
main aspects had been presented elsewhere. This work is a systematic study of the
feasibility of the method, which amounts to separating the evaluation of the Fermionic
Determinant from the generation of gauge configurations through a microcanonical
process. The main advantage consists in the fact that the parts of the simulation which are
most computer intensive must not be repeated when varying the parameters of the theory.
Moreover we achieve good control over critical slowing down, since the configurations over
which the determinant is measured are always very well decorrelated; in addition, the
actual implementation of the method allows us to perform simulations at exactly zero
fermion mass. We relate the numerical feasibility of this approach to an expansion in
the number of flavours; the criteria for its convergence are analysed both theoretically
and in connection to physical problems. On more speculative grounds, we argue that the

origin of the applicability of the method stems from the non locality of the theory under
consideration.
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I Introduction

There has been considerable progress in the last few years in the field of numerical .
simulations of field theories on the latticell). The main constraint, which characterises
the field from its birth, has been the enormous amount of computer resources which
are required in order to have a reliable simulation with small statistical and systematic
errors. With the development of more powerful computers[z‘ 3] and algorithms [4], this
aim is gradually being achieved and the quality of the measurements of various physical
quantities is being improved. Data improvement involves a twofold procedure: on one
hand, statistical errors must be reduced by increasing the number of field configurations
which are generated by the simulation method. On the other hand, the scaling region has
to be approached by increasing the lattice size and tuning the field theory’s parameters
near their critical values. Only then is the discretised (lattice) field theory approximating
its continuum counterpart. We are chiefly interested in simulating gauge theories, such
as QED and QCD in four space-time dimensions. Thus, the simultaneous satisfaction of
the above requirements (i.e. production of a large number of configurations on large four
dimensional lattices) has proved a highly non trivial task for present day computers.

Historically speaking, the strategy adopted was to start with the simulation of reduced
versions of a given lattice field theory and gradually work towards the complete theory,
with the aid of increasingly more powerful computers and numerical methods. Thus,
the first generation of computer simulations dealt with pure gauge theories. As these
models involve only the computation of a local action with complex degrees of freedom
(the gauge bosons), this proved a relatively easy task. The next step was to include the
effect of fermion fields. The fermionic action consists of a highly non local determinant
term, which is extremely costly to calculate numerically. Consequently, the determinant
term is habitually set to unity, in what is known as the quenched approximation[sl. In
the quenched approximation the theory describes the interactions of gauge bosons with
valence fermions; internal fermion loops are suppressed by the quenching. Quenched
fermionic simulations may be regarded as the second generation of lattice field theory*
computations. The third generation is the simulation of the complete theory, including
dynamical fermions; i.e. the effect of the fermionic determinant is fully taken into account.
At present, quenched simulations are in a satisfactory state, although a lot remains to be
donelfl. On the contrary, unquenched simulations are still at an embryonic level, although
a lot of progress has been achieved 61,

The aim of this paper is to present a full exposition of a new method for the simulation
of dynamical fermions, describe its implementation and the technicalities involved, discuss
its shortcomings and advantages in detail and present some physics results obtained
with it. Several important aspects of these ideas have already been given in refs.
(7.8,9,10. 111 1 these works, the emphasis was mainly on the properties concerning
the critical behaviour of compact and noncompact lattice QED. In the present paper,

we are concentrating on the novelties of the method we introduced for the simulation of



dynamical fermions. In particular we address the question of how the feasibility of the
method may be related to the non locality of the action. Moreover a systematic discussion
of the approximations and their influence on the physical results is presented. In doing
so, different physical models have been used as examples (QED, Ising etc.).

The main efforts for the simulation of dynamical fermions have been in the direction
-of algorithm development. There has been a lot of progress; the earlier proposals involved
computational costs of O(V?) (12 (the pseudofermion algorithm in practical application
being O(V') but at the price of introducing systematic approximations), whereas the more
recent algorithms have a theoretical cost of almost O(V') (for example the hybrid algorithm
(13) op hybrid Monte Carlo [14]). However, these costs are theoretical order of magnitude
estimates of the dependence of the computation of the fermionic determinant on the
lattice volume V. In realistic calculations near criticality, the cost is mainly determined
by critical slowing down, for which some remedies have been proposed such as Fourier
15 and Lower-Upper decomposition of the fermion matrix (163,

Another factor affecting the computational cost of the simulations is the relatively large
number of parameters that characterise a field theory. These are normally the fermion
masses m, the inverse gauge coupling 3 and the number of flavours n;. In order to tackle a
typical lattice problem, the calculation must be repeated for, say, M mass values, B gauge
couplings and sometimes for F' different numbers of flavours. Thus, the real cost of the
computation is C;C, VP, where C| is a factor that depends on the algorithm and the value
of theory’s. parameters, p is the volume dependence already discussed above (both C; and
p include critical slowing down effects) and C; = M x B x F is the repetition factor. This
factor is determined by the number of times for which we have to repeat the calculation
in order to achieve a satisfactory understanding of the physical properties under study.
In particular, the fermion mass enters crucially, in the sense that the continuum limit (at
least for the study of the chiral limit) has to be obtained approaching zero bare fermion
mass which, with traditional methods, becomes very costly.

The considerable progress we have sketched above involves a reduction of C, and p
by the development of fast algorithms and acceleration techniques, but does not improve
C,. Moreover, all the above methods imply measurements of the fermionic determinant
at each upgrade of the gauge configuration. We propose, instead, a method which should
avoild both these problems. Firstly, it reduces C, by separating the simulation into two
parts, as will be explained below. Secondly, we improve upon C| in the sense that a good
control of critical slowing down effects of the fermion dynamics is easily implementable.

The method we will describe is based on re-expressing the theory in terms of an
“averaged” determinant, which is a function of the system’s pure gauge energy and of
the fermion mass, and independent on 8. ‘All other dependencies are averaged out (7. 8,
In Section II we define this “averaged’é determinant, which we call the effective fermionic
action. The idea is that it may then be calculated numerically for a wide energy range,
either at a fixed mass or by means of the determination of all the zero mass eigenvalues
of the fermionic matrix. In the latter case the determinant is known for all mass values.

