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ABSTRACT. -

The kinematical constraints at t = O are derived for an important 
class of reactions. The factorization requirements for the Regge pole re
sidue functions are studied. The "minimal" behaviour at t = O of the Regge 
residue functions, consistent with the kinematical constraints and the fa~ 
torization, is given. The results are compared with those obtained in the 
group theoretical approach. 

r. INTRODUCTION.-

';rhe success of the Regge poI e theory in the description of the strong 
interaction physics has given rise during the last years to an intense ana
lysis of the crossing symmetry and the analyticity properties of the heli
cityamplitudes. Starting from the results obtained in this field, the kinem~ 
tical singularities and zeros can be investigated. Using these two properties 
and following different ways Y. Hara(1) and L. L. Wang(2) evaluated the 
kinematical singularities of the parity conserving helicity amplitudes. The 
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part of the program which was not completed by these authors was to 
obtain a prescription for alI kinematical zeroes. These further zeroes of 
sòme suitable combinations of helicity amplitudes were found by Cohen 
Tannoudji et al. (3) in a very extensive paper using the formalism of the 
transversity amplitudes. 

(L 1) 

In this paper we consider the series of reactions: 

S+N ..... J +N 

N+N_N+N 

S+S· .... J+J 

where N is a nucleon and J(S) is a 'spin J(S) and mass mJ(mS) particle with 
m J i ms i nucleon masso Then, using Wang ' s formalism, we evaluate the 
"minimal" behaviour of the Regge pole residue functions satisfying analy' 
ticity, crossing symmetry and factorization. 

In Section II we write down, in terms of the helicity a.mplitudes, 
the kinematical constràints at t = O for the reactions of type of (L 1). The 
details of the calculations are given in the Appendices A and B. 

In sec. III we write down the factorization requirements near t = O 
for the Regge pole residue functions free from any kinematical singularity. 
Finally in Sec. IV we study the consequences of the factorization and of the 
kinematical constraints. We find a finite number of "minimal" solutions 
characterized by a number M for the Regge pole residue functions. Then 
we compare our results with those 01' Cosenza, Sciarrino, Toller (CST)(4) 
and find full agreement, at least in the limit wherewe. neglect the daughter 
traj ectori es. 

In this work we will unevitably cover some arguments partially 
treated previously in the literature( 5). 

This program, extended to any type of reaction takes into account 
in a very generaI way of the constraints imposed byanaliticity. crossing 
symmetry and factorization, and therefore submits the Regge pole theory 
to more and more stringent tests. 

II. CONSPIRACY RELATIONS. -

We shall use the formalismof L.L. wang(2) denoting by f~'AI;Dlbl 
a helicity amplitude for the t-channel reaction D' + b' -... C I + A'. Helicity 
amplitudes free from kinematical singularities in sand t must be used 
in the derivation of the constraints. The first step is to define amplitudes 
free from kinematical singularities in s: 



(II. 1) 

where \, =D'-b' •• ) =c'-A' 1\ , ;fV\/ • 

Theh the works of Hara(1) and Wang(2) show how one can remove 
the t kinematical singularities from the amplitudes formed into "parity 
conserving" combinations. The Wang result can be written: 

(II. 2) 
--t -t .+ ""'t+ 
fc'A';D'b' ±. f-c'-A';D'b' = K~'A';D'b' (fc'A';D'b') 

where K±(tll is a known factor containing the kinematical singuiarities at 
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t = O. The anaIyti'city requirements and the crossing symmetry will provide 
additionai kinematieai zeroes at t = O in certain linear combinations of the 
parity conserving. helicity amplitudes. We consider first the set of the rea~ 
tions S + N .-..J + N where N is a nucleon and J(S) is a spin J(S) and mass 
mJ(mS) particie with mJ"f mS 7' nucleon masso We suppose in the following 
that J ~ S. 

