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Abstract

In the framework of chiral perturbation theory we compute the AI = 3/2
contribution to K; — m%yv. As for the AT = 1/2 transition, the result
turns out to be unambiguously predicted and finite. We discuss also the
effects on this decay coming from O(p*) corrections to K — 37. As a

by-product we have also a prediction for the CP conserving amplitude
A(Kp — ml%te™).



1. Introduction.

Rare meson decays are very useful for our understanding of particle physics [1]. Chi-
ral perturbation theory (CHPT) {2,3] is very suitable for this research; it fulfills this task,
satisfying symmetry requirements (the interactions have to be invariant under SU(3); ®
SU(3)r) and having the mesons as the Goldstone bosons associated with spontaneous
breaking of the symmetry. Already at tree level all the low energy theorems, PCAC and
soft pion properties are recovered. Furthermore, though the theory is non renormalizable,
we do require unitarity, which is obtained perturbatively by considering also pion loops.
Divergences in the loops are absorbed by corresponding counterterms, which then depend
on the renormalization scale p of the loops. Due to non renormalizability of the theory, new
counterterms, which can be determined from experiment {3,4], have to be added order by
order to the theory. Actually, the O(p*) correction to the lowest order strong Lagrangian
can be predicted reasonably well by vector meson exchange [5], which also gives an O(p*)
contribution to the A(K — 3r) amplitude, improving the lowest order weak Lagrangian
result [6].

Ks — vy [7] and K — 7%y [8] play an important role in CHPT; they have no
O(p?) tree level contribution, since the external particles are neutral; for the same reason
. there are no O(p*) counterterms. This fact has two implications: 1) the chiral meson
loops are finite and so free of the ambiguity of the cut-.off; 2) these are the only O(p*)
contributions; no dependence on counterterms or other unknown constants.
~ Thus, CHPT predicts unambiguously at O(p*) these two decays. While there is a
substantial agreement between theory [7,9] and experiments [10] for K5 — vy

I(Ks — 2v)rh = 1.52-107 eV, (1.1)

I(Ks — 2v) = (1.8 £0.8) - 107 eV, (1.2)

for K — m%y~ the situation is still controversial. The theoretical prediction of CHPT at
O(p*) for the AI = 1/2 amplitude has been calculated 8], giving the branching ratio

Br(Kp — 7°yv)rs = 0.68- 1075, (1.3)

to compare with the experimental values

(1.7+£0.3)-107° NA31

1.4
(1.86 £ 0.6 £0.6)-107% (/¢ > 280 MeV) ET731 (1.4)

Br(Kp — n'yy) = {



(1/¢° is the two photon invariant mass) at CERN (11} and FNAL [12] respectively, which
are somewhat bigger than the prediction. Nevertheless the predicted spectrum, which is
dominated at this order’by the absorptive part K — n%rtxr~ — 7%+, looks in good
agreement with experiment. Indeed, NA31 experiment seems to exclude a big dispersive
contribution at low ¢2.

The decay K; — n%¢*e™ has three kinds of contributions [14,15,13]: direct CP
violation, mass CP violation K — n%y* — n%e*e™ and CP conserving Ky — n%y*y* —
w%ete~. The CP violating contributions are expected to give a Br(K; — n%ete™) ~
10~!1; while, since O(p*) K1 — 7%y« gives an helicity suppressed CP conserving ampli-
tude, only the O(p®) contribution might give an appreciable rate to the branching ratio
of the CP conserving process, which indeed naive power counting would predict of order
10~!* [16,13]; still in this framework O(p®) vector meson exchange diagrams [13,17,18]
might enhance both Br(Ky — n%yv) and the CP conserving Br(Kp — n%%te”)cp, but
it is unlikely to obtain values for these branching ratios of about 2-107% and 101! respec-
tively. Phenomenological models with large vector [19,20] or scalar [21] meson exchange
diagrams can obtain these values, but would alter the spectrum dI'/dq?, particularly at
low ¢2, where they would predict a drastic increase.

