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Abstract

The low-energy cross-section for efe~ — 7%y is predicted in ChPT at next-to-
leading order and the saturation of its counter-terms by vector-meson resonances
is confirmed. Further details on this saturation by vector-mesons are discussed for
ete~ — m%u*p~. Cross-sections are predicted from threshold up to the w-mass region
for different choices of the relevant parameters in the Lagrangian. It is suggested that
measurements of these cross-sections at low-energy high luminosity e™e™ machines,

like Daphne, will allow to distinguish between different sets of parameters.




High luminosity ¢ factories are expected to provide accurate data for reactions
such as ete™ — 7%, 7%*, #+*7~7%.. in the low energy region [1]. In this region,
where perturbative QCD cannot be applied, Chiral Perturbation Theory (ChPT) has
already shown its reliability and accuracy incorporating the low-energy theorems and
providing their next-order corrections. The ChPT lagrangian contains an anomalous
and a non-anomalous part. The latter begins with a fixed lowest order term, L,,
(order two in particle four-momenta or masses), followed by a series of higher-order
counter-terms required to cancel the divergences originated in loop integrations. This
part of the theory has been extensively studied (up to order four) by Gasser and
Leutwyler [2], who fixed the values of the finite part of those counter-terms from ex-
perimental information. The possibility that these counter-terms could be dominated
by the exchange of the known low-energy resonances has been investigated and fully
confirmed by several authors [3], [4]. Concerning the anomalous part of the ChPT la-
grangian, its lowest order term (order four) is given by the well-known Wess-Zumino
lagrangian, Lwz [5]. Next-order corrections have been studied by several authors
(6, 7] but the situation is less satisfactory than in the non-anomalous case. We dis-
cuss the processes ete™ — 7% and e*e™ — 7% — x%*I~ in an attempt to improve
our knowledge on the anomalous sector.

The relevant part of the lowest-order anomalous lagrangian is
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Lwz = =iz, AAx tr[(Q" + %QEQE*)%EZ’ - (Q*+ %QE*QE)%E*EJ

-—ig;;e“"“ﬁ/l“ tr[Q(8,50.Z' 05Tt - 8,510,285Z1E)] + ...

(1)
where the dots refer to non-photonic terms, irrelevant for our present purposes, and
Q is the quark charge matrix Q=diag(2/3,—-1/3,—-1/3). The octet of pseudoscalar
mesons P = 7152,' X:P;, where ); are the eight Gell-Mann matrices with trA? = 2,
appears in

L =3%g=exp|(2¢/f)P], (2)

which transforms as ¥ — UpZUg under SU(3) x SU(3)r transformations. The
constant f in (2) can be fixed from the charged pion decay width [8] leading to

f =132 MeV (3)

From the first term in (1) one immediately deduces the amplitude for the 70— vy
decay, ‘

A(r® = yv) = iaw\;i

P e ke kg, (4)
which predicts I'(x° — v7) = a®m3, /(327 f) = 7.6 eV in good agreement with the
experimental datum (8] I'(x® — 44) = 7.7+ 0.6 V.

The non-renormalization of the above (lowest order) result no longer holds when
dealing with off-mass-shell photon(s), as in the y4* — x° production amplitude. In



this case, one can write

a\/2_ euvaﬁ

T

Ay = =) =i cukvesky (L4 Cilu k™) + C (K], (5)
where, apart from the lowest-order term (4), one has the corrections coming from
loops and counterterms. The latter are necessary in order to cancel the divergences
originated in loop integrations. The remaining finite parts of the loop and counterterm
corrections depend on the renormalization mass scale u. This will be fixed around
the p- and w-meson masses, u? ~ m? = (m2 + m2)/2 ~ 0.60 GeV?, which are the

relevant ones in our case. The correction due to pion and kaon loops is found to have
a finite part given by (7]

* 1 :u P’4 10 * * *
C[(/.L,k 2) = 487r2f2 [k 2 logm + *3*k 2 +4 F(mi,k 2)+4 F(m},k 2) (6)
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with
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for k<« m?

