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Summary. — In this work we evaluate, for the process efle  —
—e*-+e~4-2y, the angular distribution of the two photons, their energy
spectrum. and the total cross-section for emitted photons of energy >e,
in the extreme relativistic limit.

1. — Introduetion.

In the attempt to observe two-photon amnihilation of electron-positron
pairs with- ADA (') a number of events were’ detected. in which the two-
photon coincidences between two lead-glass Cerenkov counters could be inter-
preted as due to the process of double bremsstrahlung

(1) e““—}—e“T>e++e“+2y.

If the energy of the incident electrons and. positrons is sufficiently high,
process (1) would dominate over two-quanta annihilation by a factor of the
order «?(E/m)? because under the conditions of the experiments the four-
momentum transfer between the colliding particles of process (1) is smaller
than the corresponding quantity for two-quanta annihilation. This property
of the process (1) allowed one to put it on the list of possible monitoring
processes, defined as collision processes between electrons and positron sin which
the momentum transfer could be considered sufficiently small, so that its
deseription by quantum electrodynamics with unit form factors and unmodified

(1) C. BerNarDINI, G. F. CORAZZA; G. D1 Giuegxo, J. Harssinski, P. Marin,
R. Querzori and B. Touscuaek: Nuovo Cimento, 34, 1473 (1964).
(2) P. D1 VeEccHia: Nuovo Cimento, 45, 249 (1966).

4483



9 o . p.pI vECOHIA and M. GRECO- - S 3200

propagators could be considered accurate. Besides it seemed that process (1)
presented some particular advantages with regard to other monitoring pro-
cesses (2). '

The crogs-section for process (1) has been calculated previously by
BANDER (3) and by BAYER and GALITSKY (%), but their results did not agree.
We set out to understand the reason for this discrepancy. In wview of the
lengthiness and complication of the kinematic part of the calculation this
investigation was performed along two independent lines by the authors.
The results will be compared with those published by other authors, so as to
obtain a complete picture of process (1). Our results agree with those obtained
by BAYER and GALITSKY.

2. ~ Results.

The Feynman diagrams contributing to (1) in lowest -order are obtained
by adding in all possible ways two.external photon lines to the two graphs
of the elastic scattering and of the annihilation.

In the high-energy and small-angle approximation only the leading. graphs
in Fig. 1a have been considered, the contribution of the graphs of Fig. 1d and
Fig. 1¢ being considered negligible. This is certainly correct for an experiment
which looks mainly at the photons in the forward-backward direction, but is not

er’vk‘ ﬁffk‘ JJJ‘ Nrfk‘
P P Py P, Py P Py Ry
p2 p/‘ pZ p‘c 'OZ pA pz pl‘

Fig. la. — Leading .graphs.

N i Nl & ;ﬁ?‘” -
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Fig. 1b. — Some negligible scattering graphs.

(®*) M. BanpEr: SLAC-TN-64-93 (1964).
(* V. N. Bayer and V. M. Garirsky: JETP Lett., 2, 165 (1965).

4484



L2[8211 0 7 DOUBLE PHOTON EMISSION IN efe~ COLLISIONS 3

Fig. 1c. — Some negligible annihilation graphs.

so obvious to hold for the total cross-section. The reason that makes the
annihilation graphs negligible can be inferred from an inspection of the expres-
sion of the photon propagator. Indeed the order of magnitude of the photon
propagator in the annihilation graphs is E(E—w,,) in c.m.s., while the prop-
agator of the scattering graphs goes to m? (m is the electron mass). The
resulting  cross-section  is

(2) a%p, d3p4 d-?'zl

T plpz — m‘*]* f

f ﬂ% 54(p1+p2-— Pa— Pa— ky— Z EIMIZ

Wy (pl_' Ps— kl) spin pol

where p;(p.) and py(ps) are the four-momenta of the incoming and outgoing
electron (positron), k,, &, those of the two photons and the maxtrix element M is

3 77 tetm?
(3) M = lps) Dy(p2)0(p2) O*0(p) 5155
with

_ ., vy kitm L v Pty kitm
(4a) D=1y, Y S eﬁ—y e ST

— Y Pa—yky+m —y Pty ik tm .

