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Summary. — A method for obtaining a sum rule for the pion
electromagnetic form factor is proposed. Numerical evaluations give
F.() ~F(*). Some results about residues of the pion trajectory at
t=m?2 for every k® are also obtained in the evagive and in the con-
spiratorial case.

In this note we wish to show how it is possible to derive a sum rule for the
pion electromagnetic form factor involving electroproduction amplitudes, using
the gauge invariance principle and the hypothesis, first suggested by FuBINT (*),
that the absorptive part of an amplitude determines it completely.

As a by-product, under the hypothesis that the pion is a Regge particle
and dominates the asymptotic behaviour of the (—) amplitudes of the electro-
production process we are able to determine completely, when the pion
« evades », the residues of the pion trajectory at ¢=m. (mi ~0.02 GeV) as a
function of the mass of the virtual photon k2, and to find analogous relations
also when the pion « conspires». This is an extension of Ball and Jacob
result (2) obtained in the photoproduction case.

(*) Sponsored in part by the Air Force Office of Scientific Research through the
European Office of Aerospace Research, OAR, United States Air Force, under con-
tract F61052 67 C 0084.

™ 8. FuBini: Nuovo Oimento, 52 A, 224 (1967).

(%) J. 8. Barr and M. Jacom: Photoproduction and Regge behaviowr, CERN pre-
print TH. 825.
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Tet us decompose the eleetroproduction amplitude Te(®) for the process

1) v(k) + N(p1) = N'(p2) + =4q)

(where N and N are nucleons and v is areal [virtual] photon with lightlike
[spacelike] momentum k) in the usual way

To = 8 TP 4 474, 5] T 7, T

and consider the T amplitude for which we write the following decomposi-
tion:

8
() 7= Y147,

f=1

whe-e the I; are the eight covariants

I = u(pe)ys Miu(py),

and
M, =vy-ky-e—yeyk, My=ry-e,
. M, = (2p,-e+k-¢), Me=y - k(2p,-e+ ke,
) M, = (2p,re—Fk-¢), M, =y k(2py,e—k-¢),
M,= (2¢-¢ —Fk-g), My=9y-k(2¢-e —Fk-¢e).

As shown by GERSTEIN (%) or more generally by DE ALFARO, FUBINT, FURLAN,
RossETTI (°) the amplitudes A7, above defined, are free of kinematical sin-
gularities. If we now impose gauge invariance on T, we get the two equa-
tions

A1) (s— MBAD (s, 1, B — (F— MP) AL (s, 1, B2 — (t—mp) AT (s, 4, k) = 0,

(42)  AD(s, 1, )+ (s — I AT (s, 1, K — (F— M2 ATs, 8, B*) —
”‘” (t"qu-:)A(s_)(Sy t, kz) =0,

(3) We define

1 M2 3
out<JV's ﬂ“[JVV>m= Sfi = 5ﬁ -+ i(Zﬂ)‘lam(Pf‘—Pi)—('z"n—)g [WEJ Tc}z‘ ’
where w,, w;, By and F, are the energies associated with the four particles involved
in the process (1) and M is the nucleon mass.
(%) 1. 8. GersreIN: Phys. Rev., 161, 1631 (1967).
(3) V. De Arraro, S. FUBINI, G. Foreax and €. Rosserri: Superconvergence and
current algebra, preprint Istituto di Fisica dell’Universith di Torino.
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where s, § ¢ are the Mandelstam variables
s=(p+ k> S=(p.—k? t=(¢—F?*.
Introducing now » = (s —$)/4M we may rewrite eq. (4.1) in the form
(5) —2My(A7 (v, 1, B*) + AT (v, 8, k) +
T 30— my— 1) (470, 1, B°) — AT, 8, ) + (E—mz) AT, 4, k) = 0.
Let us perform in this equation the limit ¢-—+m2. Remembering that

M, = (2¢q—Fk)-¢, one would get in AL’ the Born diagram
in Fig. 1 so the residue of A™ at ¢t =ml, is — egF (k%) (¢

). -
Therefore we have M,/’( n

|
(6) 2My( A7 (v, t=my, B*) + A (v, t=mE, k?)) + tn
{
k2 ‘
g (A0, =, ) — A= w3, ) = — Pl N
XN »
Following FupInI (1), we shall assume that, expanding an Fig. 1.

amplitude, say A, ¢, k¥?), for which we can write a fixed ¢
and k? dispersion relation with N subtractions, as a power series in the »
variable (Khuri representation ("):

AW, 8, k) =Y 4,0, )",
Al
the analytic function of z

+co

%2
A(z’ t, ]{;2) = % f M dy

A ,‘,1+z
—

will interpolate the expansion coefficients 4, not only for the integer values

of 2> N for which the integral is convergent, but also for every integer n
with 0 <n<H.