In this paper we will first give the O(p*) AI = 3/2 contribution to K; — 7%~~; then
we will discuss some implications of the O(p*) corrections to the K — 37 amplitude to

Ki — 7%yv, K — 7%%e™ and to the CP violating charge asymmetry of K* — 7%y,

2. AT =3/2

At order p?, the chiral Lagrangian is

L= Las=o + Las=1. (2.1)
One has \ )
Las—y = i. 21D, UD*UT + %TTUT;LM + %—TTU,LM, (2.2)
where

U=e¥™Te, D,U=28,U+ied,[Q,U)],

M = diag(mu,ma,m,), @ = diag(2/3,~1/3,~1/3), (23)

T, = /\—;-, TrT,Ty = %5“, f ~ Fr =93.3MeV;



the A, are the Gell-Mann matrices and u is the correct factor to reproduce the observed

neson mmasses.

The C P-conserving AS = 1 weak Lagrangian consists of two pieces: the octet and
27-plet:

Lasc: = —f hsTrrs D, UD*UT 1+ 1 4f [T U DU UD*UTY + hecl, (2.4)

where the tensor T is the U=1, AS=1, AQ=0 element of the 27 with the non-zero com-

ponents:

T =TR =TH=TH =3, TH=TH=TE=TH=-2.  (23)
From K — 7nm decays we have at order p
hs =3.2 1077,  hyr=-1 -1078, (2.6)
The general amplitude for K;, — 7%~ is given by
M(KL(p) — 7" (ps)v(k1,e1)v(k2s€2)) = €1u82, M* (p3, 1, k2), (2.7)

where €1, ¢, are the photon polarizations and M*#¥, if C P is conserved, is made of two

invariant amplitudes:

arv = A2 gy g gy ge)

mi
2B(y, v v v
2B Z) ik phogh — kikaptp” + pki kSR + phaptRY), (28)
K
where
v=lples —ka)limie, 2= (kR

Note that A(y,z) and B(y, z) are symmetric for ky « k2, as required by Bose symmetry.
The physical region in the adimensional variables y and z is given by

0<y< A(,,,,z); 0<z<(1—ry), (2.9)

where
mMeo

A1,72,2) =1+ 22 4+72 —2(z4+2r2 +72) and rr =

(2.10)

mgo
From (2.8), (2.9) and (2.10) we obtain the double differential rate for unpolarized
photons: ‘

d’T myg 2 2 2 1+ T3 = z)z 21212
= B — us — B . 2.11



Since K1, and #° are neutral there are no tree level O(p?) and no O(p*) counterterm
contributions to the amplitude. At order p* the amplitude B(y, z) is zero since there are
not enough powers of momenta. The result for the octet amplitude A(s)(z), which at this

order depends only on z, is 8]

hgam? r2 z r2 1
(8) 8- K _EYVAH( 2y~ (] - =
A0 = 222 | zwgﬁ (- -1, (212)
N 1 ,8() -1 _ 4
f(z) =1+ 1 (z )+ T B(x) = 4/1 . (2.13)
The function f(z) is real for ¢ < 4 and complex for z > 4. More explicitly it is written
1-—:-arcsin23§§ z <4
f(z) = . , . (2.14)
1(n ——S—ZHﬁ( -7 +2z7r1n1+ﬁ( )] z >4

In (2.12) the contribution proportlona.l to f(z) comes from the kaon loops and so
does not have absorptive part, while the one proportional to f(z/r2) comes from pion
loops and it has absorptive part, since the pions can be on shell. Correspondingly, the
kaon contribution is much less than the one of pions. As for the A(Ks — ) this is an
excellent test for chiral perturbation theory. In particular the spectrum and the width
depend upon the hypothesis of pion loop, and can be considered as a test of CHPT as a
quantum field theory. Indeed, the peak in the z spectrum (Fig. 1) is due to the absorptive
part.