4b O = -6 -6 .
o w e 2(pak,) vty 2(p.ks) Ya

After elimination of the d-function the cross-section (2) becomes

(27z)* d3k1 ask,
5 0=
®) [(p1p)2— m* T
dps| Ps |- M IZJ
ae
f [dEf By By(pi— ps— k1)4x':§ol:agr:i 4 E¢=Ef’
P,=P,
where P,(E,) and P,F;) are the total momentum. (energy) of the system in

the initial and final states. The calculation of the integral () has been per-
formed in the center-of-mass frame, where F,= H,=F and p;=—p,.
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In order to obtain information about the high-energy behaviour of the process,
the special case in -which one photon follows exactly the direction of the
incident positron has been treated in detail. The cross-section for this forward-
backward emission is (?)

a1 — ) + (L — ) +

2,.2
(6) dors. = * 7o % %{3

7w Ly X

+ (12— wy) 1 + w3w§} p* dQ,dQ, ,

where @1 = w;./E and d£; s are the elements of solid angle of the two photons.
The result (6) is valid only for d@,. < =[y? and this is too strong a limiba-
tion on a detection device.

The total section, which gives the energy distribution of the radiation, has
been calculated from (B) independently by the two authors, who found
respectively

2 2
Boc'ry davy duy

(Ta) do= P
9 3
‘{1(1 — @) (1—x) + 5 [(1— &) 2, + (1 — @y)w3] + wimg} (M.G.),
8ctry day dw, (. 5 1
o= |2 Do)+
2 2 1 7 7 2.2
+ [#1(1— 2,) + @a(1— @4)] [5 + 3 5(3)] + §5(3)301902«} (P.D.V.),
where
e 1
£(3)= Zl el

The resuls (7Ta) is given with an error about the order of 59, and both
agree in the limit of low frequencies with the Bloch-Nordsieck  cross-section
dopy. (7):

2,8 d
(8) dopx. = B £h %
T Xy By

5+ se)| o ‘

The cross-sections (6) and (7) have been evaluated in this paper for the case

(*) The numerical coefficient 2, which appears in a previous paper (2), is not correct
and must be substituted with 5/4. The same results have been found by BAver and
GALITSKY (5).

(3) V. N. Bayer and V. M. Garirsky: Phys. Lett., 13, 355 (1964).
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;> m where F; could be for example the energy of the final electron; the
results presented here therefore are wrong only where F—w,, is about the
order of m. In each other part of the spectrum the previous results are
valid o(1/y) where y=E[m. The result (7) agrees. with the wvalues of the
cross-section given by BAYER and GALITSKY, which is identical to (75).

It has been noted by Siporov that the cross-section (7) can be put in
the approximation form

s dn o, ,

(9) do ~ o (,) F(s) ,
where F(x) is
(10) Flw) =31 —2) +o*.

This result is very important from the experimental point of view. It says
that the. energy spectrum of one photon is completely independent from the
energy spectrum of the other photon. This separability of the cross-section
has been experimentally confirmed with VEP-1 in Novosibirsk (5).

The expressions of the forward-backward cross-section (6) and of the total
cross-section (7) allow us to calculate the mean angle @ of the two-photon
emission by the process (1)

y4@'4
{1 e —
(1) s

A= 2)(I— @[5+ 53]+ [#l(1 — @) + a1 — @) ][ + FL(3)] + FC(B)atat
o F1— @) (1— ) +@i(1— x,) + 23(1 — »,) + a30s )

4048 is a slowly varying function of #;, and #,, whose values lie between
1.0 and 1.8.

In order to obtain information about the angular behaviour of the emitted
photons, we evaluated the cross-section do(t, 21, 4,) Where = 0= yR[l.
R is the radius of both the Uerenkov counters and I is the distance between
a Cerenkov counter and the crossing point of the electron-positron beams.
This resulting cross-section is

8o*rg dwy du,
w By B

(12)  do(t, wy@,) = {G1(1)(1 — w1) (1 — ) -

+ Gy (1) [43(1 — ;) + a2(1 — a,)] + Cﬁ(t)wixi} .

(%) P. T. GoLuenicw, A. P, Oxvcin, S. G. Porov and V, A. Stporov: presented
at the  International Symposium. on Electron and Positron Storage Rings, Orsay
September 1966.
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The funetions Gy, @,, @; are indicated in Table I. This result agrees with an
analogous calculation performed by BAYER ef al. ().