We now assume that our amplitudes verify the above-mentioned anal-
yticity properties. Equation (6) may be rewritten

(7 vD(y, m:n E*) + C(, maz-cr 702) = _“ean(kz) 9

) Fro(0)=1, ¢*/dn= 14.5, ¢*/dn = 1/137.
(") N. N. Kuuvri: Phys. Rev., 132, 914 (1963).
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where
D, m::a k?) = 2M(A;_)(V7 mia k) -+ A (v, ml, 752))
and

]2
C, ms, k*) = % (A (v, m2, K2) — AS (v, mis, 7).

D and (, as linear combinations of A~ and. AL, will enjoy the same anal-
yticity properties as 4§ and A§™ so that expanding D and € in power series
of ¥ we have the relations

D,_,(t =m2, k*) = — Oy (t = m}, k" for n>1,
t.e. in our hypothesis
Die—1,t=mk, k) =—Clz, t = mi, k%),
which at 2 =0 becomes
D(—1,t=md, k*) = — 00, t =m}, k*).

Therefore, as C,(t = m, k*) = — egF (k*), we obtain, taking into account cross-
ing symmetry

L AM [ Im (AP, 1= mE, k) + AD (v, = m2, 1))
® r}]—i—nl_n« plte
0

dy = eg P (k?).

At first sight this sum rule looks different from the one written in the photo-
production case by MUKUNDA and RHADA (8); they in fact obtained an equation
which, in our formalism, is

o) iy [ I (A, 1= 0) + 450, 1, 1= 0)
21 7T pltz
1]

dy=20.

However, on the basis of Regge arguments it is possible to show that eq. (8)
and eq. (9) for %* =0 in the limit ¢ —m} actually agree. The point is simply
that, while in eq. (8) one has to integrate a function in which the limit
t—m2 is already performed; in the case of eq. (9) one has to integrate the

(®) N. Muguxpa and T. Ruapa: Nuovo Oimento, 44 A, 726 (1966).
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same function still dependent on ¢ and interchanging the integration with the
limit is not allowed. We shall show here the agreement in the evasive case
(no pion conspirator); it will be seen in the following that the same result still
holds if the pion conspires with its parity doublet partner.

In fact assuming that the pion trajectory dominates the (—) amplitudes,
on the basis of Ball and Jacob results, one can very easily show that in the
evagive case

) 5omO-1. 1+ exp[— dmon(t) ]
8in sroe(t)

(10) A0, 1, k) + A (0,1, k) e V2 MpB( t E*)oer(t

b

Remembering that o (ml) =0, it is immediately seen that

(11) Im (A9 (v, t=m2, k) + A7 (v, t = my, k%)

-—>07

Pp—>0

so that the Reggeized pion does not contribute to eq. (8). This is not the case
for eq. (9), in fact let us perform the limit ¢ —m;, in this equation:

hm lim — TR dy=0.

t—>mi s—>—1 T

4M f m (457 + 45)
0

Subtracting and adding to the integrand the assumed asymptotic behaviour
(eq. (10)), we may write

4M
(12) 11m lim —-

t—>m e—>—1 T

dy —

_ f [Tm (A (v, 1,52 =0)+ A (v, £, K = 0)) + 6(v' — 7) /2 B, (t) ot (8) () m 1]

plte

— zxn-(t)—l
— lim, llm f[@v 7) V2 Mpy(1) ]dv—~0

t—m% z—>—1 T ’Vl+z

(7 is a critical energy above which Tm (457 +A4357) has a Regge behaviour.) Since
now the first integral defines an analytic function of ¢ and # also for ¢ = mj
and 2 =—1, see eq. (10), we may interchange the limits t—mi and z->—1
and also perform the limit ¢ —m2 before evaluating the integral, so we get

from (12)

lim —
——1 7T pltz
0

{ Tm (A§7 + A5 3
M ( )= mnd + X2Mﬁ2(t:mi)20.

But, as found by BALL and JAcoB (?) in eliminating kinematical singularities
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from the invariant amplitudes 4;, one has the relation

24/2M
7

Bao(my, K= 0)= —eg .

This shows the announced agreement of eq. (9) with eq. (8).
Let us try, now, to saturate our sum rule (8). We approximate the imag-
inary parts of the amplitudes as:

Im A, (1, k) for v<< ¥,
(13) Im Ay, 1, k?) =
Im A, . (v, ¢, k?) for v>7,

where Tm A, represents the low-energy resonant contribution, ImA, , the
high-energy contribution (in our hypothesis Regge contribution) and #, defined
a8 above, has to be determined from the available experimental data. Remem-
bering eq. (11) and extracting the one-particle contribution, we get (°)

AM [
(14) — Im (A5, t=mp, k) + A (v, t= my, k%)) dv=eg(F (k") — F1(k")) .