Acceleration |
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As the average determinant does not depend on 3, this calculation, which is the costliest,
is performed only once in the second case or once for each mass in the first case. We may
then use this result in a standard simulation of the re-expressed theory; the determinant
is now a known function of the energy and the pure gauge part is not costly to simulate.
The repetition factor is essentially reduced to C; = M or C, = 1. In the latter case
(Cy = 1) we stress that the computation is feasible for every value of the fermion mass,
zero included. The number of flavours enters trivially in this formulation and does not
increase the computational cost significantly. ,

- This method has been applied so far to the simulation of abelian models, both compact
and non compact. The results of (7.8, 9, 101 refer to four dimensional theories, and work
is in progress in simulations in two and three dimensions A1) In all the cases analysed,
our method has given results in agreement with more traditional approaches, at a small
fraction of their computational cost 17,

While in principle it is possible to measure the determinant without approximations,
for small fermion masses we might need a huge amount of statistics in order to measure
accurately the effective fermionic action, as we will argue in Section III." This depends
on the form of the probability distribution of the fermionic determinant. In order to
overcome this problem, we introduce in Section IV an approximation 9. the effective
fermionic action, obtained from our “averaged” determinant, is expanded in powers of the
number of flavours ny; the result is essentially a cumulant expansion which we truncate
after the first two/three terms.

This will be shown to be a satisfactory approximation in that the truncated terms
matter little. In practice we have seen that for ny < 4 our cumulant expansion manages to
simulate the theory without any significant loss of the dynamical fermion effects (7.8, 91 14
theory, the method may be viewed as interpolating between quenching and unquenching,
having much of the advantages of quenched simulations in terms of CPU utilization, but
at the same time giving results indistinguishable from traditional unquenched methods.
In Section V we show how our method may be implemented in the calculation of physical
observables, such as the chiral condensate.

Section VI summarizes some results of physical interest obtained with this method.

In Section VII we discuss the reliability of the truncated cumulant expansion in
connection with the theory’s structure (in particular the range of the interaction) and
the dimensionality of space time. The Ising model and the mixed compact-noncompact
QED are used as case studies. We also discuss the strong resemblance of the lowest order
cumulant expansion to the mean field approximation.

Section VIII deals with some technical points. We describe the implementation both
of the microcanonical and canonical simulations, and the Lanczos algorithm which we use
in the calculation of the fermionic determinant of a given gauge field configuration. We
discuss the practical implementation of this method in transputer networks in Section IX



IT1 The Effective Fermionic Action

In this section we will introduce the essential theoretical ideas " 8 on which the numerical
method 1s based. For the sake of simplicity, consider the compact abelian model with
staggered fermions which, in four dimensions, describes 4 flavours (the generalization to
other gauge models as well as Wilson fermions is straightforward). We will mention briefly
the differences with the non compact abelian model that we have also studied extensively

in 9. The action for the compact case is:

= 5 Z nu(2)x(@){Uu(2)x(z + ) — Ui(z — p)x(z — 1)} 1
+mz x(z)x( Z< ReU,.(z) (n)

where |
Upn(2) = Un(2)Uu(z + A)U3(o + $)U3(2) 2)

In the above, 3 = 1/e? and the Kogut-Susskind fermion fields x and X are coupled to
the fields A, through the compact link variable U,(z) = e**4+(*); 5, (z) are the usual
Kogut-Susskind phases. The bare fermion mass m is expressed in lattice units. The
corresponding partition function, for ny flavours, is

2 = [lax)ldxlidU,(e)le™® = [[dU,(2)][det Am, Up(2))] ¥
where det A(m,U,(z)) is the determinant of the fermion matrix, obtained after integrating
out the Grassman fermion fields ¥ and x. It is a gauge invariant object with a complicated
dependence on gauge field operators, such as the plaquette energy, larger closed Wilson
loops and Polyakov lines. S¢; is the pure gauge action.

e (3)

We first define the density of states at fixed pure gauge energy as

N(E) = / [dU,(z ( S Rel,,(z) — 6VE) (4)

r,uly

In compact models the above expression is well defined on a finite lattice; on the contrary,

if the gauge variables have a non compact support it is divergent even on a finite lattice,
due to the divergence of the gauge group integration. This problem can be overcome

~ either by gauge fixing or by factorizing the divergence, as has been done in @,

In terms of N(E), the partition function can be written as a one-dimensional integral,

Z= / dEN(E)e®VEeSeg (Em) (5)

where the effective fermionic action S fH(E ,m) is given by the expression

e 5B — (det A(m, U@))] ¥ e

 JU(e)det Alm, U ()] 8 (5 ReUpule) —6vE) O
- JdUL(z)]6 (- RelU,.(z) — 6V E) . ’
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i.e. it is related to the logarithm of the value of the fermionic determinant averaged over
gauge configurations at fixed pure gauge (plaquette) energy E. The total effective action
is therefore

Scﬂ(E,V,,@,m):——10gN(E)—-6,3VE'+S§7(E,m), . (7)

where we have included the contribution from the density of the states in the effective
action. Notice that, if the fermionic effective action is linear in E, the effect of the fermions
merely amounts to a shift in f.

We shall also be using the effective pure gauge action defined by
S&(E,V,B,m) = —log N(E) — 68VE. " (8)

There are two ways in which these analytical manipulations can be implemented in
practical simulations. In both ways, S %(E ,m) is obtained numerically for a number of '
E values. This is done by generating configurations at fixed energy FE, according to (6)
(see below for details). The value of S%; at intermediate E values is obtained by the use
of a standard interpolating routine.

The first possibility is to exploit the fact that the full effective action depends only
on the plaquette energy E, in order to perform a change of integration variables in (5),
going back from E to the original link variables U u(z). Then canonical simulations of
the corresponding effective-theory are possible (see refs. (7. 8 for details). Almost all our
compact U(1) simulations were carried out using this variant of our method ! 7.8, 115,

The second possibility is to perform separate numerical evaluations of N(E) and
S%(E,m) as functions of E and obtain the partition function (5) as an one dimensional
integral. In the case of the non-compact Abelian theory, for which the underlying gauge
theory is quadratic, the density of states is known analytically @1,

One advantage of these procedures is that the effective fermionic action (6) does
not depend on the inverse coupling constant 3 and therefore we do not need to repeat
the fermionic simulations for each different value of 3. Since the dependence on ny
is trivial, we also do not need to repeat the simulation for each n; value. The second
advantage is that it is now possible to tackle the problem of statistical correlations between
measurements of the fermionic determinant. This is because when simulating eq. (6) for
the calculation of S¥ (E,m), we need to generate pure gauge field configurations at fixed
energy. This is done by microcanonical methods (see sect. VIII for details). The cost
of their implementation is negligible when compared to that of the computation of the
fermionic determinant. This enables us to perform a huge number of microcanonical

sweeps between measurements of the determinant, thus decorrelating in a satisfactory
manner.