TasLe I.
Lo 6, G, G, u, A u,
‘ 1 0.081 0.065 0.05 0.16 0.065 0.05
2 0.41 0.31 0.24 0.74 0.31 0.24
3 0.74 0.55 0.41 1.27 0.55 0.41
4 1.02 0.74 0.54 1.70 0.74 0.54
5 1.23 0.88 0.64 2.00 0.88 0.64
6 1.3 0.99 0.71 2.25 0.99 0.71
7 1.52 1.07 0.76 2.41 1.07 0.76
8 1.62 1.14 0.80 — — —
9 1.70 1.19 0.84 — — —
10 1.77 1.23 0.86 — — —_—
11 1.82 1.27 0.89 _ — —
12 1.87 1.30 0.90 — —_ —
13 1.91 1.32 0.92 — — —
, 14 1.94 1.34 0.93 — — —

The cross-section for emitted photons of energy w;./E>¢ is obtained by
integrating (12) over «, and #, and turns out to be

8 2.2
(13)  ole, ) = —°

{Gl(t) [log% —1 4 8]2 +

soimn-ofict-s ] o (5]

A plot of o(e, 1) is drawn in Fig. 2 for ¢ — co. An analogous calculation per-
formed by BANDER (%) has given the following result:

2 .2
(14)  ofe, #) = %70

{Ml(‘t)‘[log %-- 14+ e]z 4+ M, (1) [log}é— 14 3] + i- Ms(t)} .

The functions M,(t), M,(t), M,(t) are indicated in Table I. We believe that (14)
is valid only in the limit ¢?< 1, because the cross-section (14) does not go
to zero when ¢ goes to 1. In this approximation the formulas (13) and (14)
Present the same analytical form with regard to the dependence on ¢ and e.

(") V. N. Baxzr, V. 8. Faviv and V. A. Kuoze: Emission of two photons into a
given angle in electron collisions, presented at the International Symposium on Flectron
and Positron Storage Rings, Orsay, September 1966.
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jBesides, Table I shdws an exact ceincidence between the functions Gs(t), Gy(t)
and M,(¢), My(t). The funetions Fy(¢) and M,(¢), which give the main con-

tribution. to. the-cross-section at the
low frequencies, present instead an
almost constant  discrepancy, whose
order is of about: 509.

Therefore our results agree com-
pletely with those obtained by BAYER
and by BANDER apart from the dis-
crepancy with Bander’s calculations,

concerning the  functions ¥ (¢) and

M (1),

A remarkable feature of the cross-
section (7) is the absence of a logarith-
mic term of the form log 2y, which
is so characteristic of the single-brems-
strahlung total cross-section (®). This
logarithmic term does not appear in
the cross-section of process (1) because
the square modulus of the current
matrix element is, because of the trans-
versality of the emitted photons, pro-
portional to the fourth power of the:
momentum transfer and the probability
of a momentum transfer z is propor-
tional to dz/s%, so that the differential
cross-section of the process (1) ap-
proaches zero when there is no mo-
mentum. transfer. The single-brems-
strahlung differential cross-section be-
haves as dzfz for low momentum trans-
fer- and this creates the logarithmic
term. The lack of a logarithmic term
puts double bremgstrahlung at a disad-
vantage opposite the background of
created either in collisions with the
genuine electron-positron collisions (°).

T T T

T

(e
IR

T

T T T 1T

1 0_ L { 1 1 L i i 1 L

Fig. 2.

the single-bremsstrahlung processes
molecules of the residual gas or in

(3) G. Artarmrr and F. Buccrrra: Nuove Cimento, 34, 1337 (1964).
(°) 8. Tazzart: unpublished paper presented at the Congressino Adone, Frascati

February 1966,
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APPENDIX

In this Appendix we exhibit some details of the calculation of do and doy g,
of which before we have given only the results. The total cross-section (B)
can be written in the following form:

_ 20°rim® |ps|® d p|
(A.l) o= W f&)l d(l)ldgl Wy dwz szJ‘dQ l:X E3E4(p1— p3_ 7{71)4 dEf ]EiaEf’
P,=P,
where
(A.2) ‘X=%2THQAJ%ﬁLL@MTﬂmﬂﬂmﬁm#%n-
po

Since we consider only the terms which in the limit of high energies give the
maximum contribution to the cross-section (2), we obtain the following value
for the expression (A.2) by making use of well-known trace theorems (1):

(A.3) X=YA,,

‘where

1 e A% A NAL :
A, E(pl g 1) ‘(p46 -2 62) [(P1pa) (P2 ps) + (P1p2) (P2 p0)]

] 5;}",_4 pol pl kl pSkl p4 kZ pZ k2
2

4 :Lz(z’m_@sﬁ) (meg_pzez),

(A.4) ¥ ome o \Piky  pyky Paky Pk,
e .
) [%270_2 ((P1pa)(paks) + (Pspa)(pak,)) +-
23
é , .
B () ) + (i) ) |
y2uz

