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Blectrons in a Syanchrotron are acceleratéd by azimuthal
glectzric fiélds, obﬁaihed by cn@'or more'radio frequency ac;::
celerating gaps, along the tréjectory of 2lectrons,

Such accelerating gaps are, generally speaking, part of‘
radio frequency resonating structures, in which powsr ig iné' 

1)

jectsed by suitable electronic devices.: From the point of
view of the radio¢ fregquency supply, the s"stem may be sonsi=
dered as one in which radio frequency power 1is traneformed
in.direct current power of the accelerated beam of electronsaf

If the number of electrons in thée beam is very lecw, the
power picked up from the resonator by ithe beam is only a
small fraction of the power lost in the resonator by resisti=_
ve losses, then it may be neglected. When the number of ele=
ctrons in the beam 1ncreases§ ) the beam overloads the reso= T
nator and this overloading must be taken into account in the ‘
design of the Radio frequency accelerating system.,

Let us suppose that elecirons are already bunched, with
some azimuthal distribution. With respect to the radio fre=
quency electric field, the bunches of electrons are circulas
ting with different phases, according to their azimuthal di=
stribution. In general the bunches can be considered as a
periodic series of current pulses, which can be rapresented
by a Fourier expansion. The fundemental term of the seriles

is of course an a.c. current having the same freguency of the

(1)
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radio frequenéy system, but shifted in phase with resfect tbkf
the radio frequency voltage at the accelerating gap. This '
fact means that the fundamsnital component of the electrons
current may be considered as the veotorial composition of
two componentss: one resistive in phase, the other reactive
ahd 909 out of phagc.

The former increases the resiive losses of the resonator; ﬁ
the latter drives the resonator out of resonance; both thesefi

effects lower the value of the electric field at the aocele:;ﬁf

rating gap of the resonator.

.‘The problem arises of calculating the peak radio frequen:d;g
ey voltagelat the gap of a cavity driven by a radio frequencjf;
amplifier, and loaded by a beam of electrons. In the follo=‘fi
wing we shall write the egquation for the more g@neralicaseg
and we shall give a numerical soluition for the particular oa=';
se of a low véltage, frequency modulated, cavity of the 1 GeV;)

Italian Electronsynchrotron.

& 1 = We have to calculate the following vectorial functions
inside the resonating cavitys
= magnetic field

= glectric field

= md

= current density
It can be shown that the solenoidal part of each of these

fields can be developed by a series of solenocidal orthogonal
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Where the integrations are extended to the volume of the cas=

vity.

(B)J.C.Slaters MICROWAVE ELECPRONICS - (D.Van Nostrand Co.,

© Inc. - 1950 (1951 reprinted) =) Ch,IV -~ We shall follow
in this paper the general calculations and the notations
used by J.C.S81later in the book referred.-



The cavity can‘be described by & volume defined by two
kinds of surfacess
I ~ Burfaces 3! having perfest dieletric properties,

For such surfaces the tangential component of ﬁz vanishes;

so that:

T AH =0 on 8¢t (2)

-> .
where n is the unity vector normal to St

Il - Surfaces S having non perfect conducting propertiss.
For such surfaces the tangenitial component of En doecs not

vanigh then we have:
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where p is the permeability of the mediumj ¢ is the surface

conductivity of S; @ is the angﬁlar freguency of the fieldS3§
If we write the Maxwell equations for the fields and‘currentsif
in the cavityy; taking into account the series expansion (1) :v
and the boundary conditions (2) and (3), we obtain the follo=;®

wing equatiorn:
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x 4+ {1+ 3) =~ x +logx = -3 = Jx B dv (4)3
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gy ¥ resonance angular frequency of the free ocavityj

guality factor of the cavity taking into account
only the wall losses;

0
i

w

Z = giclotric constant of the medium.
The solutions of this equation Xn are obvicusly the coeffi=
cients of the series expansion‘of the electric field.ag accor=
ding to the Ffirst of (1).
It can bhe easily shown(4) that the coefficients of the
series expantion of the field'?i are related to the =3 by

the following relation:

o
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(4)See reforence of note (3), Ch. IV.-



§ 2 = The genera; gsolution of eguation (4) is of course the
'sum of two partse a transient one due to the sclution of the.ﬁJ
corresponding homogeneus equatién; a steady one which itakes
into account the forced term due to the currents injected in f¥
the cavity. Of course we are interested in the latter scolu= |
tion.