IIT1 The feasibility of a direct computation of the
Effective Action

The first step in the practical application of our method consists in the determination of
the effective fermionic action (6), namely in the evaluation of the average of the fermionic
determinant over configurations at fixed pure gauge energy. As has been outlined above,
this is done by generating these gauge configurations with a flat probability distribution
function (p.d.f.). The problem is that the fermionic determinant (i.e. the operator that
we want to measure with this p.d.f.) varies widely over its range of values and is not
an extensive quantity (z.e. it diverges exponentially with the lattice volume). Therefore,
we consider the logarithm of the fermionic determinant, which is an extensive quantity,
diverging linearly with the lattice volume V. On general grounds, we expect it to have a
p.d.f. which may easily be sampled numerically. In fact, at fixed pure gauge energy F,
the p.d.f. of log det A is numerically found to be bell shaped, with a sharp peak.

To be definite, consider the logarithm of the fermionic determinant per unit volume y
with a p.d.f. pp(y,V) at fixed pure gauge energy F, mass m and lattice volume V. The
average value of the fermionic determinant is then given by:

(det A)p = [ puly, V)eVdy. (9)

In the thermodynamic limit, the dominant contribution to the effective fermionic
action comes from the integration region of (9) around the location y; of the maximum

of the integrand. The position of this maximum is determined by the occurrence of two
competing effects:

e The probability distribution of the logarithm of the fermionic determinant reaches
a maximum at y, and decays from this value with some law and

e The second factor in the integrand grows exponentially with y.

In practical simulations, where the statistics is obviously limited, the probability
distribution pg(y, V) will be sampled with reasonable precision for values of y near yo. The
distribution far from the maximum, on the other hand is difficult to evaluate numerically.

We will now investigate which conditions must be satisfied by a numerical simulation
in order to make possible a reliable computation of the mean value of the determinant
and its relative error. To this end, we will make the hypothesis that the functional form
of the p.d.{f. of the logarithm of the determinant pg(y, V) is known.

Let {z;,...,zy} be an ensemble of independent measurements of the fermionic
determinant z. The Central Limit Theorem does guarantee that the logarithm of the
average of = i

B-tog zz,) (10)



goes to log(z) with an error inversely proportional to the square root of N, for N large
enough. However, it may happen that the minimum value of N for which this is true is
so large, that the measurement is not feasible.

A direct analytic calculation of the dispersion of B is very complex even for a simple

pe(y, V), but a good estimator of the error can be

AB = log ((m) + %) ~ log(z) = log (1 n (m;—\/ﬁ) . EEY

In the N — oo limit AB behaves as expected

m«l——)AB%m. (12‘,)

But when N is small, the behaviour can be radically different:

T O

(£)V'N (z)

i.e. the error is almost constant in IV, decreasing as log v N. The change in the behaviour
takes place approximately at

1
>1-— AB = log —§logN (13)

0.2

No=—5 ' 14

0 (23)2 ( )

It is interesting to evaluate the value of Ny for some simple p.d.f’s and to compute its
numerical value using the results of real simulations. Let us first assume that the p.d.f.

of the logarithm of the fermionic determinant is a gaussian of the form

pe(y, V) = 1/V2ro? exp (—(y — %0)?/(20%)) - (13)

In this case )

log(det A)gp = yo + 32_ - (16)
and
Ny = e —1. (17)
In the case of a Poisson distribution of the form
peu,V) = 2 Cyre . (18)
we have : \ ,
No=(1+1/(X —22))"" —1. (19)

To have an idea of the numbers involved, we have fitted with a Gaussian (Poisson)
distribution the p.d.f. of the logarithm of the fermionic determinant obtained from a
numerical simulation in compact U(1) at lattice size L = 8, energy £ = 0.5 and bare
fermion masses m = 0.0,0.1 and 0.2. The results are: o

m =10 _ Ng}auss — 1012; Né’oisson — 1016
m=0.1 — Ng}auss — 105, Ngofsson =92 % 105 (20)
m=0.2 — NOGauss — 600, Né)oxsson = 700.

8 -



which, except for very large masses, show the non feasibility of the direct computation,
since in practice is difficult to have N larger than a thousand. Moreover, the situation
worsens rapidly with increasing V.

In conclusion, we have seen that the extremely slow increase of the statistical
significance of measurements of the determinant (9) is related to the fact that the p.d.f.
of its logarithm is weighted with an exponential function; in this way its determination
depends on the behaviour of the tails of the p.d.f.

IV Effective Action and the ny expansion

In order to tackle the problems we have exposed above, we propose a less ambitious
procedure which consists in the evaluation of the first few moments of the distribution.
This can be done by expanding the effective action in powers of the flavour number n; [9],
and by computing in practice only the first contributions to this expansion. In particular,
the effective action (6) is related to the average of the fermionic determinant, computed

over gauge field configurations at fixed pure gauge energy. In general, for n; species, the
effective fermionic action

— Slp(Bym,ny) = log{e T 1osdet AmUutal) g (21)

can be expanded in cumulants as

-—S%(E,m,n;) = %’—(log det A(m,Uu(z))) &

+71{((log det A)2) — (log det A)}} (22)
+54{((log det A — (log det A))*) 5}

+...

which is nothing but an expansion in powers of the flavour number of the effective
fermionic action. Successive terms in the expansion represent higher order fluctuations,

and are, in general, increasingly difficult to evaluate. In shorthand notation we can write
the above as

log((det A) ¥ )5 = 3 (%) % (23)
i=1 :

where k; is the ' cumulant of the distribution pg(y,V). Note that up to i =1 the

series corresponds to the approximation log(det A) ~ (logdet A), while for a gaussian

distribution the cumulants are zero for 1 > 2. In general the cumulant expansion has

infinite terms: for instance, for a Poisson distribution k; = (¢ — 1)!2%EL.
In the simulations reported below, only a few cumulants are evaluated. The truncation

~of the expansion thus introduces systematic errors, in addition to statistical ones.

9
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Figure 1: The logarithm of the average determinant in an L = 8 lattice, with ny = 4,

m =0 at the ﬁ;st .(kl)., second (k1,k2), third order of the cumulant expansion, as well as
for a Poisson distribution. In this last case error bars are not shown for clarity; they are

very similar to the second order ones. The y axis is the action with a linear shift ( of the
results of the first order ) to increase visibility.

The Figures 1 and 2 show the results for the compact U(1) model, with L = 8 and
m = 0.0, 0.1 respectively.

We plot the logarithm of the averaged determinant (ny = 4) for various orders of the
cumulant expansion. We also show results obtained with a Poisson fit of the p.d.f. of the
logarithm of the fermionic determinant. In all the cases analysed (lattices up to 10* and
various values of m), an apparent stability settles in after the second order.