Yo

At k2 =0 our sum rule is identically satisfied, since from the gauge equa-
tion (6) one easily obtains for v=£0

(15) Jim, T[4, , 1 = 0) + AT, £, k)] =0,

At k240 we can transform eq. (14) into a sum rule for the difference between
the mean-square radius of the pion <#2> and of the nucleon {r%> (we mean the
Dirac radius of the nucleon), that is

v

0
o U Im (A9, 1= md, 1) + A (v, 1= mik , 1)) d”]

Yo

= 2 (%> — ).

k2=0

We have evaluated the integral using Zagury’s treatment of the electro-pro-
duction which only includes the N*(1236) coutribution ('°), obtaining

G — (%> = —6.8:102 (fm)* and V(2> =0.76 fm .

(®) Fi (k") is the isovector nuecleon form factor: F}—= F?— F7 with the normaliza-
tion F1(0)=1 and v, = (1/2M)[(m2 + 2m M) — % E*].
(**) R. ZAGURY: Phys. Rev., 145, 1112 (1966).
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This result agrees with the widespread belief that the pion form factor is about
equal to the Dirac proton form factor, which is also supported by some ex-
perimental evidence ().
In order to find the relations between tlie residues of the pion trajectory
and F,_(k?), let us consider separately the evasive and the conspiratorial case.
Let us start with the evasive case. Following again Ball and Jacob (%),
for the contribution of the pion trajectory to the amplitudes A,-+A4;, 4,— 4,
A,, we find the expressions:
(16.1) A+ AT V2 MBE (4, K)ot ()™= L7 (1),
3t 1+ m2 — &* )
me -+ )R — 4]

16.2) AT — AY o —2M
(16.2) {[(t—

: [— VIR, Bt + Bl m)] — = el m)} $ (),

¢+ mi— kP )
I—mk -y — 4th]

16.3) A =2 M
(16.3) {[(
{ '\/25(6) t, kz ) o (2) "]" 165 12 k ] - :tl_ﬂ7(t7 kz)} §om® L),

where L™(t) = (1-exp [— imo,(#)])/sinmo,(t), o (t = m3) =0 and °, B;, f, are
the residues of the pion trajectory appearing in F,, F;, F, which are definite
parity hehmty amplitudes (2) free of kinematical singularities; with the super-
seript (e) in B we wish to emphasize that f, is different in the evasive or in
the consplratorial case.

Gauge invariance gives the known relation between f; and f;:

17) ﬂ5(t7 7{;2) = _%(t_mi + kz)ﬁ'z(t’ kz) .
{

From eq. (16.1) we deduce also at ¢ = mj, the relation

lHm s(A57 + A7), _Z \/Z B (¢ =

§—>

mi, KM

(11) For experimental data on (z}%)> see: C.DE VRiEs, R. HOFSTADTER, A. JOHANS-
soN and R. HERMAN: Phys. Rev., 134, B 848 (1964): they give for 4/{ry,> the two
values 0.81 and 0.77 fm.

For the ones on 2> see K. BERKELMANN, ef al.: Measurement of the pion form
factor, Internal Report of the Laboratory of Nuclear Studies, Cornell University,
Tthaca, N.Y. He has found that within the errors the pion and proton charge
form factors arve identical and that the root-mean-square radius of the pion is
v/ T3 = (0.80 4 0.10) fm.
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which gives a sum rule simply by noticing that for t<mi, A,+4; 557"

with £>0, so that we can assume unsubtracted dispersion relations for 4,4 4,.
We get

o«

(18) 4;” Tm (A (v, 6= m, 1) + A (v, b= m, k%)) dv =

0

— 2‘/2 MY (t = mb, k) .

Comparing equations (8) and (18), we have

(19) 2‘“ 2V 805 — i, %) M = egFa(i?).

Let us remember that for every »

lim, (i —mg) A,(v, 1, k") = — egF(K*)
t—>'m,n-

but from eq. (16.3) one gets

8
oy (mz) k

. 1
(20) i, (= m3) Aut 1, ) g Pl =i, B,

v—>m

where ap(m2) = do, [dt—p2, 50 we conclude

8M 1 . \
(21) Tt T o oy P = e ) = g (i)

and then from eq. (19)

(22) = m, 1) = — ¥

(dmi — k) or(ma) Bo(t = mi, K7) .

