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ABSTRACT

It is shown that charge independence or charge symmetry give
rise to following relations connecting the strengths pf 'X“— tran
sitions between corresponding states in mirror nucleisa) the strengths
of corresponding El transitions are always eguals b) the strengths
of corresponding M1 transitions should not differ ;n general by mo
re than a factor 1.53c) for transitions Withjéljdixsi the strengths
of corresponding transitions of any multipolarity are equal,

The effects of the Coulomb and exchange corrections to fthe a=
bove rules are examined, The experimental data presently available

are discussed.
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Relations due Ho chaXge symmetry and charge indipendence.
The invariance with respect to‘charge gymms try has, for self

conjugate nuclei, rather important consequences in connectlon with

the strongths of }f transitions; the El selection rule is knowm sin

ce long time and hés been subjected to many experimental tests; re
cently we have shoWn(T) that an M1 inhibition rule should also be
true; such rule has already found ugeful applioation,(z)(s) In par
tiouiér the two rules are very powerful for detérmining the iscto-
pic spin and the other characteristics of many nuclear levels in
self conjugate nﬁclei.(z)

The purpcse of the present note is to point out that charge
symmetry and charge independence have also congegusnces for the
trangitions in mirror nuclei, and more generally in nuclei belon—
ging to the same isotopic spin multiplet. The rolations which we

shall disouss may be considered the natursl generalization of the

‘rules holding for selfconjugate nuclei (T3=O). In this section we

" ghall consider an hypothetical situation in which the Coulomb and

¢xchange interacticns arc absenty in sec. 2 we shall discuss the
modifications which are implied by these neglected interactionsg
in sec. 3 we shall compare our results with the experimental data.
The matrix element for én electromagnetic transition between
the levels a and b (with isotopic spin respectively T, and Ty) in
a puoleus with mass number/A and with some value of Ty (= (N—Z)/E)

may be written in the form:

(1) A ﬂ?*} <, I jlﬁ /LJ{HP ) }'f;} ﬁu} Jék.m
/;*{/Z/ ;" :“j — \GL- /(.L; ;; P T F;fi ’}—: 'f ,/'-' fﬁ-, ?7—,

“ Tak I ! >

where we have exhibited the fact that the interaction ig the sum

of a part proporiional to ?%&J and a part independent of

o L2
7 .
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the index ’1‘3 specifies the valus of T3 for the nucleus in question.
We are now interested in the relation between the values of .
A‘L(-:”) crresponding to the same levels and the same A but diffe-
ren’stvalues of Ty. The relation in question is provided by the Wi-
gnernﬂckart(q') formulasg for discussing the selfconjugate nuclel,
use was made only of a particular case of such formulass here we
make a more complete use of them,

Writing, with an obvious notations
V( Hs) = ;,/‘/lf (7) . (/5,}

where we have explicitely separated the two parts of the matrix e=-
lement indiﬁated in (1), we note the following properties of L,,}Z

% /’_"’?/) e
a) "")15 different from zero,only it AT = - T =l it is

{2., [
1nd@pendent of T 3¢

(2) Mmiﬁl’—;)

b) v,/!’[/i (7; ) is different from zero only ifA T =0or if[j"{"’:f_ni.

Tn the first case (AT = )

(3) ""/{{i /73) = L)”d/éi 3

Tn the second case ( AT = + 4 )

(4) \*’"!{i;f (73 ) = fr’}ff:r/-j, "'ﬁgz {rf; =T+ z’)

Tn the above fermulas (2) (3) (4) A7, and “/{i are quantities in-
dependent of T, though; of course, depending on the levels in que~
stion.

In the case of conjugate nuclel (nuclei with opposmte gign of
’I‘39 in particular mirror nuclei) we can thercfore states
_’_1_) the matrix elements for transitions with ’/_.\'T'{: 1 of any mul~
tipolarity are the same.
g) The matrix eclements for transitions with A_T':O in two conjuga-
te nuclei are respectively,-"&ép + i,,-'i’['i 7; and .,,-"}’Zﬂ —1,,11’(_1'7; o It fol-
lows thats

hY N . 3 . .
2a) The matrix elements in question are equal (agide from a 31gn)

(7;)
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for Bl transitionss therc infact;if;::ﬂ (conservation of the total
momentum)s

gg) the matrix elements in guestion are néarly equal (aside from a
gign) for M1 transitions: thers infgctstf{£<?{uﬁ{ij s, ag it has be
en shown in ref(1).

