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The Veneziano amplitude is projected on the irreducible representations of the Lorentz group. An infinite
sequence of Toller poles, as well as an essential singularity as A —, is shown to be present. Fixed poles
at the non positive integers are also present. The residues of the Toller poles, with the exception of the

first, do not factorize.

In this note we study some properties of the
Lorentz decomposition [1] of the Veneziano [2]
formula. For definiteness we shall discuss the

Veneziano-Lovelace [3] model for n-7 scattering.

However our method can be quite generally ex-
tended to study any scattering amplitude of the
Veneziano type, and our results are of general
validity.

Until now the Toller pole content of the Vene-
ziano amplitude was not clear [4]: it is quite
apparent [2,5] that such an amplitude does not
correspond to a single Toller pole and it has
been suggested [6] that, in fact, an infinite num-
ber of these poles is present: however no rig-
orous proof of this exists.

We perform the projection of the Veneziano
amplitude, at fixed momentum transfer s, on the
irreducible representations of the group O(3, 1).
We find that the projection of the terms A(s, )
and A(s,u) (see eq.2) contains an infinite series
of Toller polesat A =a(s)+1 -m (m =0,1...)
and an essential singularity at infinity. The term
A(t,u) gives fixed poles at the non positive in-
tegers: at s = 0 these fixed poles occur only at
even values of X and give rise, in the continued
partial wave amplitudes, to the well known addi~-
tive fixed poles at the wrong signature non-sense
value of I [4,6,7].

The residue of the poles is given in compact
form.

We define the amplitude

B(S)t;u) =A1(s,t)+A2(s,u)+A3(t,u) 3 (1)

with [3]
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The amplitudes for the three 77 isostates can be
expressed in the form of eq. (1), with a suitable
choice of the coefficients ¥; [3]. In eq. (2) a(v) is
the degenerate p-fO trajectory, assumed to take
the linear form

alv) =aw + b. (3)

We introduce the notation
+
D (s,t) =Dy (s,t) = Dy(s,?t) , (4)

D¢(s, ) [Dyl s,u)] being the ¢[u] discontinuity of the
amplitude B(s,?, u).
The Lorentz projection can be defined as [8]

A4, 8) =2 [ d(coshB;) sinhg] x
i
(5).
X D§1~)1 (coshy) D¥(s, )

where

(£ 2 2 _
coshp; = (¢ -2mﬂ)/2mn =x (6)
and D&l_)l is a Gegembauer function of the second
kind ** ,
Since

. =A
Vx2 -1 D(l)(x)=-[x+w/x2-1} . (M)

-1

** The Gegembauer functions of the second kind are
defined by:

-1

A=2015 Log) T@T A +a+1)] "L x

D®(x) = "% 2x)

x oF (5 A+a; A +a+d; +a+1; 1/42) .
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We have

di(h: S) = '_'2“

+ 2
D (s,2ma(1 +x) %
™ (to/2m2) -1 "

(8)

5 -\
X [x+ xz-l] dx.

Since our discussion will treat the amplitudes
linearly, we can study the single terms one by
one and then superpose the results.

Let us start with the amplitude obtained by
putting ¥3 = 0 in (1). Introducing the expression
for D¥ calculated from (1) we easily obtain

AE(x, 8) =

[ ] A

Y. % A

ram?2 n=g (AL
with

_n+1-D 1
n = 9 -
Zamn

The expression (9) defines a holomorphic function
of A whenever it converges, i.e. for Re A >
>als) + 1.

Using the expansion

-\
[1+V1-2]"= (10)
o m
.9\ (-1)"x _ T(-A-m) (z\Mm
=-2 mzjo m! 1"(->\-2m+1)(4) ’
valid for |z| <1, and the relation
Y 1 P _zx A-1
z E v recs
r(h)of dx (11)

valid for Re A >0, we obtain, after an allowed
interchange of the order of summation

Y
[v1 £ v9la(s)2
9‘(*()\, s) =—1“2—2“— X

amn

i (-1)"  T(-r-m) (1)’” 1

X TmT Ta-2m+D\E) Torzm)
(12)
© -q, X
T(a(s)+n+1) [en Aremely

n=o D(a(s)+Dnl

This expression has been obtained for Re A >

> max(0,a(s)+1): later on we shall analytically
continue in A the final answer. We can now per-
form both sums in eq. (12) and the result is
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where I,(x) is the modified Bessel function of the
first kind [9], that behaves, for x — 0, like x™.

