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1) In the megnetic field of a cyelic accelerator the
electrons oscillate arcuad an equilibrium orbit.

Three medes of ogeillations are possible,which
under suitable conditions, can be comsidered uncoupled:
radial betatron oscillations, vertical betatron oscil-
lations and synchrotron oscillations,

The radiofrequency accelerating fields and the
radiation losses damp dowu esch osciliation mode, These
damping xrates have beon cvaluated by several authors.

{1}

mining the quantum states of an elect on in the magnetic

Sokolov and Ternov analized the problem deter

field of the accelerator and treating the radiation as

a
a perturbation coupling those states,.
) g o

(8)

dered the damping as produced by the classical self-for-

Robinson'”’ and Kolomenskii and Lebedev consie-

ce due to radiatiocn; further they also took into account



the random charscter of photon emission which induces.

These have been the main lines of approach to.
the problem followed also by other authors.

While the results cbtained for the values of
the damping rates are all in agreement for the case of
a constant gradient machine, it is not so for an accele-
rator with a more complicated structure.
here is mnow in many laboratories a great inte
rest in storage rings reguiring quite complicated magnet
systems.

It occurs sometimes in these machines that the
radial betatron oscillations are antidamped. The possi-
ble means suggested by Robinson and Orlov, Tarasov, Khej-
f@tsMB r by Xolomesnskii and Lebedev to avoid such a

situation differ strongly,

[55]

™
A

owing Robinson what matters is the average

}.—A

ol

[8i¢3

energy radiated per turn which depends on the whole ma-~

gnet structurc,

In the other case, (Xolomenskii and Lebedev)
the important element is the average of the local gra-—
dient of the nagnetic field, All this makes clear that
it is 1uecessary to have a new independent evaluation

i

of the damping rates., This is donc here using a some-
what different approach to the problem,

The wesults obtaines will be in agreement with
those of Robiason.

““he nmethed is the following: the equations of
notion are solved neglooting the radiation and the ef-
fect of the accelerating cavities (R&ﬁbﬁ; the solutions

contain, five constants deponding om the initial value of
0

i~

the amplitudec and phases of oscillation and of the elec-
tron cnergy; bthe cnly effect of the radiation of ome pho-

ton and of onc wacsage through B.F., or,what is the same,
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of the emission and absorbition of one photon; is to chan-—
ge the values of these comstants; the overall effect due
to the random emicsion or absorption ofa great number of
photons is evaluated and it is shown that it gives rise
to a damping.

We remark here that we comnsider from the very
beginning that electroens radiate photons at random and
instantaneously, Afterwards we will also assume that the

energy spectrum of these photons is correctly given by

ot

the classical formula. This is jus

(5)

ified in the energy
region we are considering

Neglecting radiation the motion is described by the clas-—

sical equations

(.Ie//;r
My .w?mi - & 7ol (1)
c Tk

AL Y

1o

where (/ is the electron four-velocity and Fik s in

our case ths guide magnstic field,
Let us introduce a reference trajectory [(R.T.),
which can be though of as the trajectory of an ideal

electron of energy E_ moving in the accelerator without

gaining or loosing energy. The position of any electron
will be reforred to 2.T. in the following way%:
let o be the aro- longht on R.T.; P(g) one of its points;

&
. R o cof # ./
Alv Az ;ﬁg an crthonormal triad such that, if =L

—

\‘ I
A .
TR PR (2)
/
(»»/.-_/,g, = 4,
The use of this framc of reference was suggested to
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with K and H curvature and torsion ¢ R.,T,; then the po-

f
sition of an electrom will be P + &P  where

ﬁ cjnfg(/a} = A/ ~(s) ""_’52 ’(/3) "'_:'\3 «35/5) (3)
6\/550) = O

In the following R.T. will be assumed to be a
plane curve ( H = 0 }; Fik to be a static magnetic field £ .
The R.F. will simply compensate +the radfation losses.

Every vector will be decomposed along the :

o= 4 (=1, 2, 3)

The value that a physical quantity assumes on
R.T. will be labelled by 2 subscript "s".
IPis assumed 1o be small of the first order
so that quantities like X can be expanded as a power
series in 6~ , x, z neglecting second order terms.

Other notations introduced are

L (4)
- #{,L’;j Jd x
<t (5)
/b T A
where & is the electron energy .
Then X is given by
/( L, 20
2 kdi = /k}g '4}”?23 Q6b

){é = Xy, {7+ &nx)

Ko ‘
/Izs/ = Tee s Ay <9
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The linearized equantions of motion are

Q’/:. /Q)(
X7 ¢ KE(1en)x = - Kpo (7)

no 2 . .
VO NE, o= Q0

L o» = G aé

In writing down (7) terms in iﬁ =
have been neglected,

This is justified because at the energy consi~

dered .
df;[)' i, 4 6 ,
..?j:.._... = fl W L /O
e UM

and Ve is assumed to be of the same order of f?x,xfzn

3) The solutions of the equations (7) for x and z have
been widely discussed for the case in which K and n
are periodic functions of s (6)0

Using the same notations as in reference (6}

the solution for the x mode can be written

X = Xolf3 omy (VI + E‘f) -p Y
o »
E S, e (o)
Ve v 2, P
a
- "’,- - # B
T \/f%l/}‘: e A<
D

Cg is the length of R,T. and if L is the
arc length for one period of the machine than /@ has

the periocd L ,

vy = RIE o (VB E)- wlinl

g

describes +the radial betatron oscillations.
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The term - p¥ gives the deviations from R.T. due.
to the energy difforence B ~ Is,

The soiution for the vertical mode is

R

Vi

E= S oo (Wi + X)) = 2. 0d o 7 {10)

in complete analogy with (9},

(8), (10) describe the motion of one electron with
respect to Z.T. when the radiation and the accelerating
cavities are neglected.