The above inequality, due to an almost complefe cancellation
of the protonic, neuﬁronic and orbital magnetic moments,; has the
following meaning(1)z though individual deviations are possible,
he average absolute value of /|, is expected to be 107" times
smaller than that of aﬂii . 1t follows that the ratio between the
squares of the matrix ¢lements for two corresponding (pure) 11 tran
sitions should not deviate from unity, in the average, by more than
50%.

The above statements will be called, when necessary, rule 1,
rule 2a, rule 2b.

"It is approg@ate at this point to remark that the interest of
the above rules lies in the fact that they are model independent,
being based only on the charge independence or charge summetrys they
may therefore be used as a tool in identifying states in conjugate
nucledi, .

We should also add (with reference to the rule 2b) that in prin
giple it is quite conceivable that Lﬁf@{é@[quJ(or vioeversa) also
in fransitions different from Bl or Ml; our only point is that it
ig difficult to prove this withouth making use pariicular models,
that is using only arguments having the same degree of generality
as those employed in the case of Bl and M1 {rangitionsi perhaps in
the case of ML transitions (L;yl),vkzgcan be small due to a partial
cancellation of the protonic and neutronic magnetic moments(B); but
for the BL transitions (L> 1) we have not found any similar argument.

It is reasonable, finally, to ask wich ones of the above re-
sulte depend simply on charge symmetry and which need the charge
independonce., I% is evident +that all the resulis referring to ;i*F%:C}
transitions ecan equally well be proved using only charge symmetrys
on the other hand charge independence is necessary to prove the e-

guelity of the matrix elements in conjugate nuclei for transitions
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with [aT[=12 ()

Coulomb interactions.

We shall now briefly consider the role of the Coulomb interactionss
our object is to give an estimate of fthe average effect of the Coulomb
interactions on the electromagnetic matrix elements; &t the end we shall
make some remarks concerning the individual deviations from the men-—
tioned estimaﬁe of the average effect.

We write:
(5) M, ()= M, (T + K ()

where Lﬁigg{ﬁ;) is the matrix element of the electromagnetic interac-—
tion betwéen two levels in the charge independent approximation, and
Jﬂiﬁfs(qg) the ceorresponding matrix element when account is taken of
the Coulcomb interactions the eq. (5) defines the Coulomb correction
ﬁ{ﬁi)(ﬁg ) which we propose to calculate,

To show the necessity of such a calculation it is important fo
remark that on changing Ty into - Ty, KQZE(WEJ) does not simply ftrans—
form as ”ﬁigmb(q;) s if this were the case, the Coulomb corrections
would never affect the ruies of the past section, guiie independently
of their magnitude. The fact that }(;J&(qg)does not transform in ge-
neral as ”A{a{;[jg) g When TB is changed iﬁto - T35 ig physically clear
and may be seen most simply on writting the first order ferm in a per-

turbation expansion of Xz

(1)

i ’4 e "'"’}
l T )= 7 ;Cgfz,/ﬁ_,( [ o M l”:/ %) b )‘/1%@1{& 3‘) {j” (ﬁ

A
P

E - % -5
where Cf‘ 7r’) ig the matrix element of the Coulomb interaction be-
tween the states a and n of the nucleus T3 and the other gsymbols are
obvious. It may be easily seen, writing the Coulomb interaction in the
isotopic spin formalism, that Can(T3) ig the sum of two parts which
transform with different signs when Ty is changed into -Tj,.

It is therefore necessary to give an estimate of Kgp, to be at
least sure, that, apart from special cases, which will be illustrated

later, the Coulomb correctiocns to the rules of the past section are

not too large.
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We might try to give such estimate starting from the espres-—
sion (6) and making use of wave functions for the nuclear states
obtained from some model, for instance the shell model. However on
ce we eccept, as we shall de, the use of & shell model for construc
ting the wave functions, the following approach is much more reaso
nable, |

Supposce that we choose oscillator wave functions as our basis
functions. This means that in our model the nuclear interaction be
tween pairs of nucleons hasg been substituted with an average oscil
lator nuclear potential. It scoms then also appropriate for our pur |
poses, %o aubsiitute the sum of the Coulomb interaction between pa—
irs of protcns, by an average Coulomb potential in which each pro-
ton moves., This will be done in what follows.