(%) J. M. Javon and F. Rourricu: The Theory of Photons and Hlectrons (Reading,
Mass., 1959), p. 439.
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A — i b3 (pl o1 Ps 61) (294 b Zl?ﬁ) : :
T ome ol plkl p3k1 pakes Pk, /

. {_ o Bj; (P2 k) + (pales) (pale)) +

e (k) () + (plpmlkz))] —

pizi [iz - ((Pake) (psky) + (krko)(pspa)) +

Da €y
+ B2 (k) (pp) + (szl)(pakg))]},

47

1 (p161 psel){ g (P1F2) (Paes)

2m ta \Piks  Daky (p4k2)(p2k25

(paka)(pa a) -+ (Papa) (Paks)  (papa)(paks) + <p1k2><psp4)} i
Dake Deky ’

1 (pl €1 Ps 61) {M [(791792)(272173) + (ps k1) (psky) +
(A.4) 3 2 amt ol p1k1 L RVIA Daky
+ (Pke) (psks) + (k17€z)(psp4)] +
VL2
Ps s I-(plkz)(pzkﬂ + (Pap2) (ks ky) + (P1pa)(krky) - (plkz)(p4k1)] +
Daki | ik, Dok

(pred) (b k,)(psk, Doy (D1F,) By kz)]}
2 (p k )(pzkz) ’ Daky (D2K.)(D4k2) !

+2m2[

A=

1 {(klkz)(pzps) 4= (P k1) (Paka) (pakes)(psks) + (Kiks)(Paps) +-
2m* (p1Fk1) (Daky) (p1key)(psks)

(P1Foo)(Pokor) +(P1pa)(Fiky) » (Pr0a)(krks) + (piks)(pakey) 4
(p;kl)(p«;kz) (Pakr)(potey)
. (k1 ko) (Paks) (plk ) (k1K)
am [(plko(pzk o) " (bl (puley) (pake)
(Kyky)(poka) (204 )(70170 ) ]
(pik1) (paky) (k) (plkl) paky) (pak,)

%_

omA(kyke,) }
(D1F1) (Do) (Pslor) (Dakes)

A, A, Ay arve obtained from 4,, 4,, 4; by the following substitutions:

(A.B) ky >k, , Pi>— Pay Ps<>—Pyy G136y
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Before performing the integrations in (A.1) over df,dQ,,dQ, the :Eollov&-
ing “substitutions must be made:

IP4:“P3‘“ kl"' kz s Ey=2E—w,— w%— an
(A.6) ~ _ 2E*—2Ew,—~ 2B, + w10, kk,
‘ 8 2B —wi— wy— Baky + Bak, !

where aceording to the previous approximations ' and g, are

m2 . m?

(A7) /321—@, ﬁszl—m-

Since the energy of the incident particles is very high, the maximum contribu-
tion to the:integral (A.1) is obtained when one photon follows the incident
electron, the other the incident positron, and the scattering angles of the
electron and positron are very small.

‘Therefore it is possible to develop the integrand in a series around the
points §=0,=0, 0,=m so that in the integral (A.1) are considered only the
contributions around the cusp of the differential cross-section. Owing to this

Fig. 3.

development the angles 0, 0,, 0, can be considered as vectors (Fig. 3) of the
plane orthogonal to the colliding beams and the cross-section (A.1) results

(A8) o= azrfdwlfdwgfdzfd #{2(1— @) (%, %) +

+ 23T (=, z)}f Ay {2(1— ) I(y, 5) + 2*F(y, )} ,
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where

;x:yeu y:')’ezy zz?’[(l—wx‘)a‘%‘%ﬂﬂy
o (x— =)? B 2x(x — %)
Mo | 1™ = a e TG A - (=2
7 — 2 .
%) = A o[ F (e 2]

If we eliminate theintegrations over dx,, dz,, dx and dy, the forward-backward
cross-section dopg. can be obtained provided that we put x= y=0 and
integrate over z. By making use of polar co-ordinates it is easy to perform
the integration over the two photon azimuths ¢;, and then on x and y from 0
to y@. The resulting cross-section: is

- 20rp doy do, [ d2

(A10) do= — {4(1— »)J (2, u) + 216 (2, u} -
wow wy ) #
41— w,) I (2, u) 4 223Gz, u)} ,
where
2 42
J (2, w) = —
% ) 2%V 22 44
o IR} .
£ 4{z[z + Vet 4 [A(z, u)— 1 + u(4 + 22)] +4A(z, )}
3 1 (24etu—1
—z 3 4A(z,u)
2
A1l G2y ) = e -
( ) (2, ) Vi

log (2 + Vet 4 4)*
4{ele +Ver T 4][Ale, w)— 1 +uld +29)] + 44(z, w)}

Az u)=[1— 22%u + u?(2? -+ 47,

1
14t 14202

u

Because of the convergence of the integral (A.10) the upper limit of integration
has been set equal to infinity and the caleulation has been accouplished analyt-
ically only if #=0. Otherwise the integration over z has been performed
numerically.