Th,e kinematicai constraints for these processes at t = O are glv:en by: 

(II. 3) i f (+)t _ f (-)1: 
c'A';-i-i c'A';t! = O(t) 

for any c' and A' satisfying the inequality c' tA' and by: 

(II. 4) 
i IV (._) t '" (-) t _ 

-2- fC'A;t-t - fc'A'; ti - O (t) 

for any c' and A' satisfying the equality c' = A'. The details of the deri
vation of these c_onstrairtts are given in App~ A. The sign (±) refers to, the 
dominant parity(x) exchanged in the t. channei of the reactions S + N J + N, 
following th~~ notations used in Ref. (6). The number of the independent 
constraints (II. 3) i8 given by J (2S+1), while the number of thoae (II. 4) is 
given by (2S+u)/2 with 

(II. 5) 
if 

if 
OJ 6"S=1 
6'J 6 S =-1 

where "J = I J( _1)J and '1 J is the intrinsic parity of the particie J. 

We next, consider the reactions of the type of S + S ..... J + J and 
write down the constraints that must be satisfied at t = O: 

( t(+) t(-) m(À "r-') 
II. 6) fc'A';D'b' + fc'A';D'b' = O (1: ) 

(x) Note that this (±) sign in generaI is different from that defined in Eq. (II. 2). 
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for ).' and fo' satisfying the conditions 'AI 10 and jL' 10. The details 
of the calculations are presented in App. B. . 

Finally we write the constraint in N + N --Ilio N + N 

(II. 7) 

The derivation can be found in Ref. (7). 

If only Regge poles contribute to the scattering amplitudes the 
additional kinematical constraints can be satisfied in either of two ways: 

a) Each of the two amplitudes involved in an equation has an ad
ditional factor of t in the residue: in this case the relation is trivially sai:!. 
sfied (evasion). 

b) The amplitudes f involved in the kinematica.l constraint go to 
a cbnstant when t -+ O; this implies a relation between the intercepts o{ (O) 
aridthe residues ~ (O) of the various trajectories whieh contribute to the 

.. f (conspiracy). We can think of two mechanisms for the conspiracy: 

1) There are two Regge poles whose traje.ctorie,s and residues are related! 

att=O. (58) 
2) Daughter trajectories' can combine with the mother in order to 

satisfy the constraint relation. 

In the group theoretical approach(9 -12) a conspiracy between tr~ 
jectories of different spin-parity iscalled Class III and this is needed in 
order to satisfy relations (II. 3) and (II. 6)(x). A conspiracy between trajec 
tories of the same spin-parity P = (-1 )J+1 is called class II and is needed 
for the relations (Il-4). 

Class I contains only non conspiring P = (_1)J trajectories. 

III. THE REGGE RESIDUE FACTORIZATION NEAR t = 0.-

The parti al wave expansion for the parity conserving helicity am 
plitudes, free from s kinematical singularities in given by(6): -

(III. 1 ) f (±) t ~ Co J + J + J -" J~f:' J 
c'A';D'b' = 7(2J+1) e,\}'- Fc-;-A';D'b'+ e).,p.. Fc'A';D'b' 

where the eJ ± functions are defined in Ref. (6). 

(x) - We are considering here onlythe asymptotic behaviour in s. 
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The contribution of a single Regge pole to the previous amplitudes 
is given by: 

(III. 2 ) 

where K ± is Wang' s kinematical factor, N is the maximum between lÀ'" 
and I)A-'I ' and O ~'A"D'b' is the residue free from kinematical singular.! 
ties att=O. ' 

Here and in the following we omit the signature faetor which is 
not essential for our considerations and we assume that the Regge repre
sentation survives at t = O beeause the daughter trajectories come ihto 
play(8) . 

Now we impose the factorization conditions for the residue functions 
of the Regge poles. 

The objects which factorize are the residues of the individuaI po 
+ -

FJ-- ; therefore in our case the residue is: 
c'A';D'b' 

les in 

_ :1:. + o( ±(t)-N 
(III. 3) K c'A';D'b' (t) O~'A';D'b' (t) (Pe'A' PD'b') 

Hence if reaction 1 is D' + b' ~c' +A', reaction 2 is D' + b'- D' + b' and 
reaction 3 i8 c' +A'·-Io c' +A' the factorization theorem ean be stated as: 

(III. 4) 

+ 
In Table I we give the behaviour of the factQrs Ki (t), while the behaviour 
near t = O of both sides of equation (III. 4) is given in Table II a for the 
reaction S + N ..... J + N and in Table II b for the reactions S + S ..... J + J and 
N+N .. N+N. 
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IV. RESULTS AND COMPARISONWITH TRE CST APPROACH.-

In this section, under the assumption that only moving poles{x) 
are present in the complex J pIane, )VIF give the behaviour of the Regge 
pole residues near t = O allowed by thekinematical constraints and the 
factorization theorem. ' 

In the following discussion we will consider only the asymptotic 
term in sand wewill neglect the daughter trajectories:: this assumption 
implies,.as wewill.show below, thatno class II conspiracy exists{o). 