Accordingly the Hamiltonian of our model is written:

A =y A . = .
[ — '{ < . i o ‘ -’*(2 = . | ."j 4 ,
(m M = R B+ f,,fi'f,, =, 7,6(@}

where, for simplicity, we have distinguished between proion and neun
tron instead of using the isotopic spin formélism; the 1ast‘term,
summed over a1l protons (i =1 coueee Z) represents the average Cou-
lomb potential in which each one of them movess ﬁheyfirst two terms
represent the (charge independent) Hamiltonian (ljgg } which one

has in the absence of Coulomb forces. )

The Coulomb potential V., may be calculated as follows: consi-
der for cach state of :géa s the charge density 53(%) in that sta
te., The Coulomb potential if—(@] is then:

ﬁ:/fb}z | /C»(a/{{i

¢ // 41/
Here we shall make aovornl mpprcssimauzmnszi)wc shall first neglect the
dependence of V, from the nuclear stale, always taking for f?(i}
its expression for the g?ound states 2) we approximate the correct

expression of FF£Q) withs

F o 3
()= Ze/ir R L K
(8) 3
n 7R

o) = 0
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In (8) the radius R is chosen so that the root mean square ra
dius corresponding to the distribuiion {8) is equal to the rocot
mean square radius corresponding to the correct expression of ﬁfﬁj.

3) The potential which is calculated from (8) is, as well knowns

—_— o2
(9) V() = :}i:. ( ,%}) 2< R
(10) .
1/;; (/z) - ;%@;Z 45 R

We assume that the expression (9) is valid for all r; this is
an approximation similar to that of taking an oscillator nuclear
potential for all r and not only for r<f R

Tt should be noticed that the approximations (1) and (3) can
only increase the Coulomb effects; With’:especf to the approxima—
tion (2) it is & known fact that the shape of a distribution is not
. very important in low energy phenomena.

Inserting (9) in (7) and leaving out a constant the Hamilto-—

nian may be writtens

. A w3y L o4l ‘

T i < £ 2 ;A # 72

hand — g;_l_, ;r +-r‘__;' jz" Bl “'};c "‘z

() H M ,1"}0 = L’“’ﬂz ¢ %Jz‘i;c« ‘

where

/ g 7 oa"
12 - — < &
(12) L < £ X

The only iifference between protons and neuirons appears the-
refore in this model as a difference in the elastic constants.

In order to appreciate the walue of this difference we must
give a value for ki this can be done by fitting the root mean squa
re radius a of the nucleus.

Experimentally it is (8):
a X, A
13

11"-\

with r, around 1.35 10 cm for the light nuclel, though not exac

t1ly constant. On fthe other hand g is related to ?§ by
P i
z L
v/ k%
(13) @ =7y [ = /
N %

where ;%’is a factor which varies only slightly with the mass num~

bersy it has the values 1,25-1,5~1,71 respectively for Hs,0 and Ca.



Te
We approximate the above A dependence writing X as A1/7; one may

check that in this way the above numbers are approximately repro-

duced. It follows ( @& = ‘; R s
(1) AR IE. f},,_,i
‘ M R™

The ratio |k'~k{ /k alrecady gives an idea of the importance

of the Coulomb correctionss such ratio iss

[P

& FTA*®

For instance we have g 6107 for g o= 105 3 E 10 for Z=20.

This shows that, in general, in the Z region in which we are
interested, the Coulomb corrections *to the matrix elements are ex-
pected to be relatively smalls we now try to get an estimate of such
correciions,

This is most easily done comparing directly the matrix clements
CT calculated putting ﬁ#::j% in (11) (that is disregarding
the difference (12) botween f: and él ) with the corresponding ma
trix elements IA( {7—) calculated taking this difference into account°_
in other words, 1ﬁ*%he notation of (5), we directly calculate the

quantity V%AE; ’tli instead of caleulating Kgn.

It is easy toushow(qo) that in ocur model, an estimate of the
ratlo‘/w. A' may be obtained without specifyng the particular
states betwéen whlch the transition takes place; such estimate on
ly depends on the multipolarity of the trangitionsg the results are |
‘reported below for the various multipolarities,

i ’
We may generally decompose Vf(A_vand uiiaib in a proton part
Z".’.—‘ '

(suffixz (p) ) and in a neutrom part (suffix (n) ) as follows:
f1:) i ‘,) fn}
. (f {7 | ¥ iy
Mo - M + ' Moo= {1 1, 4‘°’t
It dis then poSSihle o show that it is generally:
A AR
(16) m1) ()
/{Ar - o a N

where the coefficient ,X in (16) depends on the multipolarity L.
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For magnetic transitions A is generally given bys

{1 flad

(17) {fc/ ) = (1 =5) 7
In particular no Coulomb correctionsaffect the M1 matrix cle-
ments in this model,

For eleciric transitions A is given bys

(&) A=

Poas a-_,_\

\\.Q
o

it

._‘;:x‘ﬁ
\N“\

e
o

In particular for L7» 1 the neutron contribution to an EL tran
gition may be gencrally neglected in comparison with the proton con
tribution, sc that (18) gives the ratio between UA{ {fil) and ﬁ (ab}
The sgame argument does not apply to the Bl tran31t1ﬁ§é becaunse thcé
re it is essential to consider the neutron contribution which ari-
ses from the conservation of the total momentum.

