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In the past few years a great deal of experi-
mental effort has been devoted to study accurate-
ly the elastic scattering of strongly interacting
particles, at high energy and large momentum
transfers. Several experiments [1-5] have meas-
ured particularly the proton-proton scattering,
where a very high accuracy has been achieved
because of the high intensities of proton beams.
A considerable amount of very precise data,
with a close spacing of the data points, ar now
available. Any reliable theory must be able to
reproduce these results. Many speculations con-
cerning high-energy processes have been made
{e.g. 6], and a wide range of models and ideas,
more or less accepted, have been suggested.
Many attempts [3,7-9] have been also done to
search for a suitable universal function which
would represent all the large momentum transfer
data.

In the present note we wish to make the fol-
lowing observation. Let us assume the nucleon
as a complex object having an internal structure.
At high energies and as the momentum transfer
becomes higher, many different channels are
open, so that the probability that the nucleon does
not break up will decrease more and more. This
picture, together with the Bolzmann's statistical
definition for the entropy of a thermodynamical
state, namely

S=klogW (1)

in terms of the probability W for the occurrence
of the state, has led us to the following assump-
tions:

(i) For hard collisions each process can be
described in terms of the entropy which grows up,
with the different channels that are open, to a
maximal value which depends on the specific
process.

(ii) The number of channels open, and there-
fore the entropy, are an increasing function of
the momentum transfer #, for fixed energy in the
center of mass system (C.M.S.).

By making these hypothesis, we find the fol-

234

lowing formula for the differential cross section
for the elastic nucleon-nucleon scattering:
W 2 exp {-(VT+V3)/ T} (2)
d? P4
where ¢ is the momentum transfer, s is the
square of the total energy in C.M.S., p is the
nucleon momentum in C.M.S., A and T are two
constants.

The formula (2) is valid in asymptotic condi-
tions, and shows the following features:

a) It is relativistic invariant.

b) It is consistent with the upper limits which
have been set on the scattering amplitudes by
Cerulus and Martin {10].

c) It is in a very good agreement with the ex-
perimental results, when it is compared to the
asymptotic proton-proton scattering data.

More explicity let us now define Pyg(f) as
the probability that a nucleon does not break up
when the momentum transfer takes the value £.
The assumptions (i) and (ii) suggest the follow-
ing equation:

dPNB(t)/PNB(If) = -dW/W = -dS (3)

where dPyg(#) is the variation of Pyg(f) when ¢
is increased by an amount df, and W, which is
proportional to the channels open at £, is de-
fined by eq. (1). We assume for simplicity & = 1.
By integrating eq. (3) we obtain:

t
Pyl =P, expg— tf() dSE =P, exp[-S(£)-S(0)] .(4)

The expression (4) must be associated to each
nucleon which, emerging from the interaction
region, will not emit pions, kaons, giving in this
way. an elastic event.

We want to calculate now the probability that,
for a process of elastic scattering, the final
state will be characterized by a value of the mo-
mentum transfer between f and ¢ + df. In order
to achieve this, let us recall that the system,
during the interaction, will proceed to states of
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greater probability, or maximum entropy. This
state, for fixed energy, will be realized at the
maximum value of the momentum transfer, ac-
cording to the assumptions (i) and (ii). We can
however observe some fluctuations. In particular
let S(f) be the entropy of the state characterized
by the value ¢ of the momentum transfer, and
S(#,) the maximum value of the entropy, attained
at = {;. Then thermodynamics tells us that the
probability dP of the parameter £ to have a value
lying inside the infinitesimal interval df is given
by the equation

dP = f exp[S() - S(Z,)] d¢ (5)

where the function f is a distribution F(#) whose
size must be chosen so that the integral of dP
over all physically realizable values of f amounts
to unity.

We are now able to write down an expression
for the overall probability dr for an elastic scat-
tering process with the momentum transfer lying
between ¢ and ¢ + di:

dr= [ 2 exp [S()-S(t,)] Py () Pp(£)atde 5(¢-1')
(6)

where PNg(f) and Pyp(f') refer to the two par-
ticles present in the final state, and the d-func-
tion has been used to impose a correlation be-
tween them. The term exp [S(f) - S(,)], more-
over, has been counted only once, because the
fluctuation concerns the system ags a whole.

By approximating f ~ (const/pz), we obtain
from eqs. (4) and (6) the following expression for
the differential cross section do, which must be
proportional to dm:

do/dt = (C/P%) exp[-S(8) - S(t,) +2S(0)]  (7)
where we have grouped all together the constants
in C.
In the C. M S., if 8 is the scatterlng angle, we
have ¢ = 2p (1- cos@) and £, = 4p

We want now to calculate the explicit expres-
sion of S(£). Let us write:

3S/3(2E) = $(3S/3t)(3t/9E) (8)

where 2E is the total energy in C.M.S. We de-
fine T, the "temperature” of the system, as fol~-
lows:

1/T = as/a(zE)lt:t0 . 9

We assume that in asymptotic conditions T
will attain a constant value *. Then by integrat-
ing eq. (8) at £ = £, S({) being a function of ¢
alone, we finally obtain:

S(t) = V#/BT (10)

where 8 = p/E. At high energies we shall put
g =1.