(7)

F(m? k%) = —

Then eq.(6) for k** < m?2 g reduces to
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Ci(p, k%) ~ ! (logm” - 2) k2 = k*?/A}, with A7? > 0.28 GeV™2. (8)

= 48rif? Tm3,

The relevant counterterm in the (order six) lagrangian is {7}

Le = ie***? 50" Fy, { Bitr(Q*5'6,% — Q’L8,T") + Butr(QL'QO,Z - QsQa.xh}
(9)

and implies

C7(p) =

4r
a

3 (B1+ B,) (10)

The numerical value of (10) can be fixed from (up to now inconclusive) exper-
iments on 7® — vete~ decays [8] or from a recent experiment on ¥"y — 7° pro-
duction through one (essentially) real photon and a virtual one [9]. The measured




k*?-dependence of the amplitude can be linearly parametrized in terms of a slope
parameter byo as in eq.(5). Using also (8) and (10) one has [9)

4
bro(exp) = (1.79 £ 0.14) GeV~? = -Al? - 3%(31 + B,) (11)

and

a

2
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B+ B, =—-(113 £ 0.11);0:- GeV~? = —(0.68 & O.OT)W (12)

This experimental result and its parametrization in terms of By + B, allows for
a new test on the hypothesis of the saturation of the counterterms by resonance
exchange . The non-strange p and w vector mesons are the relevant ones in our yy*n®
coupling, as already mentioned when fixing p around m, . The whole (ideally mixed)
nonet of vector mesons, V, can easily be introduced in our approach as gauge bosons
of a “hidden” local symmetry following the work of Bando and collaborators [10].
This procedure and the corresponding lagrangian can be found in refs.[7, 11]. Here

we simply quote the pieces of the whole lagrangian (including also the first term from
Lwz (1)) dealing with Py, V Py and VV P vertices, namely,

3 2
Lpy, = (4? + 803) %ewaﬁauAvaaAﬁ tr(QZP)

Lypy = (a2 — zas)?%f““"“’am tr(Q(8aVaP + P8aV3)) (13)

2
Lyyp = _4a297emﬁ tr(9.V,0 Vs P),

where V is the vector meson SU(3) matrix [ with diagonal terms given by (p°+w)/v/2,
(—p° + w)/Vv2 and ¢, due to w-¢ ideal mixing]. The constant g in (13) appears also
in the lagrangian

Lyy = ftr(g’V.V* — 2¢gQAV* + ...) (14)

containing, among other irrelevant terms, the vector meson mass-term with

g =m,./V2f 415 (15)
and the standard V4 couplings em? /fy with f, = 3 f, = Vig.

The 7%~ amplitude for real photons is given by eq.(4) and proceeds exclusively
from the first term in Lpy,, eq. (13), (i.e., the first term in Lwz, eq.(1)), due to
the cancellation of all a; 3 dependent terms once the Vy transition (14) is used. The
a3 dependence appears when dealing with vertices such as wn%y or 7%+, where



the virtual photon introduces also a k**-dependence through the vector meson form-
factor m2 /(m? ,—k**) = 1+k*?/m? _+.... Retaining up to the second term in this
expansion allows for an identification of the B;, coefficients in Lg, €q.(9), in terms
of ay 5 and their numerical values deduced from the datum I'(w — 7% ) = (720 £ 50)
keV ~ 9 I'(p — nv) [8]. As shown in (7], one easily obtains

Qa
| BY + BY |= 21| az + 2as | —— = (0.73 £ 0.02) —— (16)
pw ow

in good agreement with (12), thus confirming the resonance saturation hypothesis for
the counterterms, B, + B; ~ B} + BY.

Apparently, this seems to indicate an equivalence between the model of Bando et
al.[10], egs.(13)and (14), and conventional vector-meson dominance (VMD) in this
type of processes. Indeed, if one chooses

a; = 2a3 = -—3/1671'2, as + 2(13 = '—3/87l'2 ) (17)

