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ABSTRACT
We discuss the pion polarizabilities ay, B using a vector dominance model. We
find that the commonly used constraint (a+83), = 0 is not admissible for the x°. We
show that the vector-meson contribution accounts for almost 70% of the #° forward

angle dispersion sum rule.

The electric (a) and magnetic (3) polarizabilities of any composite system are
fundamental quantities that are inherently sensitive to their internal structure and,
together with the charge, mass and the magnetic moment, fully determine the ex-
pression of the Compton amplitude at low energy. Their experimental determination
constitute an important testing ground for any hadron model. In recent years, a great
deal of interest has been expressed in the literature for the polarizabilities of the pion
[1] which belongs to the pseudoscalar meson octet and thus is believed to be one of

the Goldstone bosons associated with the spontaneously broken chiral symmetry.



Following a standard formalism, the general form of the photon scattering ampli-

tude by a pseudoscalar meson can be written in the following form (see Fig.1):

A(yr = y7) = €M,

uy

(1)
M,, = A(s,t) T + B(s,t) T?

pv 9

where €, €; are the initial and final photon polarizations and the two gauge-invariant

TR =YX
k k'
§ = (k-*-p)2
t = (k-k')?
| u=(k+p')?
p S

FIG. 1 - Compton scattering kinematics.

Lorentz tensors are given by :

t
T‘E},) = _(Eguv + kZuklv) s

(2)

11
T,Ef,) = 3 [ 5(3 — m)(u —mi)gu + tp1upry +

(S - m?r)khtplu - (u - m:)'pluklu.] .

The two structure functions A(s,t) and B(s,t) may be decomposed in two terms:

A(s,t) = Ay(s,8) + Au(s,2) s B(s,t) = By(s,1) + Bu(s,1) (3)



The first terms (A,,B,) describe the scattering from a point-like charge (Born) and
the second terms (A,,B,) arise from the inner structure of the pion. The Born terms
are given by [2]:

Ay(s,t) = 0,

(4)

B,(s,t) = 16
P(s’ ) Wa(s_mgr)(u_mgr) Iq!7

where « is the fine structure constant and |q| = 1(0) for the charged (neutral) pion.
The two structure functions A,(s,t) and B,(s,t) contain the dinamycs of the process
and resemble very closely the role that the hadron form factors have in electron
scattering. The non-relativistic limit for the Compton scattering amplitude at low

energy can be written as follows:

ANB(ym = ym) = [-— + aqw](E - &) + B €A R) - (EAK),  (5)

where w(w’), I::(Ié’) and é(¢') are the energy, momentum and polarization versors of
the incoming and outgoing photons respectively. It can be easily verified that the

low energy limit of Eq.(1) reproduces exactly Eq.(5) if the two structure constants

a, and B, of Eq.(5) are identified as:

1 : s —3m?2
o = =g limymgno [A44(s,0) + S0 gy,
1 , 8 —m?
B = o limemgio [Ai(s,t) + E 20 ), ©)
my . 1
(a + /B)ﬂ’ = G lzms—»m?,,t—oo ;B_,(S, t) .

Thus, the static electric and magnetic polarizabilities that characterize the pion-
photon coupling in the non-relativistic limit, are defined by the low energy limit of

the two structure functions A,(s,t) and B,(s,t) of Egs.(3).



Chiral perturbation theory (xPT) [3] appears today as one of the most successful
ideas in describing the electromagnetic interactions of pions. Its approach is to de-
scribe the interactions of the Goldstone bosons at low energy in terms of a so called
chiral Lagrangian which stems directly from QCD with the iny assumptions of chiral
symmetry SU(3)z x SU(3)g, Lorentz invariance and low momentum transfer. In par-
ticular, with a perturbative expansions of this effective Lagrangian limited to terms
of increasing order in the external momenta and quark masses, the method is capable
of establishing a network of relationships between different processes in terms of a
common set of renormalized parameters L] (tree level coefficients). At O(p*)-level,
the perturbative expansion is truncated at terms quartic in the photon momentum
and 12-coupling constants are needed. The O(p*) expressions for the structure func-

tions of Eqs.(3) have been calculated by different authors [4],[5] and can be written

as
AP(s,t) = —16ma L5+ Lio) = gz + -0 Qu(t) + 5 Qu(8)])
")
B®)(s,t) = 0,
for the charged pion, and
AP0 = EEa = DI+ £ In?Qu(0] + 1+ ' Qu(0)]