Consequently the exponential part of the right-
hand side of eq. (7) can be written:

exp [-S(t)-S(t,)+2S(0)] = exp [-(VE+Vi,)/pT] . (11)

Eq. (10), together with (11) allows to express
the differential cross section in terms of a well
defined function of alone.

Finally, taking {, = 4p” = s, we arrive to eq.
(2). This formula presents a very interesting
feature, that is the momentum transfer ¢ and the
square of the C.M. total energy s play a com-
pletely symmetric role.

For proton-proton scattering, however, be-
cause of the two identical particles present in the
final state, the experimental data must be com-
pared with the quantity:

do do do
L) L e
p-p
which can be written as
(d_O -
% o-p (13)
= p% exp[-Vs/T] {exp[-V{/T] + exp[-Vu/T]}

where « is defined as: u = 2p2(1 +¢08 0).

In table 1 are listed all the experimental data
for ¢ 2 8 (GeV/c)2, and, as an indication, some
data for ¢ < 8 (GeV/¢)“. The experimental cross
sections are compared w1th eq. (13), which is
calculated for B = 3.86 X 10° ub/sr and T = 0.544
GeV. In fig. 1 the same points are plotted as a
function of £. For simplicity we have reported
only a part of the data of table 1.

By inspection of the data we can deduce a value
of t, {th ™ 8 (GeV/c) , so that, for £ 2§y, we
note a very good agreement between the theory
and the experiments. We can say, therefore,

* See for more details refs. 11 and 12. This assumption
does not mean that we put ourselves in the frame
work of the usual statistical models. Previous statis-
tical theories [12] do not explain quantitatively the
elastic scattering. The exp(-p,) distribution for in-
stance, which has been used previously to fit the
large angle data, cannot be applied rigorously, to a
two-particle decay of a *fireball®, which is quite
isotropic. The fact, besides, that experiments [2]
have found no Eriscon fluctuations [13], does not ex-
clude the existence of the fluctuations, we have con-
sidered by deriving the formula (2).
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Table 1
Differential cross-section do/dS2. m units of 10730 cm2/sr, as function of the incoming lab. momentum p,, and the
C.M. scattering angle 6. (dO/dQ)th, in the same units, is calculated with eq. (13).

b, Ref. .M. ot (dor/dQ)eXp (do/ Ay,
(GeV/c) (deg) (GeV/c)2 (1073 Lb/ster) (103 ub/ster)

