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Abstract

In the framework of chiral perturbation theory we compute the Al = 3/2
contribution to Ky — m%v~. As for the AI = 1/2 transition, the result
turns out to be unambigously predicted and finite. We discuss also the
effects on this decay coming from O(p*) corrections to K — 37. As a

by-product we have also a prediction for the CP conserving amplitude
A(Kp — nlete).



1. Introduction.

Rare meson decays are very useful for our understanding of particle physics [1]. Chi-
ral perturbation theory (CHPT) [2,3] is very suitable for this research; it fulfills this task,
satisfying symmetry requirements (the interactions have to be invariant under SU(3); ®
SU(3)r) and having the mesons as the Goldstone bosons associated with spontaneous
breaking of the symmetry. Already at tree level all the low energy theorems, PCAC and
soft pion properties are recovered. Furthermore, though the theory is non renormalizable,
we do require unitarity, which is obtained perturbatively by considering also pion loops.
Divergences in the loops are absorbed by corresponding counterterms, which then depend
on the renormalization scale p of the loops. Due to non renormalizability of the theory, new
counterterms, which can be determined from experiment [3,4], have to be added order by
order to the theory. Actually, the O(p*) correction to the lowest order strong Lagrangian
can be predicted reasonably well by vector meson exchange [5], which also gives an O(p*)
contribution to the A(K — 3m) amplitude, improving the lowest order weak Lagrangian
result [6].

Ks — v7 [7) and K — 7°yv [8] play an important role in CHPT; they have no
O(p?) tree level contribution, since the external particles are neutral; for the same reason
there are no O(p*) counterterms. This fact has two implications: 1) the chiral meson loops
are finite and so free of the ambiguity of the cut-off; 2) these are the only contribution
O(p*); no dependence on counterterms or other unknown constants. _

Thus, CHPT predicts unambiguously at O(p*) these two decays. While there is a

substantial agreement between theory [7,9] and experiments [10] for Ks — v

[(Ks — 2v)rn = 1.52- 107 eV, (1.1)

['(Ks — 27) = (1.8 £ 0.8) - 107 eV. (1.2)

for K; — m%v~ the situation is still controversial. The theoretical prediction of CHPT at
O(p*) for the AI = 1/2 amplitude has been calculated [8], giving the branching ratio

Br(Kr — n%yy)rh = .68 1078, (1.3)

to compare with the experimental values

(214+0.6)-107° | NA31

- 0 —
Br(Kp —myy) = {(1.86 +£0.6+0.6)-107°  (1/q2 > 280 MeV) ET31

(1.4)

(1/¢? is the two photon invariant mass) at CERN [11] and FNAL [12] respectively, which
are somewhat bigger than the prediction. Nevertheless the predicted spectrum, which is

dominated at this order by the absorptive part K — n°7*n~ — 7%y, looks in good



agreement with experiment. Indeed, NA31 experiment seems to exclude a big dispersive
contribution at low ¢2.

The decay K — 7°e*e™ has three kinds of contributions [14,15,13]: direct CP
violation, mass CP violation K — n%y* — m%%e™ and CP conserving K — w%4*~v* —
m%ete”. The CP violating contributions are expected to give a Br(Kp — n%%e™) ~
10~!!; while, since O(p*) K — 7°yv gives an helicity suppressed CP conserving ampli-
tude, only the O(p®) contribution might give an appreciable rate to the branching ratio
of the CP conserving process, which indeed naive power counting would predict of order
1071* [16,13]; still in this framework O(p®) vector meson exchange diagrams [13,17,18]
might enhance both Br(K; — n%yv) and the CP conserving Br(K; — n%¢*e™ )cp, but
it is unlikely to obtain values for these branching ratios of about 2-107% and 107** respec-
tively. Phenomenological models with large vector {19,20] or scalar {21] meson exchange
diagrams can obtain these values, but would alter the spectrum dI'/dq?, particularly at
low g2, where they would predict a drastic increase.

In this paper we will first give the O(p*) AI = 3/2 contribution to Ky — m°%y~; then
we will discuss some implications of the O(p*) corrections to the K — 37 amplitude to

Kp — 7%y, KL — m%Te™ and to the CP violating charge asymmetry of K* — mEvy.