In generaI, from a given solution to all the constraints, one can 
obtain·other solutions by increasing the number of powers ofsome of the 
Regge pole residues intheoriginal solution. If a given solution cannot be 
obtained from another solution in this way, we shall caH it "minimal". 

The " m inimal"soluti.ons for the Regge pole residue functions 
for the reactions with unequal masses of the type S + S -+- J + J are given by 
(Appendix C): 

(IV. 1) t 
J Ip_'1 - M \ 

while those for the process N + N --J> N + N can be written as: 

if 
À' 

(J'" (-1) = 1 

(IV. 2) 

if 

, 
ti' (-l). =-1 

M is a number which we introduce to label the "minimal" solutions. It 
can assume all the integer values between O and the Maximum (l;J+S). 
When M = O the expression (IV. 2) for the (-) functions must be slightly 
modified (see Appendix C). The qehav:iour of the other residues involved 
in the set of reactions (I. 1) can be obtained using the factorization condi
tions (see Table III a for M = O and Table III b for M t O). 

We can thus generalize to the set reactions (I. 1) the results that 
we obtained in the case of the vector meson pl~.otoprodulCtion(13) and the , 
other related channels. 

Natural parity Regge poles, like P and P', whioh are necessary 
to explain the high ener;gy behaviour o~ the total nucleon-nucleon c.ross se~ 

(x) - In principle there can be other contributions which are not requested 
to factorize such as branch cuts or Regge poles which be come deg~ 
nerate at t = O. 

(o) - We are indebted to Pro!. M. Toller and Dr. G. Cosenza for a very us~ 
fuI discussion about this point. 



ticn, must satisfy the constraints be evasicn: cn1y in this case in fact 
cau they give a ncn vanishing ccntributicn tc the imaginary part cf the 
amplitude f.t!.t 11' In cther wcrds they are characterized by the va1ue 
M=O. 22,22" 
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These results agree with thcse derived frcm the Lcrentz cr 0(4) 
symmetry cf the scattering amplitude. ' 

FolIcwing the nctaticns cf ref. (10) such pc1es, wcu1d be1cng tc a 
fam:ily cf po1es with M = O, 1:: = 1, S" = 1. Thes e trajectcries never ccnspi. 
racy in the grcup thecretica1 apprcach. This is the c1ass I. 

We ncte that the ccnstraints (II. 4) have, tc be satisfied by evasicn 
fcr any value cf M; wh:ile, fcr the ccnstraints (II. 3) and (II. 6), ccnspiracy 
and evasicn are bcth alIcwed. In particu1ar we find that fcr M = 1 alI the 
ccnstraints (II. 3) and (II. 6)(x) are satisfied by ccnspiracy. This is a class 
III ccnspiracy. 

For va1ues cf M> 1 scme ccnstraints are satisfied by evasicn, 
cthers by ccnspiracy. We remark cnce mcre that in this apprcach, the 
cn1y pcssibility cpen is a parity dcub1ets ccnspiracy mechanism: the 
c1ass II ccnspiracy requires the presence Cl daughter trajectcries, with 
singular residue functicns, which are not inc1uded in our fcrmalism. 

Using 0(3" 1) symmetry and some further hypcthesis eST were 
ab1e tc give the behavicur of Regge pcle residues near t = O satisfying 
the kinematical ccnstraints and the factorization thecrem in any kind cf' rea~ 
tions. 

In the case cf the unequal mass scattering their result agree with 
(IV. 1), where now M is the Lorentz quanturn. number (see for instance 
Ref. (lO». By ccmpariscn cf our results with thcse cf eST we can under
stand the physica1 meaning cf the number M that previcus1y was intrcduced 
in crder tOi c1assify the varicus "minima1" sc1uticns. 

In the case of the equa1 mass scattering the eST' s result does 
nct agree with (IV. 2). This is due tc the fcllcwing twc reascns: 

1) The eST scheme takes account autcmatically cf the daughter trajectc
ries, wh:ile we neg1ect them. 