It might be interesting to calculate the contribution of the 27, which due to the lacking

of the corresponding counterterms, turns out to be finite and unambiguously predicted at

O(p*):

h27am ,2, z
A7R(2) = 501 fz"( )f(@); (2.15a)
21y, \ _ horam¥ [3—r2 —14r7 — (5 —14r3)z] =z
Aypp (2) = 8712 d=r2)s f(rg,)‘ (2.15b)
The z spectrum for the y independent amplitudes (2.12, 2.15) is given by
dr
= gl ra)? = 3L =) — 2322 AP (2.16)

Due to the finiteness of the AI = 3/2 contribution to K — 7%+, CHPT predicts, at
O(p*), the AT = 1/2 rule for this decay. Indeed, a small negative interference is predicted

for the branching ratio:

Br(Kyp — 1%y7)® =0.68-107°%, Br(Kp — n%y7)®+?*") = 0.61-107°. (2.17)



These are dominated by the absorptive contributions:

Br(Kp — 7°y7)%) = 0.46-.107°, Br(Kp — n%y)81?) =0.43.107%.  (2.18)

abs

In‘Fig.l the spectrum dI'/dz for the O(p*) amplitudes (2.12) plus (2.15) is reported with

the relative absorptive and dispersive contributions.

3. O(p®) from K — 3n.

The amplitude for the process K(p) — n(ps)m(p1)m(p2) is generally expanded in

powers of the Dalitz plot variables

83 — 8¢

, Y=

2
n My

: @3

where s; = (p — p;)? and so = (s; + s2 + s3)/3 and 3 indicates the “odd” pion. For
the decays Kz(p) — x°(ps)n* ()7~ (p2) and K*(p) — 7~ (ps)* (1 )+ (pz) the isospin

decomposition, neglecting the phase shifts, up to quadratic terms, is written as [22,23,4],

X? X?
AKp = n’7tn7) = (a1 + a3) = (By +63)Y + ({1 — 26) (Y2 + —) + (61 — 26)(Y* - ’3‘)

3
_ . (3.2)
AK* = wtataT) = (2a0 — as) + (B — 565 + V3y3)Y —
2 2
2+ GNP 4 ) — (6 + 6 - )Y - ), (33)

where the subscripts 1 and 3 refer to the Al = 1/2,3/2 transitions. Among the experi-
mental values of a; and B3;, obtained by a general fit of all K — 37 amplitudes [23,4], and
the O(p?) CHPT theoretical predictions [24,22,4] from (2.4) and (2.6), there is a 20-30%
disagreement. The inclusion of O(p*) contributions [4] overcomes this discrepancy, fixing
also the quadratic terms, which are vanishing at the lowest order.

The absorptive part of A(Kp — n%yv) is due to K — n%n*n~ — =n%yv ; thus
we can improve the O(p*) result, using for the absorptive part the physical amplitude
A(Ky — 3r), obtaining

abs

Br(Kp — nyy)2pveil = 0.61-107° (3.4)

to compare with the second branching ratio in (2.18).



Dispersive contributions are in general divergent, and one needs a (model dependent)
prescription for the subtraction. Very interestingly, the authors of ref. [25] have shown that
the AI =1/2, O(p*) corrections to the K — 37 amplitude could be effectively reproduced
(neglecting loop contributions) by two O(p*) chiral operators . For the K; — ntn~x?,

for instance, the corrections to the O(p?) amplitude

AV(Kp - ntr 2 = K1+ —zY) (3.5)
12f2 mi :

are written as (p3 is the neutral pion four momentum):

AWK - 7t r7 %) = a1p - psps - p— + a2(p - p4ps P + P p-ps - D). (3.6)

a; and a; are the coeflicients of the operators . Writing (3.6) in terms of the kinematical

variables X and Y in (3.1), one obtains

1 1
AD(Kp - 7T 7% = alm‘;([—l—é(l —3r2) + -1—51'3,(1 +3r2)Y - ir:Yz]—}—

1
armilZ(1 - 3r2) — r2(1+3r2)Y = 2ri(r? + X7), (3.7)

Thus, comparing the sum of the expressions (3.5) and (3.7) to the experimental amplitudes

(3.2) [23,4], a; and a; can be fixed by fitting the coefficients of either the quadratic or the
linear terms. Their values are:

ali" =1.0-107%/m¥%, ¥ = —8((1 + 261)/3mt = 1.6- 1075 /m¥,

abi™ = —2.6-107%/m%., a2** = —8((1 - &1)/3mE = —4.8.107%/m4..