The relevance of systematic errors will now be discussed for the special case of non
compact QED 91 where we have the best statistics. Fig. 3 is a plot of the p.d.f. of
the logarithm of the fermionic determinant in a 8* lattice, m = 0.0 and normalized pure
gauge energy E = 1.20 (notice that 0 < F < oo in the non compact case, —1 < EF<lin
the compact one). This case has been chosen because the statistics are particularly good
(1300 configurations). We stress that every measurement (i.e. every diagonalisation of
the fermion matrix, needed for the calculation of the determinant) is separated from the
previous one by 1000 iterations of a canonical MC process, followed by an appropriate
rescaling of the gauge fields in order to bring the energy to the required value. This
procedure guarantees the decorrelation of the successive gauge configurations on which
measurements of the determinant are performed. Coming back to Fig. 3, the continuous
line is a gaussian fit of the distribution measured numerically.
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ngure 3: Probability distribution of log A(m,fiu) at m = 0.0, E = 1.20, Ny = 4 for an
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For the range of masses we are interested in (0 < m < 0.1), the goodness of the fit
is evident and independent of m. If, from these results, we assume that the probability
distribution of the logarithm of the fermionic determinant at fixed pure gauge energy is
gaussian, then only the first two contributions to the effective fermionic action will be
different from zero and no systematic errors will be introduced by the truncation of the
expansion.

In Figs. 4.a, 4.b, 4.c we present our results for the first three contributions to Sfj}
respectively, as a function of energy at m = 0. The results for the third contribution are
compatible with zero, according to the previous discussion. At this point it is important to
comment on the dependence of the various terms of the expansion on the lattice volume,
since at the end one is interested in the thermodynamical limit V' — oo. Since the
logarithm of the determinant is bounded, it is easy to show that log(det A}y ~ V.
The same argument suggests that (logdet A)g ~ V, and that successive terms in the
expansion diverge, at most as V. Hence a situation is conceivable, in which the analysis
of the previous paragraph would imply that, although the direct evaluation of the average
determinant is impossible, the first term in the cumulant expansion gives the exact result
in the thermodynamical limit.

To illustrate this possibility, we have taken the data of the compact model in the 4*
lattice, at m = 0.1 and E = 0.5103, fitted the p.d.f. with a gaussian, and extrapolated this
fit to larger volumes assuming that o2 ~ V%7, In Figs'. 5.a, b.b we present the p.d.f. of the
logarithm of the determinant, and its product with the exponential in (9) for V = 4*,12*
respectively. It is evident that the direct evaluation of the average determinant in the last

case would fail, while the first term of the expansion (22) would give the exact result in
the thermodynamical limit. .

V  The ny expansion for physical observables

It must be stressed that the effective action does not have a direct physical meaning, so
- the fact that systematic errors in its evaluation are small does not guarantee a priori the
correctness of numerical determination of other physical quantities. The possibility of
evaluating physical quantities by the method used for the effective action can be studied
by means of power expansions similar to (21). To be more specific, let us consider the
case of the chiral condensate in the abelian model (9.

The vacuum expectation value (¢) can be computed as

1 JdEe S (BmbngV) 2 Gh (B, m,ny)

<¢¢) = % dee_Scff 3

(24)
namely the chiral condensate is the average value of the derivative with respect to the

mass of the normalized fermionic effective action, with a probability distribution deriving
from the total effective action.

12
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Figure 4: a) first, b) second and c) third cumulant of S;ﬁ versus E at m = 0 for an 8*
lattice.

The expansion of the effective fermionic action in powers of the number of flavours
(22), leads to a similar expansion for the contributions to the chiral condensate

asftZ ny 1
“Hm — 4 <TTA >E

+22((log det A — (log det A)p)(TrA™" — (TrA=")g))5 25)
+22((log det A — (log det A)g)(TrA™" — (TrA™Y)5)) g

+....

Therefore the chiral condensate is given by the average value over the probability
distribution implicit in (24) of the successive terms in (25), normalized by V.

Here, as in the computation of the effective fermionic action, the difficulty with which
successive terms in the expansion (25) can be numerically evaluated, increases with the
expansion order. In practice also in this case we will be forced to truncate the expansion
to a certain order. Thus the evaluation of the chiral condensate will also be affected in
principle by systematic errors due to this approximation.

However, following the previous analysis for the effective fermionic action, the only
non zero contributions to the chiral condensate are the first two in (25), assuming that

the p.d.f. of the logarithm of the determinant at fixed pure gauge energy is gaussian. The
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results obtained from the first two contributions in (25) for the non compact lattice QED
reported in 9 were in very good agreement with results obtained by other groups using
the hybrid MC technique (18], Thus, the truncation of the series appears to be justified.

To obtain expressions similar to (25) for any other operator O, which is not a term

of the action, it is enough to introduce an external source coupled to O in the original
action. Differentiation gives

f dEe——Seﬁ(E,m,ﬁ,nf,V)OE
B [ dEe 5 ’

{0) (26)

with

+2 ((log det A — (log det A))(O — (O)g)) &
(27)

+1

mlxw

((log det A — (log det A)5)*(O — (O)E))E

+...

In this way the average value of any operator can be obtained as a power series in
ny. The convergence of this type of expansion will be better at smaller ny, and/or for a
narrower p.d.f. pg(y,V) of the logarithm of the fermionic determinant. This point will
be further considered in section VII.

VI Some examples of physilcal applications

In this section we briefly review some results which have already been obtained through
the use of our method (7> & 9}; we also present some unpublished ones. Let us first describe
the general realization of simulations. '

As described above, we first produce configurations at fixed pure gauge energy through
a microcanonical process. Next, the fermionic matrix is exactly diagonalized at zero mass,
by finding all its eigenvalues, using a modified Lanczos algorithm (191 This allows us
to compute once and for all the fermionic effective action at all mass values, including
m = 0.0 (see Section VIII for details). This part of the computation is the most costly
in terms of CPU and the time needed is of order V2. It is conceivable that other faster
methods could be used to compute the fermionic determinant at fixed mass, especially
at large volumes. In this case the fermionic calculation should be repeated for each value
of the mass. From the eigenvalues we compute the fermionic effective action for several
fixed values of the pure gauge energy. We subsequently use numerical interpolation of
these results in a canonical simulation of the effective theory.

Alternatively, in the non compact case, since the density of states is known analytically,
a one dimensional numerical integral suffices to extract physical quantities. In all the cases
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considered we have checked that the choice of interpolation has no effect on the physical
results.