Equation (22) was also obtained for k2= 0 by BALL and JACOB as a neces-
sary condition in order not to have kinematical singularity at k* =0 in the
amplitudes 47,

Equations (17), (19) and (22) fix completely the three residues B3, f; and
B, at t=m2 for any k*, i.e.

ey
242 M

(b= mz, k') = — Fr(k),

ey

(23) B (=m0 = 2%

(8 — dm) B on(m%) Fr(K®) ,

ey

Ba (t=mz, k*) = — Y]

(k® — 4m?) o (m2) Fr () .
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Equations (23) together with (16.1)-(16.3) determine completely the Regge
behaviour of A7, A7, A7 in the near forward direction, also in the electron-
production case.

In the conspiratorial case, we have to consider in the expressions of our A{™
also the amplitudes F, and F,, to which the conspiring scalar trajectory con-
tributes, so we get for A7 +AS?

_ _ M ft—mi + E? 1+ exp[— ()] e
( ) (—=) 2 (X (¢)—1
(24) + 4§ { T g P B0 +

1+ exp [— dme’ ()] sy
sin o ()

3800, 1)oaty LR (D) s“"""l} ,

+ = (t— ma -+ k) Bs(t, K)o’ (2)

sin oo ()
with
8

Ba(t=0,1") = W (mE — 1)

O (t=0, kz) and  a’(0) = o (0) .

Just looking at eq. (24) one can see easily that, as announced, the agree-
ment between eq. (8) and eq. (9) still holds. Note that gauge invariance gives
again eq. (17) and mno constraints on B, 2 and B;; but we have for g at
k* =0 the analogue of eq. (22), i.e.

(¢

(25) Bo(mZ, 0) = — doq (m2) B,

11,-(

furthermore, also in this case, eq. (21) is valid.
Following the previous procedure in deriving eq. (19), it is immediately
seen that eq. (18) would hold in the form

AM [ 8M
(26) 7flm (A + A )y o = — o f0(m, )

T

if of(F=m)<0, if a’(t=mg)=0 we would obtain

M
i f (A5 AL O = — Ok, 1) +

1 k2 2 e M .
+I:~5Mﬂl(mmk)ﬂminkm(m"’k)]

if on the contrary «°(t = m2)> 0, we cannot obtain in this way any relation
of this kind.
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But in the finite-energy sum-rule philosophy (12), we can write for every o’(m?)

=

4
(28) j:[ Im (A (v, t=mi, k*) + A (v, t = mi, k%)) +
0
1 k> Sm2 1 .M> ol
+ 5 T P ) QD) TR  =  IBn, 1) 2 07) R
18M
T T A mk 27 (m, B°) .
™

Let us point out that in saturating the sum rule (eq. (8)) one should take
into account in this case the presence of the pion conspirator, so that eq. (14)
should read

4 v
(29) _g{ f Im (A (v, ¢ = mz, k°) + A (v, t=my, k%)) +

1 k?

+7—I( 4M2 131

i NI R, )2 27) )~ gl

for every o(ml) except for the value «’(ml) = 0, since, as already noted, in

this case one cannot interchange the limit #—m2 and the integration in g,
so we shall obtain again eq. (14).

Now comparing eq. (28) with eq. (29) if «’(ml)~ 0, we obtain the rela-
tion

Mo,
(30) egln(l’) = — — = 3" (mze, 1) 5

(3
while if «’(m;) = 0, we have to compare eq. (28) with eq. (14), obtaining

k2

(1) egPull?)=— Do B 1) — s T i, 1)

e
2 kzﬁs(m?n k2) .
i

ko sk

We are deeply indebted to Prof. N. CaBrBBo for his constant advice
throughout this work and to Prof. C. RossETTI and Dr. L. MATANT for helpful
discussion.

(*?) R. Doren, D. Horx and C. ScaMID: Finite energy sum rules and their applica-
ion to wN° charge exchange, preprint Calt 68-143.
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RIASSUNTO

Si propone un metodo per ottenere una regola di somma per il fattore di forma
elettromagnetico del pione. Numericamente si ottiene F (k%) =~ Fi(k?). Si ricavano inoltre
alouni risultati sui residui della trajettoria del pione a = mZ e per ogni %2, nel caso
di evasione e nel caso di cospirazione.

TIpaBnito cymm A8 JeKTpOMArHMTHOrO (opM-haxTopa MIOHOB.

Pesrome (*). — IlpennaraeTcsi METOH IMOJIyYEHHs OPaBHUIIA CYMM IS BIIEKTPOMArHWT-
goro Qopm-(axTopa MIoHOB. YJHCICHHEIE BEMECICHHMS maroT. F(k?) ~Fi(k)., B «xom-
COMPATHBHOM » W « HEYJIOBAMOM » CIyYasX TAKXKe MOJYYSHHI HEKOTOPBIC Pe3y/bTaThbl
OTHOCHTENIBHO BHIMETA sl TPAEKTOPHH IHOHA HpK b==m. O Kaxmoro k2.

(*) Ilepesedero pedaryuei.
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