2) eST use too restrictive hyPctheses which causes the identica1 vanishing 
cf scme Regge residues(C). 

It wou1d be interesting tc use these resu1ts in the phencmenc1cgica1 
fits in crder to submit the Regge pc1e theory tc mcre and mcre stringent 
tests. 

(x) - i. e. thcse ccnnecting amplitudes dcminated by Regge poles of diffe
rent spin-parity. 

(c) - We were infcrmed by Prcf. M. Tcller that very recent1y the cbtained 
a more generaI scluticn in which no. identically zero. residues are presento 
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APPENDIX A -

The method used for deriving the kinematical constraints in the 
channel S+N ...... J+N is due to Cohen- Tannoudji, Morel and Navelet(3}~ 
Let us consider the process 

(A.1) S (a) + N (b) ..... J {c} + N (d) 

where the expressions between brackets refer to the helicity of the corre 
sponding particle. The t-channel of the reaction (A. 1) is: 

(A.2) N (D') + N (b') ........ J (c') + S (A') 

The helicity amplitudes of the processes (A. l) and (A. 2) are related, 
through the crossing matrix(14}, by 

-s (Qs)-IÀ -fol( Qs )-l~+;-I - S t J 
f d', 'b = sen -2 ' cos -2 / dA' (xa) db'b (xb}dc'c (xc) x 
c ,a A'b' c'D' a 

(A.3) 
Q lÀ' - l.L'I Q 1>-. ,+ u'l .i ' ( ~) /'-' ( _t) /--t 

x dD'd (xd ) sen 2 ' cos 2 fc'A";D'b' 

where cosxc ' cosxa ' cosQs/2, senQs/2, cosQtl2, senQtl2 ar,e regular 
functions near t = O" while cos x b and cos x d are singular near t = O. 

Dr:awing out the singular behaviour at t = O the rotation matrices 
related to the two nuc1eons can be written near t = O in the form: 

(A.4) 
(

i -1) t B(D) 
d . (cos xb(d» rv 1/4 . 

(-t) 1 1 

(A.5) 
[ 

2 2 J j" M (m -m ) 2" 

B(D)= JS 

2 [s-(mS(J)-M)~l [s-(mS(J)+M)2J 

and M is the nucleon masso 

For sake of simplicity it is convenient to dèfine, for any c' and 
A', the following system of equations: 
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(A.6) 

c'A' 
G

bd 
= 

X~OS :t) 

x 

N( À ' ') 
where N(À',,fiA.-')=maximum (I>-"I,lf'l) andthefactor (i) ,)J- comes 
out from the behaviour of cos Qt/2 and sen Qt/2 at t = O. 

Since the rank of the system (A.6) is one it is sufficient to consi
der only the equation which is obtained for b = d .-: t, so that we have 

(A.7) 

"'t t N(f',l)] 
x(f 'A,.:!._l+ f 'A"-'U} (i) c '2 2 c , 22 

Because all the parity conserving helicity amplitudes which enter in the 
expression (A. 7) have the same t- i singularity near t = O in the Wang 

'\.I 
formalism, we substitue f for f. If now weput the relation (A. 7) into (A.3) 
we see that we must have 

L 
c'A' 

J S [N( f" , O} t t 
d , (x ) dA' (x) (t) (f 'A,.ll-f 'A" .1. 1) -c c c a a c , 22 C , '-2 - 2 

(A.8) 

in order to not have a kinematical pole at t = O which is forbidden because 
the left hand side of the equation (A. 3) contains quantities free from kine
matical singularities in.t. 

Because of the presence of the d~ functions the determinant 
of the system (A. 8) is equal to a finite value; therefore the only allowed 
solution is: 

N(,tAJ,O} t t . N(,f',l) t t _' 
(A.9) (.i) (f 'A'.ll- f IAI'_'_.J,}-l(i) (f IAI.'_1.+ f 'A'._l~-O(tJ 

c '22 c , ~ 2 C '~"2 C , 22 

for any c' and A'. 