In 7 8! we studied in detail the compact U(1) model. In this model the pure gauge

theory shows a first order phase transition at finite coupling 20. 21, 22} We refer the
interested reader to refs. [/ 8! for more details on the results obtained in the unquenched
case. Here it suffices to say that our results agree extremely well with results obtained
with standard methods 17, Entirely new are the results at m = 0, which cannot be
obtained by other methods. In particular it was shown that the strength of the transition
increases at decreasing mass: at m = 0 the system managed to make a single tunnelling
in 200,000 iterations (8.

As an example we analyse here the shift of the value of the critical coupling of the
deconfining transition in compact U(1), and the latent heat. Since the tunnelling between
the two states at the first order phase transition point is very difficult at m = 0.0, it is
preferable to do this kind of analysis directly on the effective action (7). In this way we
will also be able to better understand the reason for the strengthening of the transition.

The technical problem in this case is that for large lattices a simulation at fixed
B, needed to evaluate numerically N(E), generates configurations with energies in an
exceedingly narrow interval. We have solved this problem by performing simulations at
different B in such a way that the energy intervals are superposed. In this way it is
possible to use the method proposed in 23) for extracting N(E). Note that in the case of
non compact QED the situation is much more favourable since the effective pure gauge
action can be computed analytically.

We computed the total effective action (7) for L = 8, (n; = 4) and different masses.
In Fig. 6 the effective action (7) at m = 0 in the second order approximation (gaussian
distribution) is reported.

In Figure 7 we report the change of A, from the pure gauge value, as a function of
the order in the cumulant expansion for various masses. Again, one observes an apparent
stability from the second order contribution onwards.

In the case of the latent heat (Figure 8) the errors are considerably larger, but the
conclusions remain unchanged. .

The results for the effective fermionic action allow us to understand why the pure-
gauge transition becomes stronger when dynamical fermion effects are included: in fact
the fermionic effective action shows a convexity for energies between the two minima of
the pure gauge effective action.

For m large enough (i.e. m = 0.1), where tunnelling between the states is easier, it is
still possible to extract the same observable by means of a standard canonical simulation,
including the effective fermionic action in the Metropolis algorithm in a straightforward
way. This possibility can be used as a consistency check of the results shown above.
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Figure 6: Effective potential S.5(E,V,8,m) for L = 8, ny = 4 and m = 0 obtained
by summing the pure gauge contribution computed by folding different Monte Carlo
simulations, and the fermionic action in the gaussian approximation (cumulants expansion
up to k). The continuous line corresponds to B = 0.853 (our determination of §.).
Broken lines correspond respectively to 8 = 0.852 and 8 = 0.854 and are shown to allow
an estimation of the error.

We used in these canonical simulations four different forms of the effective fermionic
action, namely:

1. average logarithm of the fermionic determinant (first term in the cumulant
expansion)

2. average logarithm and first fluctuation (first and second cumulants, i.e. gaussian
approx.)

3. same as case 2), but smoothing in energy the second cumulant. This procedure is
performed to avoid (non physical) fluctuations of the first derivative of the fermionic
effective action S Zf’ due to the use of different ensembles of configurations as samples
for very near values of the pure gauge energy.

4. average logarithm plus the smoothing of the sum of the other cumulants. This is
done in a spirit similar to that of 3).

For these four choices of the action we have performed extensive canonical simulations
(typically 70000 cycles, each consisting in a 3-hit Metropolis plus four overrelaxation
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sweeps {8]) at Bo = 0.8935, a value near enough to the estimated critical coupling to
allow the use of the Ferrenberg-Swendsen 23) procedure to reconstruct thermodynamical
quantities in the whole critical region.

The main results are reported in Table 1. As can be seen, we have always consistence
with the results obtained with the effective potential method.

ﬂc hc B Lh
0.893(2) [ 21(5) | 0.663(1) | 0.07
0.897(3) | 27(7) | 0.663(1) | 0.07
0.893(2) | 16(3) | 0.664(1) | 0.05
0.895(3) | 16(3) | 0.664(1) | 0.06

| O N

Table 1: Numerical results for the critical coupling 8., heigth of the maximum of
the specific heat h., Binder parameter B and latent heat L,. Each row is labeled in
correspondence with the choice of one of the four fermionic effective actions enumerated
in the text. '

Finally, the method described in the previous paragraphs, including the expansion in
cumulants, has been used in ©1 for an extensive analysis of the non compact abelian model.
This model is particularly interesting: while the pure gauge theory is quadratic, hence
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Figure 8: Latent Heat as a function of m.

trivial, when dynamical fermions are added it develops a second order transition at finite

24],'where the continuum limit might reside, possibly giving an example of a non

coupling |
asymptotically free theory 9. 25,261 A5 for the method we propose, the particularity here
is that the density of states N(E) can be computed analytically, so that the computation
of the Partition Function and its derivatives can be done through a one dimensional
numerical integral, and there is no need to perform a canonical simulation.

Again, our results on physical observables (plaquette energy, chiral condensate) agree
very well with the ones existing in the literature. It is particularly important to notice that,
being able to obtain the plaquette energy at m = 0, we can obtain the position of the phase
transition in a way completely independent from the extrapolation of the chiral condensate
at zero mass. The values of the critical coupling we obt;.isn 2(6ﬁc = 0.224(3),0.208(4) at

» 20]

n; = 2,4 respectively) agree with those reported in refs.

VII The Ising and Compact-Noncompact
QED models

In the previous paragraphs we have introduced the method we propose, studied the
limitations and approximations involved and discussed some applications. This paragraph
is more speculative; it attempts to explain, at least partially, the reasons for which the
procedures described so far give reliable physical results.

From the discussion developed in the previous paragraphs, we can argue that a
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numerical determination of the expectation value of the fermionic determinant at fixed
pure gauge energy is possible if the fluctuations of log det A are small, 7.e. the p.d.f. of
this quantity at fixed energy has a very narrow width. This is in fact a condition for the
fast convergence of the cumulant expansion (23). Taking into account just the first term in
the cumulant expansion (23), we are neglecting the contribution to the effective fermionic
action of all fluctuations, and this corresponds to some kind of mean field approximation.
On the other hand, it is well known that mean field techniques give good results when
the dimensionality of space-time d is large or the interaction is long ranged. In our case,
logdet A is a non local operator: we expect that its fluctuations at fixed energy are
bounded. ‘

A simple physical model (i.e. the Ising model) gives a very good illustration of
these points. In this model, the partition function Zy can be written as a sum over
magnetizations M:

\ Zn =33 8(3 s — M)ePH®
M s :

=Y gn(M)(ePH0yy,
Al

(28)

where gy(M) indicates the number of configurations in a N spin lattice with a given
magnetization M.