When these are included the synchrotron mode of oscil
lation, i3e. an oscillation for p, comes in and all the
constants xo,g’, zo,jf s+ D become step,functions of s.

As a matter of fact let us think that, after an in-
terval As', in which the motion is described by {(8), (10)
the electrons emit or absorb a photon.

Then, in the next interval As" the motion is still
given by (8), (10) but with different values of the pa~

. \¢ -
rameturs Xg, }f v Zgs S0 s

In the next section first it will be seen how these
gquantities change at the emission or absorption of a
single photon and next the average behaviour correspon-
ding to the whole story will be studied, together with

Pluctuations around the average behaviour (by means of

T .8, values),

4) Let us comsider en electron enitting or absorbing
instantaneonsly a photon of momentum g energy cg; as a
consequence its position, veloceity and energy will chan-

ge as follows

Ax =z 42 =40 =0 A5’
PR oo A8 =z o
A x? & :Z’xfz*"?’(x'\*k&_)
L4 X7 T e O
& g .
. ,;j S -
4r o oy ZAs - g rEETE (11)

&
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£ > o for an absorbed photon, £ <« o for an emitted one.,

The variations in z', y', ¢' are obtained from
(Ev)= -y

I'4

{

4

2 o= ""f’\z{){’*f(’[})4—(1,)\1;:,

o n i. — - R ———

|
i

To see the effect on T %’ y zo,gﬁ‘ we exXpress

these quantities as functions of x, %', z, 2z':

ixDw (e py) s / "o p ) /b (X7 R )]

S ¥ (12)
ﬁ«” /}’“/ﬁx,;o’%

. N 7
fdgf ~¢${543~J30“
? Ay o=l Jdz

,1‘5

Substituting (11) in (12), (18) the new values

% and Z of XO and Zo are obtained:

- » N 2
{ .)(‘é - y:‘ d TN A Xs o+ Pl ,a(oc.

dx, = Fwamy+V 5‘g/4%ﬁwkgﬁxwﬂmf
e ESpte (20 ) +8 AN

Z A2y = -2V seu (15)

Now comsider the case in which a photon of energy
£, 1is radiates at #=54; this formally corresponds to a ra
te of change of the energy &, d (s ~ si) . The direction of
these ph O'bo*qs makes with the electron velocity an angle of
order mgy ¢ /m This angle can be obviously neglected becau
se ‘the photons that matter are very soft.

It follows from (11) that the corresponding varia-
tion im x', z', 5§ is zero (to the order Bi-). Further
we assume that only one R.F. cavity is present in the ma-~

chine in the position s = Cg and that it oxchanges
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with the electrons a photon of energy &y directed as Ay,
The corresponding variations in p, x', z!, are
(ap=sr O fsre-L2)

§

f - o 27 s
bx ez, SO0y Hss 600
/-

r; ’ . 47500
12/ e S, S (56 - L) {16)

H

ks

where 1 is an integer number, SRS
Substituting in (14), (15), and summing the variations from
© ] ;%

8=0 +t0 8= lCGs we can get the damping rates, but before

°

doing this it

ot

5 necessary to pvh £, and £, in a different
form.

Actually, since we are interested in average values
é;‘cam be substituted with w 4s; where w in the radia-
ted power per unit arc length and As; is the interval be~
tween the emission of the (i«1)~ th and i~ th photon.
w can be obtained from the fourth component of the self-

forece Fi acting on the electron (7):

% :;J;/"} ;;{jl,?"% gé?/a’(z\"“gfﬂj? (17)
s (18)

O e i L ey ey o 4 ﬂ‘) (19)
== & . £ ¢

4 LHE & LQ, 3 s
;T At fl
. £,
where K is the R.F, harmonic,
We assume further that

Cuiz
and <W5> is the average value of wg on 2.T.
We are now able to calculate the damping rates beginning
with the synchronons oscillations: the variation of p
per turn is given by



The onergy Joes due to radiation must be calculated on
the actual electron path of length G.