Instead of developing the integrand of (A.1) in & series around the forward-
backward  direetion, we perform the angular integration in another way,
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shown below. Let us introduce a slightly different definition of the various
angles, as in Fig. 4.

Fig. 4.

By making use of the (A.6) we find following expression for the photon
propagator:
(A12Y  (pr— ps— ky)i=

4(o— 6 cosh -p 8in 6)2
{(2E— w,—~w;) 45 c080(w; €080, — w, €086,) + B $in O [ 806, €08 -+ w, 8In 0, cos (p— 7)1}’

where

0= 2(E — w,)*(B— w,) + [(p.— 751) —m?|[2F — w;— w,] ,
6= {2(E_ o) (B — 0,)(p1— w, 608 0,) — [(p.k,) — m?][w, cos 0, — w, cos 92]}/83 ;
0 ={2(H — w,)(B— w,)w, sin; cos ¢ 4
+ [(piFey) — m?] [w, 8in 0, c08 ¢ + w, sin @, cos (g — %)} Bs .
By substituting (A.12) into (A.1), in order to perform the integration over

the anomaly 6 of the outgoing electron, we must calculate some integrals of
this kind

(A.13) f $in.6 A9 P(cos 0, sin )
' (0—0 cosB + o 8in )2 (oc— u cos § — v sin B (o' — ' cos § — v’ sin )’

0

where P(cos 0, sin §) is a polynomial in.cos @, and h, k can take any value
among 0,1, 2. The terms (x— #c0os0—vs8inf), (a'—u' cosf — v ginfh) result
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from the expressions of (psk,) and {(psk,). With the transformation 2= tg (8/2)
we- obtain some integrals- of the form

=]

2% dz

(A.14) Iu.hk:f(z___ zl)z (z__ zz)z (Z— 23)7‘ (z—— 24)" (Z—- 2'5)’c (Z"— zs)k ’

where « is an integer and

—Q+@'\/o‘2—~62—,@2 041V — ur— o2
Z1,0= ) Ra=— ’
o 40 o+ u
v EiVat—yt— '
25.6: oo — u, . 1
The integration can be performed in the Im.z

complex plane of the variable z; the path
is shown in Fig. 5.
We obtain

. 1 d. 8 p
Al Iymn=— _— Il Re z
(A.15) RY: 00s 77 Ao [2:1 Res (2 ):I

For 0,=0,=0 the funection resulting from
(A.15), after integration over 6, is indepen-
dent of ¢. This result therefore gives the ]
forward-backward cross-section. Fig. 5.

For the general case, we have to perform
the integration over the azimuthal angle ¢. This can be accomplished in a
rather difficult manner, because the large number of terms which come from
the integration over 0 make the calculation very cumbersome. The result
is expressed by the following formula:

_ 8o?rg do, dw, d(cos 6,) d(cosh,) 1
(A.16) do=— ‘wy (1= f c080,)% (1— B cos0,)? 4y

T -
B s o) + () ()
IR T e e || R

The term B is not integrated over ¢ because of its very complicated analytic
expression. However it does not contribute to the total cross-section, which is
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obtained performing'the integration over 6; and 6, in the first part of the right-
hand side of (A.16). The dependence of B .on 0; and 6, is of the form
R(cos 6, cos 6;) log (cos 0, cos B,), R(cos 6, cos 6,) and log (cos 6, cos 0,) are a
rational and a logarithmical function of cosf; and cos f, and do contribute
to the angular distributions. .

RIASSUNTO

In questo lavoro si calcola, nel limite Telativistico estremo, per il processo
et e~ et f-e--+2y, la distribuzione angolare dei due fotoni, illoro spettro di energia,
e la sezione d’'urto totale per Uemissione di fotoni di energia >e.

Pe3toMe ‘aBTOPOM HE TIPEICTABJICHO.
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