2. Al = 3/2

At order p?, the chiral Lagrangian is

L=LAas=0o+ Las=1. (2.1)

One has

2
Las—o = §f2TrD“UD“UT + Lot 4 —TrUpM (2.2)

where

U=e?™T DU =08,U+ieA,[Q,U]

M = diag(my,mq,m,) Q = diag(2/3,-1/3,-1/3) (2.3)

" 1
1, = /\7, TrTeTy = §5ab, [~ Fr=93.3MeV;

the A, are the Gell-Mann matrices and p 1s the correct factor to reproduce the right meson
masses.

The CP-conserving AS = 1 weak Lagrangian consists of two pieces: the octect and
27-plet:



Las=1 = —f hsTrXsD, vorut + 4f [TH(UD, UT) (UD**UT) + h.cl] (2.4)

where the tensor T is the U=1, AS=1, AQ=0 element of the 27 with components:

TR =TH=TH=TE=3, TE=TE=THE=TH=-2 (23
From K — mnm decays we have at order p?
hg =3.2 107" hyr = -1 -107%. (2.6)
The general amplitude for K — m%yv is given by
M(Kp(p) — 7°(ps)v(kr,e1)v(ka,€2)) = €1,€20 M* (ps, k1, k) (2.7)

where ¢,, ¢, are the photon polarizations and M#*¥, if C'P is conserved, is made of two

invariant amplitudes:

Aly, 2)
M#EY = kyk{ — kikag*”
M MK ( 1K29 )
2B(y,z) . , . , s
L) phiphag — kakapt s + phakLp + phupt), (28)
K
where
= |p(ky — ka)|/MF, z = (k1 + k2)* /M

Note that A(y,z) and B(y, z) are symmetric for k; — k;, as required by Bose symmetry.
The physical region in the adimensional variables y and z is given by

0<y<

A2(1,r2,2) 0<z<(1—rp)? (2.9)

[N g

where :
meo
M1l 2) =142 472 — 20z +2r2 +72) and r, = . (2.10)
mgo

From (2.8), (2.9) and (2.10) we obtain the double differential rate for unpolarized
photons:

d*T myg (1+72-2)%
e L it i SRNCRL

Since K and 7 are neutral there are no tree level O(p?) and no O(p*) counterterm
contributions to the amplitude. At order O(p*) the amplitude B(y, z) is zero since there
are not enough powers of momenta at this order. The result for the octect amplitude

A®)(2), which at this order depends only on z, is [8]



8 hgam? r2 z r2
A0 = MR 0= A5 - (- == Do) (212
flzg) =1+ 1 ZBEm; Blz) =4/1 - % (2.13)

The function f(z) is real for ¢ < 4 and complex for z > 4. More explicitly it is written

1—%arcsin2§ z <4
flz) = C ste nte (2.14)
1+ 2(ln H_ﬁ(r)—w +217rln1+6( )] r >4

In (2.12) the contribution proportional to f(z) comes from the kaon loops and so
does not have absorptive part, while the one proportional to f(z/r2) comes from pion
loops and it has absorptive part, since the pions can be on shell. Correspondingly, the
kaon contribution is much less than the one of pions. As for the A(Ks — v7v) this is an
excellent test for chiral perturbation theory. In particular the spectrum and the width
depend upon the hypothesis of pion loop, and can be considered as a test of CHPT as a
quantun.l field theory. Indeed, the peak in the z spectrum is due to the absorptive part.

It might be interesting to calculate the contribution of the 27, which due to the lacking

of the corresponding counterterms, turns out to be finite and unambiguously predicted at

O(p*):
h27am§( r2

(27) NetoMmy o Tri . %
Al/Z ( ) - 2O7Tf2 (1 P )f( ri) (215(1)
(27) horam3. [3 —r2 — 14r — (5 — 14r2)z z
Ay (2) = 8 f? (=) (=) (2.15b)

The z spectrum for the y independent amplitudes (2.12, 2.15) is given by
dr mg

g 2103

o

— (14 7p)? = 2] 3[(1 = re)? — 2] 722 AP (2.16)

Due to the finiteness of the AI = 3/2 contribution to Ky — 7%y, CHPT predicts, at
O(p*), the AT = 1/2 rule for this decay. Indeed, a small negative interference is predicted

for the branching ratio:
Br(Kp — n%y7)® =0.68-107%, Br(Kp — 7°y7)8+27) = 0.61.107°. (2.17)
These are dominated by the absorptive contributions:

Br(Kp — 7%y7)%3, = 0.46-107%,  Br(Ky — °vy)57*" = 0.43-107°. (2.18)

abs abs

In Fig.1 the spectrum dI'/dz for the O(p*) amplitudes (2.12) plus (2.15) is reported with

the relative absorptive and dispersive contributions.