(8)
B§O)(s’t) = 0, ‘

for the neutral pion. In Eqs.(7,8) both the contribution from pion and kaon loops

have been considered, and

VETAVE /
b] Q \/‘t_‘—— f’ (z— ’K)° (9)

The measured value of the pion decay constant F, = (93.15 + 0.11) MeV is taken
from Ref. [6]. Moreover Eqgs.(7) show that, at O(p*), only the combination (L§+L7,)

intervenes in the expression of the Compton amplitude. This is the same combination



that intervenes in the pion radiative decay where the ratio of the vector and axial
vector coupling constants is related to (Lj + Lj;) by the well known expression [1, 7]

r r 1 Fy
Lotlo=505F

(10)
Using the measured value of the axial vector coupling constant F4 = 0.0116 £ 0.0016
and the CVC value of the vector coupling constant Fy = 0.0259 £ 0.0005 in the

radiative pion decay [6], we obtain

Eé— = 0.45 £ 0.07 (11)
Fy ,

Here we use the CVC prediction rather than the measured value Fy = 0.017 £ 0.008
because the data on F4 have been extracted in Ref. [6] assuming the CVC value for
Fy. From Eqs.(10,11) we obtain L} + L], = (1.42 %+ 0.22) 1073,

On the contrary, Egs.(8) are parameter free predictions for the neutral pion. Thus,

following Eq.(6), the O(p*) expressions for the pion polarizabilities are !:

aps = fi’F—;(Lg +L7,) =268+042,
(12)
= = _0.498 £0.001
W= T96ntm, F2 aaeh

where we assumed m, = 137 MeV. Here the errors reflect only the uncertainties on
the measured values of F;, F4 and the CVC value of Fy. In the exact chiral limit

where the pion mass vanishes, one has [1]:

(a+ﬂ)1r =0, (13)

and from Egs.(6,7,8) the same result holds in xPT up to the O(p*)-level. This is not

surprising because a strong cancellation effect in (a+8) can indeed be expected from

In the present paper the polarizabilities are expressed in Gaussian units of 10~%3 c¢m3



classical considerations based on the Lorentz invariance of the interaction hamiltonian.

Potential problems with this conclusion can arise from the finite sizes of the forward

angle dispersion sum rules

(@+B)rt =039+£0.04, (a+B)0 =1.04+0.07, (14)

which stem directly from the optical theorem and have been evaluated in a model
dependent way in Ref. [8]. According to xPT, these sum rules express only the
contributions that come from the O(p®) (and higher) corrections to the lowest order
result of Eq.(12). However, these higher order corrections have never been fully
calculated and thus a cross-check between the full chiral predictions and Eqs.(14) has
never been done.

In a recent paper [5] we have discussed in some detail the experimental knowledge
that is presently available on the pion polarizabilities. In spite of Eqs.(14), practically
all the dat;a. have been analyzed with the constraint of Eq.(13). This can be easily
criticized because, in principle, can lead to erroneous results. The extent of the
higher order corrections to (a 4 ) is not expected to be neglegible: according to [1]
(o + B)/a is estimated of the order of 25% for the charged pion. The effect appears
to be even larger for the x° if we compare the values of Eqs.(12) and (14). On the
other hand the quality of all the examined data does not allow for an independent
and reasonable determination of (a + ). It is true that the second analysis of the
Serpukov experiment [14] shows that, by releasing the constraint of Eq.(12), (a + 8)
results largely consistent with zero. But the consequence is that the statistical errors
in the determination of @ and S8 worsen so much that the issue loses most of its
significance. In conclusion, the present determinations suffer from the limitation
imposed by Eq.(13) and the question of the experimental test of Eqs.(14) is left up
to the next generation experiments.