In any case the formulas (16), (17), (18) provide us with a e
neral estimate of the Coulomb corrections to the matrix clementss
as anticipated such corrections turn out to be rather small intthe
Z region of intorest,.

To complete the discussion of the Coulomb corrections it is
however cssentlal as this point to note that so far Wé have only
discussed the corrections to the matrix elements; in order to ob=-
ta2in the transition widths one has to multiply the square of the
- matrix element by some power of the energy difference of the two
levels between which the transition takes place; this energy d4if-
ference, which in general is different in the two conjugate nuclei
which we are comparing, is in any case a knéWn experimental quantl
ty. We may therefore summarize the situvation as follows: congider
the widths for two corresponding transitions in conjugatelnuclei
and divide them by the appropriate power of the energy differenqeg
the two squares of the matrix elements so obtained sheuld satisfy

the rules of the sec.! with a precision expressed by the factor
-1

5

(f~*3) i for an EL transition and{{+3] < for an ML transition.

—

It is important here to stress that, obviously, the above e~

stimates represent only the average behaviour, It is quite possi-
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ble that the matrix element for some particular transition in +he
hypothetical absence of the Coulomb inberactions is small (say, of
the order g ) with respect to the average matrix olement Ffor the
same kind of transitiony this can be due to a particularly bad o-
verlap of the two wave functions. In such case the relations of
sec, 1 between the widths of the transition for the nucleus in que
stion and for the conjugato nuclous may bo lost, the transitions
being dominated by the Coulomb interactions, The existence of thg
special cases mentioned above may be described using (5) and (6):

if Vﬁﬁ is small, Xgp, given by (6), can beccme very important

il
or even dominating. It should be remarked, however, that the inten
sity of the transition in these special cases should be smaller, by

a factor say

APt

» than the intensity of a2 normal transition of the
same multipolaritys; only for such weak transitions large déviations
from the rules of sec. 1 should possibly be.found,

To complete this section'we have still to comsider the poggi-
ble effects due to the fact that the forces between the nucleons
are transmitted through pions. We confine here to the case of EL
and M1 radiation. For the El radiation a correction in principle
arises (11) due %o tho fact that the total momentum of the nucleus
may undergo small fluctuations acround i%o avornge valuc zerog this
is because ‘the quantity which is conserved is not the momentum of
the (drossed}nuoleons only, but the tokal momentum of the dressed
nucleons plus mesonic field., Thig effect has been alrea&y gonsi@g
red for the gelfconjugate nuclei, It is difficult to calculates for
an alpha particle to which the calculations of(11)refer,it turns out
that the érder of magnitude of the effect can be in some cases as lar
ge as the Coulomb one. The exprossion order of magnitude here, has
however to be taken in an extremely loose sconsc on account  of the
very many apﬁroximations which are necegsary 1n the computation,
WMoreover the effect should decrease rapldly with increasing A whi-
le the Coulomb corrections inorease. There is no evidence from self
conjugate nuclei for invoking this effect; so we may well neglect

it here,
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For the M1 radiation one may have éxchange current offects.
However, as alrcady pointed out by Gell Mann and Telegdi the terms
in the Hamiitonian responsible for them, ftransform as the H1 part

in (1) and should not, therefore, modify the present rules.

The experimental data

There are very few data, presently, to compare with above‘prg
dictions, and the most part of them is affected by Bdather large er
Tors.

Two kinds of measuments are of interest:

a) branching rations in }fndeexcitatien of corresponding levels
of conjugate nuclei.

b) Tho absolute values of the lifetimes of corresponding levels in
conjugate nuclei,

We first discuss the class a) experiments; practically the on
1y material to compare with our predictions is provided by some
transitionsg in A125 and Mg25, investigated particularly by Cove and
coll.(13)(14) The similarity of the branching datiom, in the casecs
in which they arc known in both nuclei, has been already stressed
by these investigators and is apparent from the fig. 1 below (whe
re we have rcporied all the information existing on the levels (1)
to (5) which is of interst for thc following discussion); the re-—
sults of the present paper show that such similarity, though cxpec
ted; is by no means an obvious fact, and has to be discussed in.
cach case,