We shall suppose that the forced term is a time sinusodis
dal function with an angular frequency @} . In this case the

steady solution of the equaiion (4) is of the types

x, =4 ejq}t (5)‘:

By substituting (5) in (4) we have:
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We shall base on (7) the calculations of the electronic loa=

diﬂgo

& 3 - Let us consider a cylindrical cavity as sketched in fig.
1. 8n such a cavity we may assume that at any time the ele=

-ty
ctric field E is mostly confined between the two planes of the

tcondenser part! of the cavityg5)
The magnetic field can be assumed as filling, with circular
lines of force, the thoroidal part of the cavity.

The value of the radio freguency voltage between the con= -

denser plates a2t a distance d is therefore related to the

(5)806 reference of mote (1), Ch.X, pag. 438-440.
- -



value of the electric field by the simple formula:

v(t) =iﬁ?(t)\d

This is also the voltage'by which the electrons crossing the -

o+

cavity in the axial direction at a time t are accelerated.

§ l I ] ' "

| | |
Pig.1 - Axial section of Fig.2 = Coupling of the
the caviiy.—- driving triode to the

cavitya.—

lloreover we suppose that the cavity is driven in the founda=

mental mode (referred to as the'n'mode)s so thats

il -
E=L, (8)

2ll other modes giving a negligible contribution to the se=
ries expansion (1), In this case the integral at the demno=

minator of the right side of (7) becomes:

‘F""b
J Tx 2 dv = ()2 s a (

=
o
O
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S being the surface of the condenser part of the cavity.
We have now %o bake into account the current densities in= .
side the cavity. In this paper we shall suppose that the po=
wer is supplied to the cavity by a direct coupling between
the cavity and the anode circuit of a power triode runned

(6)

as grounded grid amplifier shown schematically in fig.2.

. ‘
( )L,B.Arguimbaug VACUUM TUBES CIRCUITS (J.Wiley and Sons,
Inc. -~ 1948) - Ch.VI, pag 286-287.

E.K.Sandeman: RADIO ENGINBERING (Chapman and Hall, Lid.-
1953) ~ Ch.X, pag 389-392,



This is just the case of the freguency modulated Radio Fie=
quency System of the 1 GeV Italian Elecitronsynchrotron. In
such a case two different elecironic currents are circuila=
ting in the cavitys
a) the current EZ due to the electrons inside the triocde;
‘b) the current ?; due to the electrons of the accelerate@‘
beam,

Both currents add to bﬁild up the total current density‘
according to the formulas | |

K =‘j? 4-?? = ?‘/a + E%/b
e v g v

where a and b are the cross sections of the two cutrrents. AS: f

o conseguence the integral at the numerator of the right side

of (7) can be written:

- s - s [ = -2
JJ x B dv = J x E dv +‘/ J x E dv
v n s v e n vV n
e v
the integrals being extended to the volumes in which the two -
currents are confined.

Taking into account position (8) we gets

[ = - Lo - | }
J J x B dv =" ajfid =1 v
v 2] 1 a, 5]
I } - (10)
S
J/ T x B odv = —- brE‘ 4 =71I V )
vv v n b v

where Ie and Iv are the scalar values of the beam and the

triocde currenits.
Injecting (9) and (10) in the (7) we obtain the following

eguations

— 2 a I I Y
5 1¢ Wo - W y - ] A o v‘l (11)
P T wC v v .
- Wy, QW QW wuJ L
wheres £ = S/d iz the c¢apacity between the plates of the

condenser part of the cavity, taking into account also the

anode—~grid capacity of the triode.