the lagrangian (13) contains no direct Py+ and VP« vertices [which are then ex-
clusively generated by the Lyyp term and V4« conversion(s) from Ly., eq.(14)] as
in conventional VMD. However, the agreement between eqs.(12) and (16) requires
only a; + 2a;3 = —3/8n?%, fully compatible with the VMD value (17), but allowing
for deviations from conventional VMD through a; # 2a3. The possibility of these
deviations has already been discussed in the related context of v* — PPP transi-
tions [11]. Moreover, data on the k*?-dependence for the decay w — w%y* — nlu*tp~
[12] seem to require already a; # 2a3 in our present context. These data have been
parametrized in terms of the usual e.m. transition form-factor F, = A?/(A? — k*?)
and imply A..p, = 0.65+0.03 GeV, well below the expected p-meson mass m, = 0.768
GeV. This can easily be explained in terms of the lagrangians (13) and (14), which

imply a form-factor given by 1 + (’a,—i-qzza_;)k;? + ..., leading to a; = 4.6 a3 when com-

2
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pared (up to this order ) to 1+ Kk'zi + ... . For higher values of k*? the data [12] tend
exp

to prefer values of a; somewhat larger than 5a3; so we will adopt

a; = 6az = —9/327?, ay + 2a3 = —3/8x? (18)

as a compromise which represents an interesting alternative to the VMD values (17).
Apart from giving a reasonable description of the w — #%u %y~ data, the values (18)
are also in the prefered region (see ref.[11]) in order to account for the data on the
w — 7t7~7° width and the ete™ — 77~ 7% cross-section. Moreover, recent analyses
of the w — m%u*u~ form-factor in the lattice seem to confirm [13] a clear deviation
from conventional VMD. For all these reasons, we proceed to discuss the reactions
ete™ — 7% and ete™ — 7%+, which will clarify the whole situation and contribute
to fix the value of the ChPT counterterms or the a,; parameters.

~ The ete™ — n°y cross section at lowest order is given by Lwz in eq.(1) and turns
out to be




a3

1272 f2
where s is the square of the total CM energy and o®/(1272f?) = 0.0734 nb. This
lowest order cross section (19) is shown (dotted line) in Fig.1. Next order corrections
in ChPT include the effects of loops and counterterms as in eq.(5). For the latter,
the resonance saturation assumption implies C"(p >~ m,,) = 1/m?2 ,, as follows from
(10),(16), and (17) or (18), thus increasing the lowest order amplitude up to a 60%
at E = /s = 0.6 GeV as also shown (dashed line) in Fig.1. The associated loop
corrections are given by Ci(u, s) in eq.(6). These loop corrections are considerably
smaller than those coming from the corresponding counterterms (around a 15% in the
amplitude) and slightly increase the ete™ — w%y cross-section, as shown (dot-dashed
. line) in Fig.1. This curve represents the full ChPT prediction at next-to-leading order
for ete™ — 7% and is expected to reproduce future data in the low energy region.

l.o.
Tete——nly 3) -

(1 ~mZ/s)’, (19)

Around the resonance masses the cross-section is quite different as indicated by
the datum (shown with error bars in Fig.1) 0o+~ _no,(s = m2) = 152 + 13 nb at the
w-peak [14]. Attemps to improve the situation in ChPT would imply the evaluation
of higher order loop corrections and the corresponding counterterms. In general and
for values of u ~ m,,, next order loop corrections in ChPT are found to be around
10-20% of the preceding order amplitude. We have confirmed this feature when going
from the lowest order amplitude (4) to the one including one-loop effects. For these
reasons we don’t compute the (otherwise difficult) two-loop corrections which are
expected to be smaller than others coming from uncertainties in our model and the
values of its parameters.

By contrast, corrections coming from counterterms have been shown to be larger
and the evaluation of higher-order ones under our assumption of resonance satura-
tion is trivial. As in ref.[11], the introduction of the whole vector-meson form-factor
m2 ,/(m2, — s) (instead of its truncated series 1 + s/m} ) represents an “all-order”
estimate of our resonance dominated counterterms. Taking into account the physical
finite widths [8] of the p and w mesons, this amounts to write

a® 1 1
Tete=—puw—nt(8) = 127r2f2(1 —m2/s) | Ci{p = mpu,s) + '2'Pp(3) + §Pw(3) |2
Py(s) = mb/(m} — s —1iy/slv), V=p%w

(20)
The corresponding prediction is also shown (solid line) in Fig.1. The agreement at
the w-peak (158 nb vs 152 & 13 nb from experiment [14]) is essentially a consequence
of having used a; + 2a; = —3/87%, and I,y = 8.43 £ 0.10 MeV and BR(w —
7%) = (8.5+0.5)% [8], quite close to 8.4 + 0.1 MeV and (8.88 £ 0.62)% as measured

in [14] from the ete™ — w — 7%y cross-section at the w peak.