9.2 5 68. 4.87 264 % (3-4)% 200

9.2 5 71. 5.26 200 * (3-4)% 174

9.2 5 75. 5.78 148  # (3-4)% 148

9.2 5 80, 6.44 111 = (3-4)% 125

9.2 5 90. 7.79 105 + (3-4)% 109
10.1 5 65. 4,99 169  * (3-4)% 122
10.1 5 68. 5.40 128 = (3-4)% 104
10.1 5 71. 5.82 93.4 % (3-4)% 90.5
10.1 5 75, 6.40 73.1 + (3-4)% 75.5
10,1 5 80, 7.13 60.0 £ (3-4)% 63.5
10.1 5 90. 8.63 51.6 + (3-4)% 54.8
10.2 4 90, 8.73 44,1 £ 4.8% 50.5
10.4 4 90. 8.91 38.6 & 4.7% 43.5
10.6 4 90, 9.10 35.6 = 4.8% 37.6
10.8 4 920. 9.29 30.3 + 4,9% 32.8
11.0 4 90. 9.47 28.4 = 5.5% 28.2
11.1 5 68. 5.98 57.2 + (3-4)% 52.5
11.1 5 71, 6.45 46.5 £ (3-4)% 44.0
11.1 5 75. 7.09 38.4 = (3-4)% 37.4
11.1 5 80. 7.9 33.5 + (3-4)% 31.2
11.1 5 90, 9.57 30.4 £ (3-4)% 27.0
11.2 4 90. 9.66 25.5  5.4% 24.8
11.4 4 90, 9.85 20.2 + 5.4% 21.2
11.6 4 90. 10.04 19.0 + 5,2% 18.5
11.8 4 90, 10.22 15.3 + 5.4% 16.0
12.0 4 90. 10.41 14,3 £ 5,4% 14.0
12.1 5 65. 6.06 35.7 £ (5-6)% 31.8
12.1 5 68. 6.57 29.8 = (5-6)% 27.4
12.1 5 1. 7.08 25.2 % (5-6)% 23.2
12.1 5 75 7.79 19.2 = (5-6)% 19.0
12.1 5 80, 8.68 17.3 =+ (5-6)% 15.7
12.1 5 90. 10.50 16.6 = (5-6)% 13.1
12.2 4 90. 10.60 11.8 +5,3% 12.2
12.4 4 90. 10.78 11.6 + 5.4% 10.7
12.6 4 90, 10.97 9.53 + 6.3% 9.37
12.8 4 90, 11.16 8.67 = 5.7% 8.20
13.0 4 90, 11.35 7.39 £ 5.9% 7.20
13.2 4 90, 11.53 7.22 = 7.1% 6.30
13.4 4 90, 11.72 5,25 + 5,7% 5.50
14,25 3 67. 7.63 7.58 £ 0.23 7.85
14.25 3 1. 8.44 5.86 % 0.19 6.15
14.25 3 77. 9.70 4.36 = 0.14 4.54
14.25 3 90. 12.52 3.31 £ 0.09 3.24
16.9% 2 67. 9.14 1.83 £ 0,04 1.83
16.9 2 70. 9.87 1.44 + 0.08 1.48
16.9 2 72. 10.36 1.30 + 0.05 1.30
16.9 2 75. 11.12 1.10 = 0.04 1.08
16.9 2 7. 11.62 0.94 % 0.03 0.972
16.9 2 80, 12.39 0.84 = 0.04 0.837
16.9 2 82, 12.91 0.78 £ 0.03 0.775
16.9 2 85. 13.69 0.74 * 0,04 0.708
16.9 2 90. 15.00 0.68 *0.05 0.665
19.3 3 64. 9.69 0.682 * 0.029 0.680
19.3 3 69. 11.06 0.419 + 0,026 0.461
19.3 3 75. 12,78 0.270 = 0.020 0.302
19.3 3 90, 17.24 0.188 = 0.017 0.178
21.3 3 66. 11.34 0.220 * 0.018 0.224
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Table 1 continued.

o Ref. fo M. ¢ (do/dS) o, (do/dyy,
(GeV/c) (deg) (GeV/c)2 (103 b/ ster) (10"3 ub/ ster)
21.3 3 70. 12.58 0.135 + 0,011 0.162
21.3 3 75. 14.17 0.101 * 0.008 0.111
21.3 3 87, 18.12 0.061  0.009 0.0645
12.9 1 72.1 7.80 9.83 (2% 13.2
18.2 1 58.8 7.80 2.52 17.7
25.0 1 49.1 7.80 0.978 ® 0.230
11.4 1 90. 9.90 224 (0% 21.4
14.2 1 78.4 10.00 510 4.35
20.9 1 62.1 10.00 0.484 7 0.375
28.7 1 52.0 10.00 0.147 (3% 0.042
30.7 1 53.7 11.12 0.0447 0.0162
19.6 1 70.2 11.56 0.282 ° 0.362
16.0 1 81.4 12.01 1.54 (fgg)% 1.32
+30,¢
23.8 1 65.2 12.46 0.0841( 307 0.0785
21.9 1 73.1 13.94 0.0690 " 0.0961
18.0 1 86.0 14.50 0.365 (fgg)% 0.374
+30,,
26.6 1 68.1 15.06 0.0146( 30)% 0.0183
+35,,
26.2 1 77.9 18.77 0.00518(_30)/( 0.0096
+30
21.9 1 90.0 19.65 0.0515 (*30% 0.0467
31.8 1 72.8 20.38 0.00092(* 10y 0.00149
30.9 1 82.4 24.39 0.0011 0.00101

¥ The data of ref, 2, on divided by a normalization factor of about 1.1,

that for £2 4, we are in asymptotic conditions.
The agreement gets worse for £ < 8 (GeV/c)

and fails completely for ¢ << f1,. This can occur

at fixed energy, by decreasing ¢, or alternatively
at fixed 6, for instance at 0 = 900, by decreasing

the energy.

tions he made for its improvement.

The discontinuities, or breaks, in the dif-
ferential cross section, in particular, discovered
by Akerlof et al. [4] and afterwards studied by Al-
laby et al. [5], are exactly in this region. The
above asymptotic considerations cannot, there-
fore, be applied here. As a final remark, we
want to emphasize that eq. (13), in the momentum

transfer region defined above, provides the most
accurate fit to the p-p elastic scattering data.

I am greatly indebted to Prof. N. Cabibbo for
his interest in this work and the many sugges-
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Fig. 1. Differential cross section (do/d§?); in units of

10730 ¢m4/sr, as function of the squared four momen-

tum transfer £. Dashed lines connect the experimental

points with the same value of p,. The full lines result
from eq. (13).
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