Because the values of the individual intensitics ars not known,
the only thing which we may compare in the two nuclel aro‘the ratios
of the intensities (for cach nucleus) of competitive decay modes
in corresponding transitions. For instance, considering the deexci
tation of level (2) we compare in the two nuclei the ratio ;Q;L /f;o
of the intensities to the first excited state (1)} and to the grouné
state (0) 3 such ratio we call gﬂzi )’ whore the left index refers
to the deexciting state and the right indices refer, in the order
gpecified, 1o the states which are formed, We introduce alsc the
, L

#lj ) to indicate again the ratic of the two widths r
- 1, i :

gymbol 2,1

3
rl
el
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et

and {Q o s+ each being divided, however, by the appropriate power
of the energy differcnce botwoen the relevant levels, as explained
in tho past scctions

¢ /5 /

7 = A L
i

e et

o {fE' ﬁ‘// / /¢ e

P
A

where 1 and 1' depend on the multipolﬁrity of the @mitted‘radia%ion.
The above notation, exemplified m a particular level, Will'
be used'generally in the following discussion wherc we shall com-
pare the values. of ﬁz and 4Zﬁ s for those transitions in Al and
Mgz which are relevant 4o the’ruIGS'discussed in sec. 1.
1) Desxcitation of level (2): from the diagrams 1 and 2 we sce that
all the transitions are M1 + B2; obviously AT~ . If %o can dig
regard the T2 fraction {this assumption is perhaps unjustified; com
pare ref, (1A)) the rule 2b should apply. We havo n?{{ﬁf) = 1,38
and ;? )_.O 455 therefore ?7 (ﬁ ;} /ﬁ¢¢} = 1,45.
More moanlngful is ths ratio xn?gfﬁtiqgj/{.‘?iJ;!yygﬁ = 0 ¥
2)Duoxcitation of the level {4): The similarity of the branching
ratios in this case cannot be explained using our rules since the
transition (4) — (1) is pure E2. We may still compare the values
of éf?z in Al and Mg, which refer to M1 + B2 transitions, but
the-faotiihat the T2 transition is so strong raises doubis about
the smallnes of the amount of E2 radiation in the (4) - (2),
(4) —>(0) radiation. _
3) Deexcitation of the lovel (5): the dccay sohome is not exactly
the same in Al and in Mg, as it appears from the fig. 1. Howover
we may safely assume that in the Mg>> case, the {5) —(2) radiation
has been missed and compare the 76/84 ratio of Mg with a 13/87 ra-
tio in Al, All the transitions are Els they fall under the rule 2a.
We have ’y {x%f)// } ‘ﬂ’ ) 0793 for the ratio between the %7
we haves 5?45{A€j/<?%2i?w§j = 0.76. |
Summarizéng the situation we may say that the agreement vetween
the predictions and the experimental data is fair, though not stri-
kingly good; however the experi@ental branching ratios are probably

affected by rather large errors: in the case of the decxcitation
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of the level (5) we have assuncd in the discussion sbove that the
(5) —> (2) radiation hag been missed in the Mg decay; this implies
errors of the order 20%; in the case of the deexcitation of the le
vel (2) 14 is sufficient to say that Macder and Stahelin(15) give
for Iifzflgﬁg@/ the'value 0,44 + 0,07 instead of the value 0.95
guoted above,

In view of this it is better to wait for more precise data to
continue this discussion; we note only that in any case one would
like to have the branching ratios estoblished algo in other pairs
of mirror nuclei posgibly with a lower Z and with small E2-M1 ad-
mixturesy from the 1955 compilation of Ajzenberg and Lauritsen(ié)
wo learn that the only ofther reported case in which a branching
ratio in corresponding transitions in mirror nuclei is known 1s 0
ne in N3, ¢'3; tho radiations involved are here M1 and El.No di-
sagreement with the results of the present paper exists, but again
the data are not sufficicent to say more;

Finally only in one ocase the value of the lifetimes of corre-
sponding excited states in mirror nuclei are knOWH<17)3 those of
the Be! and Li7 Tirst execited gtates which go into the ground sta-—
te through an Ml transitions they are respectively 2.7 10~13 gec,
with an error of + 50% and 7.7 10~14 sec. with an error of + 20%.
To compare the two values we multiply the latter by (4,77/493)39
the cube of the ratio of the energles involved; we therefore have
o compare 2.7 . 10~13 with 1.05 10~13, Within the errors no discro
pancy with the rule 2b exists.

We end these considerations by stating that it would be inte—
resting to ccllect more precise data of the kind discussed; we no
tice that once the rules have boen cheked accurately in some cases,

they can become an usceful tool several circumstances.
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Figure capt ion

Fig. 1 = The levels of interes: in Mg25 and A125.