The slight discrepancy gives somehow the size of the model dependence. The inclusion of

(3.8)

loops [4] of course changes thesize of the coefficients, but confirms the relevance of the
(3.6) corrections. |

We have used the effective operators (3.6) as effective vertices of the O(p*) K — 3«
amplitude and calculated the corresponding O(p®) correction to the K; — 7%y~ amplitude.
There are no pole diagrams, but just a charged pion loop, with photons attached to it or
directly emitted at the K — 37 vertex (as required by gauge invariance for derivative
vertices).
0

Since one does not integrate on the w

terms of z defined in (2.8):

momentum, we can write the Y variable in

2m% 3p-ps z 1

Y =

@ Qur definition of a; and ay differs by a factor four from the one in ref.[25].



and so all the terms in- (3.7), but the one proportional to X2, are constant over the
charged pion loop and, very similarly to the O(p*) result, they give a finite A(z) amplitude
proportional to f(z/r2), where the function f is defined in (2.13).

With this in mind, to solve the ambiguous choice of a; and a; shown in (3.8), we can

directly use the parametrization given in (3.2), and get for the contribution of all terms

not proportional to X?2:

2
L4

AM)(z) = %[m +a3— (B +B)Y + (1 -2+ &~ 253)}’2]‘};1‘(;‘)- (3.10)

The X? term gives a more sophisticated amplitude, both terms B and A4 in (2.8) will
be present, and the A amplitude depends also on the y variable defined in (2.8). Both
contributions are divergent and we have performed a dimensional regularization, absorbing
the divergence with a suitable renormalization of the corresponding counterterm coupling
constants, providing a consistent prescription for the dispersive contribution. The loop
amplitude will then depend on a renormalization scale u. The finite part of the counterterm
coupling constant has been discussed in the VMD framework [13,15], but it will not be
considered here. The B amplitude is given by:

B(z) = %%(Cl —2(¢3 — &1 4 283) %

Iy 2 By 1o — )8 (5 + 151 - B In(
6 2 9 12 3

g—_—t——i) , (3.11)
where 3 = /1 —4r%/z.

Due to the different tensor structure in (2.8), the A and B parts of the amplitude
give rise to contributions to the differential decay rate which have different dependence
on the two photon invariant mass. In particular, the second term in (2.8) gives a non
vanishing contribution to dI'( K, — m%y7)/dz in the z — 0 limit; thus the O(p®) spectrum
starts with a non zero value, contrary to the O(p*) case. This would allow the emission of
collinear photons. A

We report in the Appendix the analytic expressions for the O(p®) corrections to A.
Note that both the A and B amplitudes remain finite in the limit m, — 0 (8 — 1),
consistently with CHPT.

As for the amplitude in (3.10), we have evaluated the contribution of the terms pro-

portional to X? using the parameters in (3.2).



We observe that separately A(y,z) and B(z) give both a significant dispersive con-
tribution to the amplitude; while the real part of f(%) decreases rapidly with ¢> — oo,
as required by the finiteness of the amplitude, the dis})ersive contributions in (3.11) and
(A.1) are not finite and remain separately large.

The O(p®) A amplitude interferes destructively with the O(p*) amplitude. The B
amplitude has instead a constructive interference with (2.12). As a result, there is an almost
complete (model independent) cancellation between these two contributions, independently
on the size of the coefficient of the X? term. The contribution of the dominant term |4+ B|
to the total branching ratio remains very much unaltered by the O(p®) corrections. To
show the model independence of the final result, we report in the following table the values
of the total branching ratio (according to the renormalization scale p) using respectively
either the experimental values for «, 8, (, £ [4] in (A.1) and (3.11) or the parametrization
of the O(p®) amplitude (A.12), with the two sets of values given in (3.8) for a; and a;:

I Br(Kp — m%yv) Br(KP — ?ro'y'y) Br(KL — n%yv)
ezp.a,B,(,¢ ay™, g™ af**?, a3

12
770 MeV  8.4-.10"7(2.3)  9.6-1077(2.4)  11.2-107(2.8) (3.12)

1000 MeV  8.6-1077(2.5)  9.7-1077(2.5)  11.3-1077(2.9)

The values in parenthesis refer to the dispersive part (in units 10~7). Of course, one‘ of the
targets of this paper is to give an estimate of the size of the dispersive contribution. Indeed
we can see that all three parametrizations lead to a comparable small result. Obviously,
only the data in the first column reproduce the absorptive contribution in (3.4), since the
others are obtained from a parametrization which gives only an approximate description
of the K — 37 amplitude. In Fig. 2 and in Fig. 3, we plot respectively the z-spectrum
and the y-spectrum for the K; — 7%y amplitude given by (A.1) and (3.11).