In this case the effective hamiltonian H.g(M) is a function of the magnetization M.
Let us consider two possible cases:
1) The non local Ising Model

Hn[ = W ZS,‘SJ' = - —'MZ. , (29)

In this case the hamiltonian depends only on the magnetization M, which implies that
at fixed magnetization it does not fluctuate. This means that

(e=BHwY = =BHm()n © (30)

t.e. the only non vanishing cumulant is the first one.

ii)The local Ising Model
H] =—-J z 88, (31)
(1.3)
where now the sum is over nearest neighbouring spins. In this case the hamiltonian,
computed over configurations of fixed magnetization, suffers from large fluctuations. The
effective hamiltonian per unit volume can be defined through the relation '

(e—BHl(s)m — NHeg(M) (32)

N being the total number of spins.
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A stfaightforward but tedious computation gives the first four cumulant contributions
to the effective hamiltonian per unit volume

Hy(M)= dFm?+ 3F¥1 — m?)?
+4F3(4m? — 8m* + 4mS)
+2LF46d — 7 + (20 — 24d)m? — (36d — 10)m* (33)
—(12 + 24d)m® + (9 + 6d)m®]
+,

where d is the dimensionality of space, m = M/N, F = J/KT and we have neglected
contributions to the effective hamiltonian which vanish in the thermodynamical limit.

Successive powers of F in the above expansion multiply increasingly high order
fluctuations of the hamiltonian. Thus, from expression (33) it follows that in the local
model the energy suffers from large fluctuations even at fixed magnetization, making
physically relevant the contribution to the cumulant expansion of orders higher than the
first.

In the nearest-neighbours Ising model, if we truncate the series (33) to lowest order,
NH.z(m?) = (Hi(s))m, we get the mean field approximation. However, using the four
terms in (33) gives much better physical results, especially for higher dimensions. In
particular, in one and two dimensions we find a first order phase transition, but our
results in d > 3 approach those obtained in exact numerical simulations. In Table 2 we
report the critical values of F and the order of the phase transition for several values of d.

F, order
0.42055 first
0.216076 | second
0.147672 | second
0.092023 | second
10 | 0.052836 | second

O ] W DN R

Table 2: Critical values of F' and order of the ferromagnetic phase transition for several
values of the space dimensionality d. This values have been obtained using the four
cumulant approximation to the effective hamiltonian.

The results reported in this Table show unambiguously how the convergence of the
cumulant expansion improves significantly with increasing space dimensionality d. This
is not surprising since, as stated above, the mean field approximation gives better results
for increasing space dimensionality and/or long ranged interactions, suggesting that the
main criterion for the reliability of our numerical method in QFT might be the range of
the interaction.
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Figure 9: First cumulants of e 5 (E) = (e~5¢(W=u)) . (eqn. 4.6).

In the case of a QFT with dynamical fermions, the analogue of the Ising hamiltonian is
log det A. Its non local character may be responsible for the smallness of the fluctuations
of this operator, as a function of the pure gauge energy, in accordance to what we observed
in the numerical simulations.

The relevance of non locality for the convergence of the cumulant expansion can be
further discussed in a simple, pure gauge abelian lattice model with a mixed compact-
noncompact action. In this model it is possible to perform an analysis similar to that for
non compact QED 1. The effective action is therefore

e Sep(B) — (e—SG(Uz.u))E’ o . (34)

where Sg(U.,,.) is the compact contribution to the total action, and () is now the average
over configurations of fixed non compact pure gauge energy E.

Fig. 9 contains the numerical results for the first contributions to the cumulant
expansion of (34) as a function of the non compact energy E. As can be seen, the
contribution of the second and third cumulants (or, more relevantly from a physical point
of view, their derivatives with respect to E) are of the same order, or even larger than
the first term. This is a completely different behaviour from that of non compact QED,
in which the contribution of the second cumulant was less than 2%; the third cumulant
being compatible with zero 91,

It is important to notice that the compact gauge action which appears in the
exponential of (34) possesses the full local symmetry of the non compact action, as in
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QED. This has to be compared with the Higgs model at fixed norm of the scalar field,
e'-seﬁ(E) = <e'“SH(U=:,u),>E (35)

where Sy(U.,) is the Higgs term in the action. In this case the compu;cation also fails;
the failure being partly due to the fact that the Higgs part of the action, after integration
of the scalar field, does not possess the local symmetry of the pure gauge part.

The main difference between the model with a mixed action and the fermionic case
is that the compact pure gauge action is local, whereas in QED the logarithm of the
fermionic determinant, which appears in the expression analogous to (34) defining the
fermionic effective action, is non local in terms of the gauge variables.

These examples once more suggest that the non local character of the operator which
defines the effective action (effective hamiltonian for the Ising model) is essential for the
feasibility of the numerical computation of the fermionic effective action.

VIII The fermionic numerical calculations

As already stated, the realization in practical simulations is logically divided into the
following parts:

a) generation of decorrelated configurations at fixed energy;

b) diagonalisation of the fermionic matrix and determination of its zero mass
eigenvalues;

c) canonical simulation of the effective theory.

We will now describe in some details the practical realization of the above points.
As for point a), the generation of configurations at fixed energy, <.e. the microcanonical
process, can be realized in different ways, depending on the theory under consideration.
In particular, for the compact U(1) case we have used the overrelaxation method 27} in
which each link is changed deterministically, so that the energy remains fixed. This has
a unique realization in U(1). In SU(2) the solution to the overrelaxation equations is
not unique, and in general the choice of the new value for the link is done so that the
distance from the previous value is maximized. For SU(3) overrelaxation does not exist,
but microcanonical methods do (28], Notice that in any case, due to machine precision,
after many iterations of any microcanonical procedure the energy will slightly change. To
avoid this problem, after a fixed number of cycles some sweeps are performed, guided so
that the energy is forced towards the correct value.

In the case of the non compact abelian model a different approach is used. In fact,
the overrelaxation procedure would move the fields towards very large values since in this
case they are not bounded. This will cause problems related to machine precision. In
order to overcome the problem, we chose instead to exploit the fact that the pure gauge
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action is quadratic in the fields, while the measure is linear. Thus, a rescaling of the fields
will produce configurations with any desired energy. So the procedure in this case consists
of a canonical Metropolis process, performed at a value of 8 chosen so as to achieve the
best possible acceptance, followed by a rescaling of the fields in order to get the desired
energy.

