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In this note we point out some properties of a class of integral representations
describing dual-resonance amplitudes, mainly in connection with the generalization of
the Veneziano amplitude to a serie of satellite terms. Recently this problem has been
extensively investigated by many authors (*). In particular some explicit examples
of these representations and their convergence problems have been studied by MANDEL-
STAM, MATsUDA, KHURI, SIvERS and YELLIN (Y).

A very instructive example was that proposed by Marsupa for sealar particles:
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This amplitude has all the good properties of a single Veneziano term for 0< A<1
and in fact it reduces to Veneziano for A= 1. It is possible to rewrite this funection
by means of the following integral representation:
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(2) M(s, t; 4) = ﬁjx“”‘s‘l(l — @)% 4 2a(1 — 2)(A— 1)]
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We observe that for A= 1 we obtain the u-channel amplitude proposed by Max-
DELSTAM in the framework of a SU; quark model.

On the other hand such models, with a finite number of terms, have been used in
phenomenological applications by many authors: in particalar RUBINSTEIN, SQUIRES

() 8, MANDELSTAM: Phys. Rev. Leitt., 21, 1724 (1968); J. ManpULA: Caltech preprint, CALT-68-178
(unpublished); S. MATSUDA: to be published in Phys. Rev.; D. SIvERS and J. YBLLIN: to be published
in Phys. Rev.; N. N. KHURI: to be published; 8. Marsupa: Berkeley preprint UCRL-19266, to be
published in Phys. Rev. Lett.; S. MANDELSTAM: Berkeley preprint UCRL-19327, to be published in
Phys. Rev.
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and CHAICHIAN (?), starting from a five-point function, derived a formula very similar
to that proposed by ALTARELLI and RuUBINsTEIN (?) for the pli—>3w scattering at
threshold.

A more general expression which includes all these models as particular cases can
be written in the following form (*):

1

(3) Als, 15 ) :J”"““'l“- - gy go) et (L — o)l da

0

where in order to preserve the pole structure and real analyticity of the amplitude,
@(x) must be real analytic and different from zero in [0, 1. We want to point out that
the asymptotic behaviour of the representation (3) in general violates the Regge limit.
In fact we have

©

(4) As, 1 ) = @Oy (L) e (— Ofs)"“ﬁ/""‘_1 exp [W 4 (1 - %,(%))]dy
0

and the Regge behaviour requires that g(l)=1 and that the integral converges, 4.e.
@'(1)> 1. Note that this formula is valid for Rea,<: 0, but it can be easily analyt-
ically continued in the whole complex plane except for the real axis. Then we obtain

(5) A(s, b5 @) = (041 + @' (1) % (— a)¥ I'(— ) -

>0

An interesting consequence of these constraints is that the residue at the pole
afs) = n is a polynomizal of order » in . This can be seen if we explicitly construct the
residue functions.

Expanding in a power series the function n(1 — )% = [(1—x) ®(1 —x)]"%! near
x =10, we obtain

1
o=y . s
Afs, 15 9) = 2, = 1) |t (@) do =
n=0 :
1
(6) i(—-l)” (n)( ) 1 1 n— & d ()«x 14
: = — L = % — @(x)" " A |,
aop P! xR n— o dm(p
0
H
(g} = —0-1
7eu) dzm (@) (2=

(2) H, R. RUBINSTEIN, B. J. SQUIRES and M. CHAICHIAN: Phys. Lett., 30, 189 (1969).
*) G. Avrarerry and H. R. RUBINSTEIN: to be published in Phys. Rev.
() We point out, however, that eq. (3) can be generalized again by writing

i
Als, 4 0, ¥) = 2% A = )7 p@) " T o1 — )T T p(@) da,
[

where ¥(z) = »(1 — z) is real analytic and without zeros in [0, 1].
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The residue at the n-th pole is then

— 1= =l (__ 1)k dr—* ;1
M B Tl ey x“c’(at)[l — S ey ]

n! Pra Y 3!

The following compact expression of y™(e«,):

n nt Do, 4+ 1+ my (e, + 14 k) o2 1 {0 (1)\v
(8) PAUCTED D ICES Vi o o : ( J(v )) p(Ly=%-1

T=0 4.ty k! e+ 1)]2 31 %!

-
( 3 is extended to the solutions of the partition equation » Ji,=n—k and m= 2 i J)
gty J=1 J=1
shows that R,(x,) is a polynomial of order »n in ¢ only if ¢(1)=1. It is easy to
check that at least on the leading trajectory the residues are all positive. Moreover
it can be shown that, in order to have an exponential decrease for s, {— oo at fixed
u (in any ray except the real axis), the following further conditions must be verified:

(9) P0)=1, @'(0)=0.

Note that for the amplitude (1) our conditions are equivalent to the constraint
0 A< 1.

Moreover the representation (3) can be written as a sum of satellite terms; in fact
if we expand the function @(x) near x=0 and @(l—x) near x=1 we can write

«© n

(10) As, & @) = z Z Orynlt) Cpp(0tg) B — M — oty M — 0t) 5

n=0 m=0

where B(z, y) is the Euler beta-funetion and O, (x,) are polynomials of order n in s.
We observe that, in this case, the representation (10) can be reordered as a series of
Vencziano satellite terms (see KHURI, ref. ().

For what concerns the Lorentz content of the amplitude (3), it is in prineciple possible
to constrain the residues (7) in such a way that the poles fit into a single irreducible
0, representation (°) (Toller pole). Nevertheless these conditions are necessary but
not sufficient in order that the series (10) converges (¢). In this connection DoMoxos
and Domoxos (7) recently suggested that duality is not compatible with Lorentz irre-
dueibility in a single channel. A more refined projection must be performed in order
to have a simple group-theoretical interpretation of dual amplitudes.

As a final point we note that the integral representation (3) allows a natural
extension to the N-point dual amplitude (8), at least in the form proposed by CHAN.

(5) M. PAcIELLO, L. SERTORIO and B. TAGLIENTI: Nuovo Cimento, 62 A, 713 (1969).

(%) P. D1 VEccHIA, ¥. DRAGO and 8. FERRARA: Phys, Left., 29 B, 114 (1969).

(") &, DoMoros and S, KoVESI-DoOMOKOS: NY0-4076-3, Argonne (1969).

(®) For a review of the subject and a complete list of references, see II. M. CHAN: CERN pre-
print TH-1057.
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In faét, following the notations of ref. (]) we can write

ALY

1
(11) A5(0,2,..., N; ¢) :f]‘_[ da, TT wpp(apy ot 1] 5(~— 14 oy Hw;,:) .
? » P’
0

where the conditions on the xz,-variables are the usual ones.
However the factorization of the N-point function is in prineciple very complicate (%).
Nevertheless there is some feeling that the N-point amplitude factorizes if the function

@(x) satisfies some particular conditions (*).
EE S

We thank Prof. M. Cassanpro and Dr. M. Greco for useful discussions.

(®) 8. F'UBINI and G, VENEZIANO: MIT preprint; XK. BARDAKCI and S, MANDELSTAM: Berkeley

preprint; D. Gross: CERN preprint TH-1048,
(19) We thank Drs. G. BExFATTO and G. Rosst for having emphasized this point.
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