Thus we find the interesting result that the dispersive analytic O(p®) contribution
to K — m%y+v is almost negligible, showing that, at least in this case, CHPT is indeed

perturbative.
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4. The CP conserving decay K; — n%*e™ and K+ — nty1.

The CP conserving two-photon exchange decay K; — n%ete™ has the absorptive
part coming from the two photon discontinuity. Due to the tensor structure shown in (2.8)
the part of the K — w%y~ amplitude containing A(y, z) gives a contribution to the two
photon discontinuity in A(K; — w%e*te™ )cp whichis suppressed by a factor m./mg. This
suppression is not present in the contribution coming from the term containing B(y, 2) in
(2.8) [16]. Dispersion relations for A(Kz — n%¢Te™)cp using the O(p*) amplitude (2.12),
give rise to an m./my suppression also for the dispersive part of A(Ky — n%¢te™)cp
[16]. Thus the main contribution to this process in CHPT is expected to come from the
B-type O(p®) contribution of K, — 7%y~ to the two photon discontinuity amplitude. The
dispersive part should not change the size of I'(Kp — n%ete™)cp.

While the O(p®) contributions coming from VMD have been studied by other authors
(15,19,20,13] (with different conclusions), here we will be concerned with the value of
B(y,z)in (3.11) obtained by including the O(p*) corrections to the A(K — 3x) amplitudes.

The absorptive part of A(K — 7%yv) from (3.2) will give rise to a model independent
B(Y, z)abs in (2.8) coming from the terms proportional to X? (actually depending only on

z),
x

4
3ri

1+p
1-8)°

B(2)abs = 75 (¢ = 2¢G — &1+ 263) B — gﬂs - %(1 — %)% (4.1)

which gives
Br(Kp — w%ete )3 ~ 10714, (4.2)
We have computed the K; — 7%yy two photon discontinuity contribution when the A

amplitude in (A.1) and the B amplitude in (3.11) are included. We find indeed that the

B-term gives a substantial branching ratio, which changes very little with the value of u:

7’ BT’(KL — 7r°e+e")cp
770 MeV 0.8.10712 (4.3)
1000 MeV 1.0-10712

As final issue, we discuss some implications of the O(p*) corrections to the K — 3=
for the decay K+ — ntyy.

The amplitude (3.3) can be used to extract the absorptive part of the loop amplitude
of K* — m+~~. For the dispersive part, CHPT is less predictive than for the case of K —
7%y, since counterterms are present in the chiral Laérangian at O(p*). Nevertheless, the

O(p*) loop amplitude turns out to be finite [16].
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Due to CP violation, the counterterm amplitude Acr is in general complex; actually

its imaginary part has been estimated for m,/m. ~ 100 [16]:

2
8rfz

Acr = [Imé| ~3-.1073, (4.4)

where ¢ is a scale independent constant. The interference between the absorptive part of
the loop amplitude and the counterterm contribution might give a non vanishing value to

the charge asymmetry of the process, defined by

NEY o 7tyy) —T(K~ =77 y7)
F(K+ - ntyy) + T(K~ = 7y7).

(4.5)

Disregarding Wess-Zumino type contributions (irrelevant to the present discussion), the

amplitude for K* — 7t yv has the form given in eq.(2.8). One has:

) 5 h
+ + - - _ Mg Rga
(1-r.)? 4aM3(1,0,2)
irmel [ ez [ &y (Aass(9>2) + Basa(2))]; (4.6)
4rs 0

where rr = m.+/mg+ and A(1,72,2) is defined in (2.10).

The use of the amplitude (3.3) with the constants fitted to the experimental data in
ref. [4] does not alter significantly the value of the charge asymmetry (4.6) which results
equal to 6-107%% MeV, i.e. of the same order of magnitude of the value obtained at O(p*)
in CHPT by the authors of ref.[16]: 410723 MeV.