On the theoretical side, a complete O(p®) calculation is still lacking. However, the

t-channel vector meson contributions to the photon-photon interaction that have been



calculated {17, 18, 19] in connection with the Crystal Ball data are O(p®) contribu-
tions. We know that they cannot be ignored for energies above 0.5 GeV even though
they are not sufficient to give a satisfactory description of the Crystal Ball data (see
Fig.2). We also know that they are negligible in the threshold region. Nevertheless,
they can provide a sizeable contribution in the crossed channel reaction (Comptori
scattering) at t = 0 where the O(p*) contribution to the cross section vanishes both
for the charged and neutral pion. As a matter of fact, this effect has to be expected
because a substantial contribution to the sum rules of Eqs.(13) comes from the vec-

tor meson photoproduction and this necessarily has to affect the forward Compton

amplitude.
7y = n'n°
ls-o [ LA Ll I 1 Lg T I 1 T T LS l T l |
12.5 — P
- 7 N
b - ” -
a . ' - ]
e 100 p— < -
~ - - )
- - , ]
o / -
v [ P ]
® 50 f— = -]
o - ]
98 '.—H 4
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FIG. 2 - The cross-section for vy — 7°#° including : i) both the 1-loop diagrams and
the O(p®) contribution due to the vector-meson resonace exchange in the t-channel
(full line) ; ii) the 1-loop contribution only (dashed line). The data are taken from
the Crystal Ball experiment.



This effect can be fully calculated following Ref. [17] and using crossing symmetry.
The result indicates that the two structure functions of Eqgs.(3) acquire indeed extra
contributions. By neglecting the ¢-meson, these come from the p and w-exchanges in

_ the case of the n°

Ago)(s,t) = ASO)( p) ——EGv(S-*-m u+m

- M2 7)
(15)
BO(s,t) = BO(0(p%)) EZth I )
s 2 2 u—-M’
(V =w, ,0) (16)
and from the p-exchange only for the charged pion
1 s+m?  u+4+m?
(%) = Al®) 4y . = ™ x
Aa (3’ t) As (O(p )) 2GP(8 _ M‘? + u— Mg) 9
(17)
B®)(s,1) = BE(O(p") - 5Gpt(—mz + —2) (18)
s\ s 2 s M2 u-— M2’
where My is the mass of the vector resonance and
['(V - mv)
3
GV = 967!'Mvm . (19)

Using Eqs.(15,16) and following Eq.(6) one can see that the a-values remain unaf-

fected and the B-values become 2:

m, G
Brt = —opt+ e ——Mz_"mz =261,
(20)
My Gy
= - ey Y 196,
Pro ot L gt = 126

?Equations (15,16) include terms of order higher than O(p®). The chiral invariant procedure
changes very little the numerical results [18, 19].



Consequently, the new estimated values for the sum rules are:
(a+ Bt = 0.064,

(21)
(a4 B = 0.76.

These numerical results have been obtained assuming the following experimental val-

ues for the w%r%y and pry coupling constants [6]
G, =0.495GeV™?, G, =0.044 GeV 72, (22)

as deduced using Eq.(17). Here we disagree with the numerical estimates of these con-
stants quoted by Ko in Ref. [17]. Ko uses G, = 0.593 GeV~? and G, = 0.066 GeV ~2.

In a recent paper, Ivanov and Mizutani [20] presented a full calculation of the pion
polarizabilities in the framework of the Dubna Quark Confinement Model (DCQM)
with the explicit inclusion of scalar,vector and axial-vector mesons exchanges. They
find that the axial-vector contributions are always almost neglegible and can be safely
omitted. The major effects come from the scalar exchanges which contribute with
opposite signs to a and S and thus cancel out in the sum. Therefore the only con-
tributions to the sum rules come from the vector exchanges that are found to be
small and affecting only the B-values. Qualitatively, these results are perfectly con-
sistent with our claim that the vector-meson exchanges could be the dominant O(p°®)

contributions to the sum rules. However, from the set of values they found:
(a+B)rt = 022, op:=23.63,
(23)
(a+PB)re = 044, =074,
the value for a,+ results higher than the chiral prediction and ay has the right
magnitude but opposite sign. Moreover both the sum rules appear underestimated

by approximatively a factor two with respect to Egs.(14). Our numerical evaluations

for (a + A3) differ from the values of Eq.(25) : we do a better job for the x° while
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Ivanov and Mizutani obtain a result closer than ours to the sum rule estimate for the

.

In conclusion the vector-meson contributions are certainly important corrections
to the O(p*) results but do not help much in reproducing the sum rule for the charged
pion. On the contrary they account for almost 70% of the sum rule for the neutral
pions. This is quite remarkable if one considers that they contribute very little to the

cross section in the threshold region for the vy — #n°7° channel [17, 18, 19].
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