The conspiracy relations (Il. 3) and (II. 4) follow from (A. 9). 
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APPENDIX 13 -

The kinematical constraints between the t-channel helicity ampli 
tudes ofthe reactions: 

(13.1) S (a) + S (b) -;. J (c) + J (d) 

can be easilly obtained following the method of Cohen-Tannoudji et al. (3). 
In our case the crossing relation near t = O is gi ven by: 

(13.2) 

where cos ~ls/2, sen Qs/2 and the d)\}!_ functions are regular near t = O . 
.1.p, '-)-l,'I' ,}.. '- ,tI.. 'I 

The factor t 2 arises from the behaviour of (sen Qt!2) / 

near t = O. By standard resoning(l, 2) the f t 1\ b' appearing in (13.2) 
. c'.t'l';D' 

have not kinematic singularities in t; therefore from the crossing relation 

(B. 2) we cannot derive any constraint between the amplitudes i;'A'"D'b' 
at t = O. ' 

However it is possible to derive constraints between the parity 
conserving helicity amplitudes. In fact in terms of the parity conserving 
helicity amplitudes the expression (B. 2) becomes: 

n )-IÀ'-JJ.'I( n )-1)..1+ 1J'1 - s t1s' t1 s r"""ç""" S S J 
f d" l",(sen-;;;- cos-2 cC dA' (x )db'b(xb)d , (xc)x 
c ,a) \ ,-, A'b'c'D' a a c c 

(B.3) 

where we have written explicitely Wang's singularities, introducing the 
amplitudes jft free from any kinematical singularity at t = O. The factor 
M(À',/U,') istheMaximum between I>"'-r-" and/À'+J.I..". 

In order to not have additional singularities in the right hand 
side of equation (B.:3), which are not present in the Ieft hand side, we 
must have for t approaching zero: 

(B.4) f t + + f t - = O (t m ( À ' , fl ' ) ) 
c'A';D'b' c'A';D'b' 
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where m( À I, fL-') is the minimum between I.>.. I I and I,;. 'I . 
We r,emark here that in order to derive the constrain1:s for reac 

tions of the type (B. 1) it is really not necessary to use the crossing re
lation. In fact Frautchi and Jopes(15) were able to obtain, the kinematical 
constraints (B.4) using only the fact that the two sides of the identity: 

(B.5) 
-t -+t --t - --I 
fC'A';D'b' = t LfC'A';D'b' + fC'A';D'b'_ 

must have the same behaviour near t = O. 

APPENDIX C -

+ 
The residues Y- are free from kinematical singulari-

U c'A';D'b' ' 
ties near t = O; so that they behave, for t'1 0, as t m where m must ,be an 
integer positive number or zero. 

Therefore without lack ofgenerality wecan assume fIOr the Regge 
residues the behaviour presented in Tablea III and IV when t giQes to zero. 

Then the factorization requirements in TableIla reduce to the 
linear system: 

2 ai +Ifl-i \ - 1 = A· + l O 
2 bi + L.u'i I - 1 = B. + ~ l 

2 c. = 
l 

D· + ~ 
l 

(C. 1) 
2 d. = 1 + D· + t> l l 

2ei +1;\1 = B. + s;-
l 

2fi + lf'-i' = A. + ~ 
l 

2g. + 1 = C. + V 
l l o 

2h.=C.+o( 
l 1 

The minimal solutions of the system (C. 1) are given by: 

-M 
(C.2) 

~=O=IM-q 

if I~i'~ M 

if l )Jvd< M 

if l'fi' M 

and 

and 

(_.l)l,.iI·-M = 1 

(-.1) )p·d-M = - 1 



if 
(C.2) 

if 

(_l)M = 1 

(_l)M = - 1 

where M is an integer positive number which can assume all the values 
between O and the Maximum (J+8; 1). 

13. 

The solutions (C.2) satisfy the factorization conditions in the rea~ 
tions 8 + N~" J + N and N + N -+ N + N, but they are stilI inconsistent with the 
requiremen1:s of the factorization in the channel 8 + 8'-" J + J: 

(C.3) 

A. +A. 
l J 

A. + C. 
J l 

B. + B. 
l J 

B. + D. 
l J 

~IIÀJ -IJLjl( 
3- J)ij I 
~ llÀ d - I.P] Il 
-:;;. Il,1., i I 

These further constraints give the behaviour (IV. 1) and (IV. 2), 
where till now M can assume the values 0,1. •.• Max (J + 8, 1). 