5. Conclusions.

We have shown that the 27 contribution of O(p*) to K — 7%yy, is suppressed by
AI = 3 rule, while absorptive contribution from O(p*) K — 3w increase by about 30%
the width keeping unaltered the normalized spectrum I'"'dl'/dz. We have also analyzed
the corresponding dispersive contributions, finding that, due to a cancellation of the A4
and B term corrections, the total branching ratio remains essentially unchanged, while the
shape of the spectrum is modified. Thus, if the experimental value of the branching ratio
is confirmed, we think that our analysis shows that other effects, like for instance VMD,

have to be relevant.
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The fact that the contributions of the 4 and B terms of the amplitude K; — #077
are differently weighted in the two photon discontinuity contribution to K — n%e*e,
makes these corrections very relevant for this process, giving a branching ratio of 10712,

We have also considered the effects of the O(p*) K — 3r corrections to K¥ — nfqyy

asymmetry.

Appendix.

We report here the full expression of O(p*) + O(p®) amplitude A(y, z):

a. 1

A7) = et ((E) + el As(2) + Au(e) + Aol 2) + 5 (2D (AD)

™ z

whe
e a =0y +az— (B +Bs)Y + (G — 2(s + & — 26)Y;

m A2
im"(cl—zcs—elwéa) (42)

The a, 8, ( and ¢ parameters are defined in (3.2); Y is defined in (3.1) and can be expressed
in terms of z through (3.9).

Aa(z) = g2l = (= =P (4.3)
As(2) = 120+ 7 = ZP(a(2) + Falz) - 4£s(2)) (4.4)
Auz) = ~[02 + 1= D)fale) + 20—+ 22(2) = 2a(2) — Fo(Di (AD)
As(y,2) = =(L)(fa(2) + fol2) = 45(2)). (46)
The function f(é) is given by (2.13), whilst the f;(z) are defined as follows:

fule) = log(F) = 51— g (G7) — 5(6° ~ Ilog(5T) + 387~ Toi (47)

m? 7 1
fo(2) = gloal )+ 5 (1-F1og* (1) - 51 -38)Blag 1)—Igﬂz+-1'§; (43)
fole) = gloa(F) + 38%1ea(5]) - 387 - 5 (49)
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fo(z) = 1,, [B(1+r2)(1 _ﬂz)zlogz(—g ’_Li

+(68%(r2 — 1)+ 128%(3r2 +1) — 6(7r2 + 1))ﬁlog(ﬂ +1

g -1
—128%r2 — 1) — 84 (1172 +4) + 2(38+% + 10)).

Here 3 = /1 — 4r%/z. By introducing a further expression:

) (A.10)

Ay(s) = —n(1 = 2 = I3z - 22

2 z z 2 E

) (A11)

we can give an alternative parametrization of the O(p®) part of the A(y, z) amplitude and
of the B(z) amplitude:

Ay, z) = —aymi Ai(z) ~ aamic(Az(2) + As(z) + As(2) + As(y, 2)),

o A2
B(:) = as Smi(fo(2) ~ 2fo(2), 12

corresponding to the separate contributions of the two effective vertices given in (3.6).

Note that using a2*®? given in (3.8) one obtains for B(z) the AI = 1/2 contribution to
(3.11).
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Fig.1. The full lines are total contributions. The lower curve is the O(p*) 8 + 27
contribution, the upper curve is obtained by adding all O(p*) K — 37 contributions in
the absorptive part and taking hs and hy7 from a; and a3 in the dispersive part. The

dashed and dotted lines are the absorptive and dispersive contributions respectively.



- 17 -

6x107° l T | T T

-8

4x10

dBr/dz

ox107°

Fig.2. dBr(Kp — w°yy)/dz obtained from the O(p*)+O(p®) amplitude, using the
experimental values of the parameters in (3.2). The full line is the total contribution, the

dashed and dotted lines are the absorptive and dispersive contributions respectively.
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Fig.3. dBr(Kp — w%yv)/dy obtained from the O(p*)+O(p®) amplitude, using the
experimental values of the parameters in (3.2). The full line is the total contribution, the

dashed and dotted lines are the absorptive and dispersive contributions respectively.