3. O(p®) from K — 3.

The amplitude for the process A(p) — m(ps3)n(p1)m(p2) is generally expanded in

powers of the Dalitz plot variables

(3.1)

where s; = (p—p;)? and so = (81 + 52 +53)/3 and 3 indicates the “odd” charged pion. For
the decays Kr(p) — 7°(ps)m(p1)7m~(p2) and K (p) — 7~ (p3)n+(p1)7*(p2) the isospin

decomposition, neglecting the phase shifts, up to quadratic terms, is written as [22,23 4],

X? X2

AKp = 7nTn7) = (a1 4+ a3) = (B1+ B3)Y + ({1 —2G) (Y2 + 1?) + (61— 26)(Y? - ?)
1 (3.2)
AKT - 7% 77) = (200 — a3) + (B1 — ‘iﬁs +V373)Y ~
2 2
=2(¢1 + GUY? + %) — (b1 +&—E)(Y? - XT) (3.3)

where the subscripts 1 and 3 refer to the Al = 1/2,3/2 transitions. Among the experi-
mental values of a; and 3;, obtained by a general fit of all K — 37 amplitudes [23,4], and
the O(p?) CHPT theoretical predictions from (2.4) and (2.6), there is a 20-30% disagree-
ment. The inclusion of O(p*) contributions [4] overcomes this discrepancy, fixing also the
quadratic terms, which are vanishing at the lowest order.

The absorptive part of A(Kp — w%yv) is due to K — n%nTr~ — nyy ; thus
we can improve the O(p*) result, using for the absorptive part the physical amplituce

A(Kp — 3m), obtaining

Br(Kp — w°yy)Prveieal — 0.61.107° (3.4a)

abs

to compare with (2.18).
As a way to resum the O(p®) effects on A(Ky — 7%vy7) of the O(p*) corrections to
A(K — 37m) , we might decide, now, to change the values of hg and hy7 from (2.6), giving

a dispersive contribution Br(K — 7r°77)$:_p27) = .18.107%, to those fitting «; and a3,
giving
Br(Ky — n’yy)reet = 0.25-107° (3.4b)

Due to the very small increase, this is not a crucial change. Conclusively we quote the
total branching ratio

Br(Kp — n%yy)Phvsteel — g g86.107° (3.5)

still faraway from the experimental value. In Fig.1, we report the result of the absorptive,

dispersive and total spectra obtained with these corrections.



The amplitude (3.3) can be used to extract the absorptive part of the loop amplitude
of K¥ — 7t v4. For the dispersive part, CHPT is less predictive than for the case of A —
m%y+, since counterterms are present in the chiral Lagrangian at O(p*). Nevertheless, the
O(p*) loop amplitude turns out to be finite [16].

Due to CP violation, the counterterm amplitude Ac7 is in general complex; actually
its imaginary part has been estimated for m,/m. ~ 100 [16]:
hs am%{- )

8 f2

where ¢ is a scale independent constant. The interference between the absorptive part of

Aot = |[Imé| ~3-107° (3.6)

the loop amplitude and the counterterm contribution might give a non vanishing value to
the charge asymmetry of the process, defined by

D(EK* = atyy) —T(K~ — 77v7y)
(KT — mtyy) + (K~ — 7= y7)

(3.7)

Disregarding Wess-Zumino type contributions (irrelevant to the present discussion), the
‘amplitude for K* — mt+y+ has the form given in eq.(2.8). One has:

m:}{ hga %

2773 87 f2

ID(KT = 7¥yy) —T(K~ — 1 y7y)| =

(1_7'1&')2 %Al/z(lv"':—’z)
\Imé] / E¥R / 8y |(Aabs(y,2) + Basa(2))], (3.8)
4r? 0

where rr = m + /mg+ and A(1,r2,z) is defined in (2.10).

The use of the amplitude (3.3) with the constants fitted to the experimental data in
ref. (4], does not alter significantly the value of the charge asymmetry (3.8) which results
equal to 6-107%% MeV, i.e. of the same order of magnitude of the value obtained at O(p*)
in CHPT by the authors of ref.[16]: 4-1072° MeV.