These solutions satisfy all "class III" constraints. In order to sa
tisfy the "class II'' constraints for M = O, we have to modify the value of 
b, which must be equal to ft + 1. This implies that some residues in the 
J + N ...... J + N process take additional powers of t. 
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TABLE Il 

Ampli tude NN .-40 JS l~1 lA l Behaviour near t=o 
K

1
(t) 

a -tt 
fC'A' ;t-t 

1 f. O t-t 

b 
-t-
fC'A';tt O f. O t -t 

·-t- t-t c 
fC'A' ; t-t 

1 O 

d 
-t-
f c•A.;# O O t-t 

-t-
e 

fC'A' ;t-t 
1 f. O 1 

f 
-t+ 
fC'A';tt O f. O 1 

-t+ 
g 

fC'A·;t-t 
1 O 1 

h 
-t+ \', 

f C•A • ;H O O 1 



TABLE 12 

Ampli tude NN ~ NN iX -AI Behaviou.r near t=O 
K,,(t) ,-

-t+ even 1 
f -
.A;>' -

odd t 

TABLE 13 

.-

Ampli tude JS ~ JS Behaviour near t=O 
K

3
(t) 

t-tN 

ft± 
ft-;À 

N=Max(l ~ +.~I; l ~ --.Al) 



TABLE Ila 

I -! -Factorization conditions in NN --'!> JS 

+ 2 l,M-1-1 
('O~tA"C'A')( 1'~ 1 • .l. t) a (~C'A';t-t) t = 

, 2-2'2-

b 
; - )2 \P.1-1 

('l;·A' ;C'A') (7'!t;tt) ('ì'C'A'j-H- t = 

c (r;'A' ;t_t)2 = (O;UA"C'A')(~~ .l. • .l. t) , 2-2'2-

d (,O;'~.ou)2 = t (O ~'A' • C' A' ) ('q H' 11 ) 
J. '22 , '22 

e ('O;'A'o11)2 t \~\ = ('O;tA"C'A,)(d~ .l..1 1) 
'2-2 , 2-2'2-2 

f r+ 2 I~\ (O~'A"C'A')( tr~.11) ( C'A' oU) t = 
'22 , 22'22 

g r+ 2 t (<r~'A"C'A,)(6'i .l. • .l. 1) ( C'A·;t-t> = 
, -2'2-2 

h (O~'A •• u)2 = (~ ~ , A' ; C'A' ) ( 1'"#; tt) 
'22 

TABLE IIb 

Factorization conditions in JS ~JS 

1"'-

Factorization conditions 
lA-p. \ - -in NN ~ ... NN 

+ 2 + + 
(r;;~) = ( 'O~ ;,"')( 'O )..-;). ) even 

--
('O! )2 

+ + 
t = ( ~ ,; ;A ) ( r À- ; À ) odd p.. ;). 

-



TABLE IIIa TABLE IIIb 

Behaviour near t=O of the Regge pole 
residue in the reaction N+J-.N+S 

Behaviour near t=O of the Regge pole 
residues in the reaction N+J -? N+S 

a tai t a tai t (\LAil -M\+\M-1l- llAi l +1 )/2 

b tbi t b tbi t ( \ \ ,{.l.1 -M l + I M-1 \ -l,M . \ + 1 )/2 
1. 1. 

c tCi t C t Ci t
M 

d t di t d t di t (1+M+1 M-11)/2 

e t ei t e tei t (\ \Ai I -MI +M-lfoi 1 )/2 
I 

f tfi 1 f tfi t (l LlAii -Ml +M-IJAi1)/2 

-" 

I g I t gi I 1 
I h thi 1 
I l l 

I g I t gi I ttlll+IM-1l~1)/2 . 

I h thi .M I 
I I li . I I I 



TABLE IV 

Residue \ X, Behaviour near 
t = O 

+ 
°C'A';C'A' =I O t Ai 

+ 
d'C'A';C'A' O tCi 

't~'A' jC'A' .=1 O tBi 

O~9A';C'A' O tDi 

-

Residue Behaviour near 
t = O 

4#011 to( 
,2"2 

rt-l;i-l tI? 

0#.11 tO 
2,2"2 

t!-~~;l-t t d 
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