Turning to the e*e~ — 7%y transition, 7.e., allowing for the final state photon to
g v g



be also off-mass-shell (k*? > 0) as in ete™ — #%*I~, leads to

a® (1 _ (ma 4+ \/ls:—"{)z)s/2 (1 _ (ma - \/p),‘,)s/z'

a,+,—_¢p,w_,,,07.(sy k*z) =

1272 f2 s s
2a, k*? P,(s) + P.(s)
1
[( +az+2a3milw—-k*2) 2 *
(1 220) s + o) + G k™)
s + 205 mfw — 2 QAVIR WK,

(21)
where only one-loop effects have been included for both virtual photons in the last
terms, whereas an “all-order” correction in the sense of the preceding paragraph
is given for both s- and k*?-dependent counterterms. Since in the latter case one
always has k"> < m? , we have introduced an averaged and simplified form-factor
Py(k*?) ~ P(k**) =1 + k*?/(m2, — k*?). 4 ’

Eq.(21) has been plotted in Fig.2 for different values of the final virtual photon
mass and the parameters a; and a; with the constraint a; + 2a3 = —3/87%. The
dashed line corresponds to the choice a; = 6as, eq.(18), and is considerably higher
than the VMD choice a; = 2a3, eq.(17), also shown as a solid line. For comparison,
we also plot the (dotted) curve corresponding to a; = 0, 2a3 = —3/87? which implies
even smaller cross-sections and suggests that an experimental discrimination among
the different values of a;/a3 is indeed feasible. From the experimental point of view
the prediction for the total e*e™ — 7%t u~ cross-section is more interesting. This
has been plotted in Fig.3 again for a, = 6as, 2a3 and 0 (dashed, solid and dotted lines)
and implies an w-peak cross-section e+ .- _no,+,-(s = m2) = 0.180, 0.145 and 0.089
nb, respectively. The corresponding experimental value 0.164 & 0.040 nb [12, 14]
favours the first two possibilities but, again, new experiments could contribute to
clarify the situation. This is not the case for the e*e~ — m%*e~ cross-section (also
shown in Fig.3) where the predictions for different values of a;/a3 are quite similar
due to the dominance of small k*? values which reduces the sensitivity on a;/az as
seen in eq.(21).

In summary, ete™ — 7% and ete™ — 7%y~ cross-sections at low energy seem
particularly interesting to test ChPT. A definite, next-to-leading order prediction
is given for the first reaction. The second one is shown to be more relevant when
studying the saturation of the counterterms by resonances, which in this case are
expected to be the well-known and non-strange p° and w vector-mesons. Their in-
corporation in the theory along the lines of Bando et al. [10], eqs.(13) and (14), or
similar approaches can be greatly clarified, as well as the connection of these schemes
with the conventional VMD model. The possible violation of this model observed in
w — m%utu~ decays [12] can be simply accomodated in our present, wider context.
Similar effects could be detected and studied in #° production experiments with two
(considerably) virtual photons, ete™ — ete™y*y* — e*e~7%[15]. In both cases, low

energy e*e” machines or ¢-factories could provide valuable data.
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Fig.1 Cross-section for ete~™ — 7%y as a function of the total CM energy, /s. Dotted
line corresponds to the lowest order result. Dashed line includes the counter-
term contribution at the next order. Dot-dashed line represents the full ChPT
prediction (with loop and counterterm corrections) at next-to leading order.
Full line is the “all-order” result (see text).
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Fig.2 Cross-section for ete™ — m%*, for different values of the final virtual photon
mass and for different choices of the a;, as parameters, with the constraint
as + 2a3 = —3/8n%. Curves labeled a, b, ¢, d, are for k*? = 0, 4m?, 0.16 and
0.25 GeV?, respectively.
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Fig.3 Cross-section for ete™ — 7% *u~ and 7%%e= for the same values of the a,,
a3 parameters as in Fig.2