4. The CP conserving decay K; — n%ete

The CP conserving two-photon exchange decay K; — m%ete™ has the absorptive
part coming from the two photon discontinuity. Due to the tensor structure shown in (2.8)
the part of the K — m%y~ amplitude containing A(y, z) gives a contribution to the two
photon discontinuity in A(Ky — w°e*e™ )op which is suppressed by a factor m./mg. This
suppression is not present in the contribution coming from the term containing B(y, z) in
(2.8) [16]. Dispersion relations for A(K; — m%etTe™ )cp using the O(p*) amplitude (2.12),
give rise to an m./mg suppression also for the dispersive part of A(K; — n%eYe ™ )op
[16]. Thus the main contribution to this process in CHPT is expected to come from the

B-type O(p®) contribution of K — 7%y~ to the photon discontinuity amplitude. The



dispersive part should not change the size of I'( Ky — mete  )cop.

While the O(p®) contributions coming from VMD have been studied by other authors
[15,19,20,13] (with different conclusions), here we will be concerned with the value of
B(y, =) obtained by including the O(p*) corrections to the 4(K — 3m) amplitudes.

Indeed, the computation of the absorptive part of A(Ky — 7°yv) from (3.2) will give
rise to a model independent B(y, z)ap, in (2.8) coming from the terms proportional to X?

(actually depending only on z),

o 5 , 1 yupy 148
B(z)abs = 37‘}:((1 — 20— 6+ 26) (B - 387 - 51— 67 111@ (4.1)
which gives
Br(Kp — n%ete )8 ~ 1071 (4.2)

It is interesting, though not conclusive, to give an estimate B(y, 2)aisp by extrapolating

X2 to off-shell pions. This shows to be equivalent to the use, for the O(p*) corrections of

CHPT to A(K — 3m), of the operators suggested by the authors of ref.[25].

Buod2) = o= (0 = 25 — &+ 260)

R ST Y UL VO S CUNE ORI |
ElnAZ +9—12ﬂ +4(3,5 '1);31n(ﬂ“1)+16(1 B)ln(ﬂ—l) (4.3)

We point out that the divergence of this O(p®) loop amplitude has consequences on
both endpoints of the spectrum dI'(Ky — 7%yv)/dz. Contrarily to the O(p*) (2.13), the
(4.3) is non-vanishing for z — 0; thus the spectrum starts with a non zero value (see
fig.2). For 4r2 < z < (1 — r,)?, while the dispersive part of (4.3) keeps almost constant,
the dispersive O(p*) (2.12) goes almost to zero consistently with the finiteness of this
contribution. We emphasize that there are other dispersive contributions at O(p®), but
the divergent ones keep these properties; now to show the size of these effects, we add the
contribution of dispersive part of (4.3) to (3.5) obtaining different predictions, reported
below, according to different values of A. Also the corresponding two photon-discontinuity

contributions to Ky — m%e™e™ are reported:

A Br(K — w%yy) Br(Kp — n%¢te”)cp
770 MeV 2.05-107° 0.8-10"12
1000 MeV 2.3.107° 1..10-12

In Fig.2 is reported the spectrum for A = 770 MeV.



5. Conclusions

We have shown that the 27 contribution of O(p*) to K1 — m%y~, is suppressed by
AT = 3 rule, while absorptive contribution from O(p*) K — 37 increase by about 30%
the width keeping inaltered the normalized spectrum I’ "1dI'/dz. While these contributions
keep Br(Kp — 7w%eTe”)cp < 107!%, the dispersive contributions from quadratic terms
in K — 37 might bring Br(K;, — n%eTe™ )op ~ 107!2, which is still less than the C'P
violating part. O(p®) dispersive contributions to K — w°%v+, though not fully analyzed

in this paper, might give relevant contribution for z > 4r2.
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Fig.1. The full lines are total contributions. The lower curve is the O(p*) 8 + 27
contribution, the upper curve is obtained by adding all O(p*) K — 37 contributions in
the absorptive part and taking hs and hy7 from a; and a; in the dispersive part. The

dashed and dotted lines are the absorptive and dispersive contributions respectively.
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Fig.2. dBr(K[ — 7%yv)/dz obtained by adding for the absorptive part all O(p*)
K — 37 contributions, for the dispersive part hg and hz7 taken from a) and a3 respectively

and also Byi,p in (4.3) is added.