We now pass to the problem of finding the eigenvalues of the fermion matrix, which
is the most CPU time consuming. This matrix is large (V x V) and sparse (i.e. most of
its entries are zero). The Lanczos algorithm (29] is the best suited method for finding the
eigenvalues of such matrices. Since we follow closely the version of the algorithm described
in [19], we will only present its essentials in order to facilitate the implementation of our
method by the interested reader.

The Lanczos diagonalisation of any Hermitean matrix H takes place in two steps.
First, we find the similarity transformation which tridiagonalises the matrix; ¢.e. we find
a unitary matrix X of size V x V, such that

X'HX =T, (36)

where
XX =1, (37)

and T is a tridiagonal, real, symmetric matrix of the form:

ar B
B ar [P
B2 a3 B3
Te. T (38)
Bvos av_z Bv-a
Bv_2 av_i Bva
\ Bv-1 ay }
Once the tridiagonal matrix is found, it is diagonalised with the aid of Sturm sequences.
The Lanczos algorithm is based on the idea of parametrising the unitary matrix X as a
set of V column vectors, the Lanczos vectors z; (i = 1,..., V), each of dimension V x 1:

X :(331,132,...,13\/_1,1!\/). . (39)

The unitarity of X ensures that the column vectors z; form an orthonormal basis that
spans the V dimensional space of the fermion matrix:

IIJIIBJ' = 5ij- (40)

Rewriting (36) as HX = XT and using (39) we obtain the Lanczos equations:

Hz, = oz, + bz (41)
Hz; = Bz +aoz+Biwip; 2<:1<V -1 (42)
Hzy = fvoazv-i+avey. (43)
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These equations may be iterated V times and, using the orthonormality condition
(40), lead to the following algorithm:

STEP1: Choose a starting vector z;; the conventional choice is

2T = (1,0,0,...0). o (44)

STEP2: Calculate a;, 8; and z,, using equations (42) and (40):

[ 31 = QB{HZZH,
U1 = H:Bl-alibl,

4
g - v, (45)

Ty = (Hml'alml)/ﬁl-

STEP3: Now iterate STEP2 V — 1 times (¢ = 2,.., V) in order to calculate the o; ’s,
the B; ’s and the z;,; ’s, using equations (43) and (40):

a;, = a:I-H:c,',
Ui = Hz, - Bz — oz, ‘
. 4
g - U, (49)
ziy1 = (Hz — oz’ — Bioizio1)/Bi.

Either sign may be used when obtaining 3; from the square root of 3; conventionally
we use the positive one. Also note that eq. {43) is automatically satisfied after the last
iteration (since Uy is orthogonal to all Lanczos vectors) and thus 8} = 0.

Some comments are in place here. We use the Lanczos algorithm in order to find all
the eigenvalues of the massless fermion Kogut-Susskind matrix A(m = 0) (the mass term
will only shift these eigenvalues by a constant m). The matrix A(m = 0) is antihermitean;
we therefore consider the matrix :A(m = 0) when applying the Lanczos algorithm. We
also note that A(m = 0) has a zero diagonal. It can immediately be seen from eqs. (45)
and (46) that this implies that all o;’s are zero. This brings about a simplification of all
the above equations. Once the 8 ’s have been computed, Sturm sequences are used in
order to calculate the eigenvalues of the tridiagonal matrix 7.

The trouble with the Lanczos algorithm is that the rounding errors grow exponentially.
The Lanczos vectors loose orthogonality after some iterations and By is non zero. This
implies that, after V iterations, the eigenvalues found by the algorithm are not those of
the fermion matrix. One possible way out is Gram Schmit reorthogonalisation of each
new Lanczos vector z; to all the earlier ones. This solution, however, is characterised by
large computer storage memory requirements and has to be ruled out.

We have adopted the alternative suggested in refs. 801 and 19, The technique
essentially consists of iterating the algorithm W times, with W > V. Recall that, due to
rounding errors, By # 0, so this is always possible. Typically W = O(2V'). We therefore
end up with a tridiagonal matrix T which, being W x W in size, has W eigenvalues. These
eigenvalues fall into three categories:
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(a) The “true” eigenvalues are those which are also eigenvalues of the smaller V x V
fermion matrix. They are the ones we are interested in. Since A is essentially
almost random (its non zero entries have been produced by a Monte Carlo), it is
assumed to have a non degenerate spectrum. This assumption has always been
verified a posteriori; no degenerate “true” eigenvalues have ever been found. Also,
the eigenvalues of A should not depend on the number of iterations W.

(b) The “ghost” eigenvalues are degenerate eigenvalues of T which repeat themselves
several times. Their number increases with W.

(c) The “spurious” eigehvalues are eigenvalues of T, the value of which depends on

W. They are recognised by the fact that they do not repeat themselves as W is
increased.

So, by empirical tuning of two cutoffs, the “ghost” and “spurious” eigenvalues are
identified. The remaining set of V' “true” eigenvalues are those of :A. A property of the
Kogut-Susskind fermion matrix is that the sum of the squares of its eigenvalues is dV/4.
We use this property in order to check that all “true” eigenvalues have been found. Our
check is satisfied to an accuracy of 1.5 x 1078, Notice also that the sum of the eigenvalues
to the fourth power is a linear function of the (compact) energy. In the above calculations
we use 64 bit arithmetic, to ensure that we end up with all the true eigenvalues (and
no others). This algorithm converges after O(V) iterations; thus it has a cost of at least

o(V2).

IX Practical implementation of the method on a
transputer network

The advantage of the method we have proposed is that supercomputers are not needed
for the simulations. In fact, earlier results in the compact model have been obtained on
a (shared) VAX 8650 (7. 8] Even so, a large amount of computer time is needed: as an
example, the extensive simulations presented in O have required the equivalent of 255
hours of CRAY-YMP, making unpractical their implementation on shared computers.

We therefore decided to exploit the transputer technology to build up custom made
machines, partly based on commercial boards, on which to run our programs.

Recently, transputers have been widely used for a variety of applications which require
parallel elaboration of data. A Transputer is a chip ideally suited for MIM D architecture;
it has an on-chip Floating Point Processor and fast static internal memory, and can run
at 30 MHz with 30 Mips and 2.25 MFlops peak performance. Each processor has its
own private external memory; processes can run in parallel on the same transputer, or
they can reside in different transputers, communicating through hardware, fast (up to 20
Mbits/s), serial channel (links). Each transputer possesses 4 bi-directional links, so that
different communication topologies can be established. For the simulations performed,
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we have used different transputer boards, hosted on Personal Computers or on a pVax,
which also manage disk I/0.