The right hand side of eq. (13) can be easily
analytically continued in A. To see explicitely
‘the structure of the singularities of #{*(x,s), let
us define the function

flz) = l:expi-(éz—;z-g—z)lzn

l: 1-exp{- z/Zam%}] -a(s)-1
vE

(14)

(321 1,(2) .

We expand f(2) according to the Taylor theorem,

* (k)

N (B

0
sy oL O kir, @), (15)

k=0 pi
The non-negative integer N can be chosen arbi-
trarily large; however Rpy.1(2) vanishes, for
N - only for | z| < 27.

Using the expansion (14) we obtain

[’}’1 :!:’}/2] N f(k)(o)'

AE;s) = Th-a(s)+n-1) +
am? k0 (
(16)
o0
+f xh-z—a(s)RjV+1(x)e_xdx .
0

The only singularities in A of the last term of (15)
are due to the divergences of the integral at the
lower limit of integration, where the behavior of
the integrand is O(x’VFN'1 -a(s)): therefore this
term is regular for Re A >a(s)-N. By choosing
N arbitrarily large, we can conclude that in any
finite region of the A plane, the only singularities
are Toller poles with parallel "trajectories”
spaced by one unit, starting at A(s) =a(s)+1.
However an essential singularity as A — o« is also
present. The situation in the A plane is therefore
similar to the one in the I-plane {6,7]. We stress
that, due to the presence of the essenital singula-
rity, the Veneziano amplitude, after the analogue
of the Mandelstam, Sommerfeld and Watson
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representation has been performed, cannot be
expressed as a conpevgent servies of Toller poles.
It is therefore also unclear whether a single
Toller pole can be reconstructed by superposing
an infinite number of Veneziano amplitudes [5];
difficult problems of convergence, to be studied
very carefully, arise.

The residue of the Toller pole at A =
=a(s)+1-m(m=0,1,2,..) is given by:

(17)

[ £v9la(s) m
P p— i B

12T2a(s) -m+ lm! dz™

(f(Z)e'Z]

am z2=0

There is now an important observation to be
made. It is usually accepted at s = 0 * the resi-
due of a Toller pole factorizes. It is easily seen,
by considering two coupled channels, that only
the residue of the pole at A = a(0)+1 factorize:
the vesidue of all the other poles, with m = 1,
does not factorize.

We also remark that at s =0, if the condition
al(s) + a(t) + a(u) =1 (i.e. 4m127 a+3 ~-1=0)is
satisfied, only Toller poles spaced by two units
appear. This is the analogue of the condition
imposed by Veneziano [2] in the 77 - 7w case,
where it turns out to be a(s) + a(?) + a(x) = 2.
The 77 case however is an example where the
supplementary condition on the trajectory,
besides being unnecessary, is also untenable,
since it requires (for zero mass pions) a(0) =§,
while the positivity of the elastic width requires
a(0) = 3 [6,10].

We briefly discuss now the term A3(f,#). In
evaluating D¥(s,#) we find that D~(s,#) = 0: this
is due to the particular choice of our amplitude
and has the effect of introducing fixed poles at
the wrong signature non sense value of the
angular momentum only in the even signature
partial amplitude a*(l, s). For a general term
of the form

I(1-a() N(m-a(«))/T(n-alt) - o(u)

fixed poles at the wrong signature non-sense
integer are present in both a*(Z, s) [7]. In the
following we eliminate the + index. It turns out
that the projection of the amplitude 4 3(¢, ) can
be carried out in almost the same way as above.

* The Lorentz group is a symmetry group of the scatter-
ing amplitude only for pairwise equal mass scattering
8§=0.
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The final expression for the Lorentz projection
turns out to be

2vgla(s)-6] o
Ag(r,8)=-—"—5 — [ dx Mlex),  (18)
am
™ o
with 6 = 4am§ +3b-1, and
1-b

-x -1
Gamz ™)

T

X

glx) = exp

(19)
x [L+exp{-7/2am? )01y hp ()

It is easily seen that eq. (18) defines an analytic
function of A in the region ReA >0, and an ana-
lytic continuation for the whole A plane, It gives
simple polesat A = - m (m =0,1,2... ) and an
essential singularity as A— «, The residues of
the poles are simply given by

2 ygfa(s) - 8]
--i*—“g(m)(o) .

20
am%m! (20)

Bm(s) =

At s =0* all the residues of the poles at the odd
m vanish: this correspond, in the angular mo-
mentum plane, to the fact that additive fixed
poles are present only at the point of wrong
signature.
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