We neglect the combtribution to w of the betatron oscilla
tion writing simply in (17 ]1» Em o~ W0

P ow R -4 B
NOW ée{’;"'ﬁg ’ ac m’:‘f ‘5‘:‘{6\ = Ji g\'{ﬂ’ff = ﬁ (kw>f3

/ g_w::'
Introducing the momentum compaction &= B

b= (1+p)

and
4 l/\ 5 v'
.,_/’ t

Do = WS> (1-xXp)+ f - *(Ws/ (7~ o(,@).*

f:Mc *%W\
2 fk ag&

(g}

e
& s (f,?v?ng’&)%s -/

“©

where the relation

Aiv _
Ar {20)

is used, and in the integral p is considered almost con-

= W, [2-2nkY)

stant, Then the second variation of p is

“5/;~.<) Ec\-‘“”f_,«)
Z‘ﬁ z’f . “"3,/'-"‘(5;/_; D)=

= SKhYD b= 2p ’w—-> (21)

From {21}it is soonthat the mean value of p in one turn
oscillate with freguency w:;? = f£2¢ and that the damping

rate of the synchronous oscillations is

AR ~i /’"fkf )

Iot us consider now the vertical oscillations.
From {15}, (19)

N 7 / .

f.%ﬁ?ﬁi_ = = S” sy s+ ~é/c°¢;l/d’ %7/2:' = (il «—;w*;f
¥

were the average has been taken over a number N of turns
such that many betatron oscillations ocour,

Now
A2,

il \ /o
s -‘*"(‘*‘éfgzé//'a 9 - Ld Vg 1oy o> ;ch/é 06
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As the betatron fregquency w ,ffw;erally not an integer
multiple of 27/Cg the phase in the point Cg takes

on all the possible values. It follows

/ \4}34\)>

- - / s ~
R (23)
2Y
A \ o
where the average (J2,) is now taken from
s=0 to s= C,

The term A2% gives rise to an additive dam-

ping
Z
’ LAZT> 7 127 ]
= ‘:«) :-{‘:W\C (jf/+ ‘) (24)
s 4 e & < g -
Chy < . -8
The ratio ::"'1")* is of the order <W5> Cg giece

ﬂ.?!!’
of the total energy radiated per turn divided by Eg—

P -

- : /
This is always very s=mall, so that 5;7* can be negle-
A

ctod a with respect teo ’.-\’ .
L/“J,'u‘

To evalwate the damping for the radial betatron

oscillations w is written inh the form

dw S Do Jw
W = W, + e X oy O = W + X, +
= dY g/’:’ - s g 2, =) ”
Then from (14) it follows
2 Iw 7

- 7o -G\. Y < ;
KAXo) = = o 5, 250 e A X
h € e *53 i?v 333 df°f>s:$e

¥;;pér~g + 7“;?‘4‘, >%?’5§#)A/’4‘3{/

! The average is performed on a number N of turns-

such that many betatron oscillations occur while the synchro

tron oscillations can be neglected, This is possible because

/ﬁk<ki\) . Teking into account the periodicity of the varioms
terms one gets the result

72/ - “‘<fﬁ

e

de o
Zor

\A(!\“D

f b
Z\
(25)
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Also in this case term /ﬁuiX} in (14) gives a negli~

. . . /
gible contribution to —=— .
Ol‘i."h

/.,
The evaluvation of (4 X)) leads to

N _ _F5 , 55 2 7 (26
(XD = Zm e J oK+ (ws> )

The term ‘Z.€Yi4(¥5 results when the average

2473
2- 3 -
of &£ over the classical spectrum in performed (8)

o and A are the classicel radins and the Compton wave
&

length of the electron; [} = =T
r - S s Lk f'gwfiﬁ\
77‘: = [%d" ("3‘//“ Q’“f'/gy)—//ﬂ, ~ {27)
oYY v, 1127
'5"/@“!% +(/z/é§4v/8‘7",}“/zz$ (28)

In (26)the Fy term roperesents the contribution
due to radiation and the Fa one is due to R.F,

From (23),00. , (26) the eguations for the rate of
change of the amplitudes of the betatron oscillations ¢.-e

obtained, . . oz

- S EN
{ A {‘\" > <X &5 7
’ £ -
Ve I (29}
/ £ x> EYE PP Ee & .
R e e ~ -+ WS ;‘
L e T 25y5 #{;/I(f Vs ( AL

LA
where 1 is the number of turps multiplied by Cga

5) ~ In this section we want to discuss some of the resul

ts obtaind.
/

Notice first that Eﬁ;j' can be put in the form given by
Robinson (2). Tn fact from
dw
< K
A, /' [ ]
;i%) = Wg{ -a.mf"\’g/f)
it follows

.‘! j fr«:r(i,u! ‘:';: .
IRERG AR (30)
5o T X - T
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Another point is that all the averages appea—

svaluated on the actual

(‘D

ring in (22),... , (26) must be
electron path of length C, but one can to evaluate +then
on R,T. provided the result is mmltiplied by (2- p). The
term (Xp can be neglected to a first approximation

except when the derivative with respect to p of the ave -

i R /
rage has to be caleulated, as is the case for o
75
All the values obtainsed for the damping rates

This is also txue for Iy, when to a first appro-

ximation it is assumed (6) that P
. —~ . e 2
xasls ao~(53)

"(e . o’ s
./g ~ ? Ve {/’\ B ;zﬂ

where R is the average radins of the machine,.

Substituting in (27) We get

that - is the same formmle given by Robinson,

o [ ] o

I

Vi to express my gratitude to Cg Bernardini
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