We have used the following four network configurations: (1) one single transputer
board situated at the Frascati National Laboratories (LNF); (2) three 4-transputer boards
situated at LNF and L’ Aquila University; (3) one single transputer board connected
to an 8-transputer board, situated at LNF; (4) a 64 node, 64 MBytes, electronically
reconfigurable transputer based machine (RTN) [31], situated at Zaragoza University. |
The collective memory of the first three configurations amounts to 49Mbytes.

The specific implementation of our method varies according to the problem under
consideration. A first possibility is by “brute force” parallelization: either the same
program is run on different transputers, with the same parameters (to increase statistics),
or with different ones. This approach has partly been used in the simulations of the
compact model. -

The second approach used is based both on the structure of the simulations, and on
the topology of the boards available: it has been implemented on (two) four-transputer
networks.

The simulation consists of three logically separated parts:

a) microcanonical simulation, to produce the pure gauge configurations
b) tridiagonalisation of the fermionic matrix

c) determination of its eigenvalues by means of Sturm sequences.

The CPU costs needed for these computations are essentially fixed (at given volume)
for b) and c); within some limits, they are variable at will for a). |

The minimum requirement for microcanonical simulations is that configurations are
well decorrelated, before diagonalisation. In the simulations performed, this is always the
case.

On the other hand it turns out that, with our choice of the cutoff parameters for
finding the true eigenvalues, the CPU time needed for the Lanczos tridiagonalisation is
approximately one half of the time needed for the Sturm diagonalisation. Moreover, the
Sturm algorithm for finding eigenvalues is strictly sequential, so that even a part of the
eigenvalues can be searched for independently. We have therefore divided the Sturm
sequence into two parts, the first (second) searching for the first (second) half of the
eigenvalues, so the complete Lanczos process can be divided between three jobs, each
running on a different transputer. The fourth transputer, which is the one linked to the
host, performs the microcanonical process, to produce the next configuration, tuned so
as to spend approximately the same CPU time of the other parts: in all the simulations
performed, this choice has produced very well decorrelated configurations.

A disadvantage of this method is that a complete iteration is lost at the end of the
simulation; on the other hand, with this subdivision it is possible to have a larger part
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of the code of the computer intensive parts in the on-chip memory, which allows faster
execution.

In this implementation the optimal topology consists in a linear chain of four
transputers, one of which is linked to the host. We have used this configuration both
in compact and non compact simulations using two 4- transputer boards at LNF.

In the non compact case other configurations of transputers can be used, taking
advantage of the fact that, since the pure gauge action is quadratic (and the measure
linear) in the fields, the same configuration can be rescaled to have any energy required.
This choice of the configurations over which to sample the distribution of the fermionic
part can be shown to effectively reduce (non physical) fluctuations of the first derivative
of the effective fermionic action. In this case the following realization has been used: a job
does the microcanonical simulation to obtain the next configuration, while the previous
one is distributed to the other jobs, appropriately rescaled in order to diagonalize the
fermionic matrix at different, predetermined, energies. This procedure is then repeated
as many times as required to have the necessary statistics. This particular realization has

run both on a one + eight-transputer board at LNF and on the RTN (64 transputers)
machine of the Zaragoza University.

X Summary and Outlook

The main objective of this paper has been to express in a systematic way the principal
features of the method we have proposed. Here we summarize the most important aspects.
In our approach, the simulations with dynamical fermions have been factorized into
the pure gauge generation of the configurations and the measurement of the fermionic
determinant. This factorization has been accomplished by integrating over all the gauge
invariant variables which enter in the fermionic determinant, apart from the pure gauge
energy. Hence configurations are generated through a microcanonical procedure, i.e. at
fixed pure gauge energy. The main advantage of this method is that the most computer
intensive part of the simulations does not have to be repeated for different values of
coupling and flavour number. Furthermore, the above factorization allows us to have
a very good decorrelation between the configurations used for the fermionic part of the
computation. _

The present implementation of the computation of the fermionic determinant uses the
Lanczos algorithm: in this way, by finding all the eigenvalues of the femionic matrix, this
part has to be performed only once for all values of the fermion mass, zero included. On the
other hand, since our method is particularly well suited to the generation of decorrelated
configurations, the problem of critical slowing down is under control. We stress again
that, to the best of our knowledge, for observables which are not order parameters for the
chiral symmetry, the zero mass value is accessible only to this method.

In practical computations the direct evaluation of the average fermionic determinant

is numerically difficult, so we resort to an approximatre evaluation through an expansion
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in cumulants, which turns out to be an expansion in the number of flavours. It is the use
of this expansion which gives us a good control over systematic errors, at least for ny < 4.
In all cases considered, the truncated expansion we use is shown to give results in very
good agreement with those in the literature. In addition, while the original presentation of
our method involved only the computation of thermodynamical quantities as derivatives
of the free energy, an approximate evaluation of any operator not already included in the
original action is possible through the use of the cumulants expansion.

The considerations we have presented for the Ising Model and Gauge models with a
mixed action strongly suggest that the non locality of the original action is at least a
prerequisite for the applicability of this method. We have to stress however that we have
no description of the relation between non locality and the suppressmn of the fluctuations
that makes the numerical evaluation possible.

Up to now this method has been used in extensive simulations of the Abelian model
in 3 + 1 dimensions. The advantage of its use is evident in the amount of CPU used. For
the detailed study of the Non Compact Abelian model we have used the equivalent of 255
hours of Cray YMP. We have generated through a microcanonical procedure a total of 7771
configurations (4*), 9370 (6*), 6639 (8*), 464 (10*); these configurations have been fully
diagonalized, thus allowing us to extract physical observables for all values of B, m,n;

All the above configurations are very well decorrelated, the fermionic measurements
being typically separated by thousands of complete microcanonical sweeps. The results
presented in O derive from a subsample of these configurations corresponding to ~ 90 .
hours of Cray YMP.

As already stressed, the main physical results we have obtained refer to the abelian
models in four dimensions. Work is in progress both on 2 + 1 dimensional abelian
theory and on QED in 1 + 1 dimensions (the Schwinger model). The latter is
particularly interesting because, being solvable (at m = 0) in the continuum, it is ideally
suited for testing the approximations introduced by the method and evaluating possible
improvements. /

We are also working towards the implementation of our method in SU(3). Here the
main objectives are the study of the (unquenched) finite temperature phase transition
and the possible application to a full understanding of the particle spectrum beyond the
quenched approximation.

As a last remark, the study of the effect of non locahty sketched in Section VII shows
that the present method, implemented with the cumulant expansion, has validity beyond
lattice Gauge theories coupled to fermions, giving for instance interesting results in the
discussion of the Ising Model beyond the mean field approximation.
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