§ 4 - The two quantities in brackets at right side of (11)

can be considered as the admittances of the systems

<
o
it

I /T  being the admittance of the beam load,
e
- & -



YV = IV/V being the admittance of the ftriode,

Both the beaﬁ current and thec anode current of the triodegf
supposed to be driven as Cléss C amplifier,(Y) are periodic¢
short pulses of current aﬁpearing at some phase with respect‘
to the radio freguency voltage V(t), as shown in fig.3.-
Supposing the V(%) to be a sinusoidal Ay(t)
function of the time with angular //\\ //\\
frequency &J , both the periodic curs= \\ // \\\j/

rents wave forms can te expanded in

I
Fourier series, giving rise to = ) ﬁ Co
fundamental component of angular fre=
- : I
quency s and to other highgr hnrmo= v )

nics terms., Taking into account

(8)
Mg.3 = Voliage and

the fundamental component only, we currents waveforms
in the cavity.-

can represent the currents as vecs
tore rotating with the angular fregqguency w ., In other words,

the two admittances can be represented by complex numbers as

follows:

Y = I /V = g, + 1 b, L

) ’ (12)

L IV/V

It
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Substituting (12) in (11), and separating the real and ima=

ginary parts, we obitain the following itwo eguationss:

WC o
%, = = 5, + &) (13)
T oW 1 -
W S O N
v L( ”” ™ QWJ be T bv (14)

§ 5 -~ As a first approach to the solution of the problem let
we assume that the cavity is driven at a fixed angular fre=

quency w’ ¢ Which is alsoc the angular freguency of revoluiion

(T)See the first reference of note (6), Ch.VI, pag.267-277.

8 .
( )J.PuHeyboer, P.Zijlstra: TRASMITTING VALVES (Philips!
technical Library -~ 1951) = Ch.III, pag. 26-60C.
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(9)

of clectrons of the beam. Moreover we shall assume'that&f
is just the frequency of resonance of the cavity, taking ins=.
to account the losses on the walls, In. this case (14) redu=

ces tos

o’
o+
o
il
O

{(148)
because the fterm:

w'c([fﬁ— ’}- ;J )

1Y)
W
w

in (14) vanishes.

In the following we shall assume as independent variable f
the peak value V of the radio freguency voltage at the gap
of the cavity. The guestion we have to solve is: | :

t' If ¥V is the value of the voltage at the gap of the éa:fﬁ
vity without any beam load, what will be the value V' of the
voltage when synchronous bunches of electrons are accelera=
ted by the cavity?!!'-

Let us consider the situation of the ourrenté and volta=
ges in the cavity, represented in fig.4 as electrical vectorst

rotating at the angular frequency w',

o o o o o — o — S5 o
: - ; 2
= .
"t L ! -
— i \F : :
_)2'.1 {_L%-"fz
k‘I A
| ®u
Pig.4 — Vectorial relationship betwsen currents

and voltages in the cavity.-
According to (14&) the two components of the currents at
90° out of phase with the voltage have an equal amplitude

and opposite sign:

or:

N S F LI & BENCEY

/ .
\9)Or an upper harmonic of the revolution frequency. In our
case that 'is the 4th harmonic.-

-8 -



According to (13), between the two components of the curreutg

in phase with V' the following velation muet be satisfieds -

Q

wo lV!' = - {II ! éosty + \I l sin 5@ | (16)' ?:
- - |i=v -6 5 e
Let us now introduce the following approximation: '!'The wave jf

form of the current of the triocde is not modified by the

(10)

Under this assumption the amplitude‘of the vector Ev is Jjust

reactive load introdueced by the beam?.,

the =same ag in the case of no reactive loads

] -

where Ig is the current in the triode with a radio frequency;g
voltage V'. Putting this value in (16) instead of |I | and

dividing both sides by V', we gets

'UﬂC
Q.

w

= - g; cosﬁP - ge (17)

where gg ig the conductance of the triode without electron
beam loading and ge ig the conductance of the elsctron beams;
of course both of them are functions of the voltage V',

Still we have to determinate the value of the electrical
phassg yy of the triode current, which is connected to the
phases of the beam current &{5 by the (15).

Therefore we haves

- +1/2 — 11 cos 1/2

-y
Supposing that sin y;<< 1, we shall use the following appro=

Ximate valuesg’

}Ee cos H% 2
> ( o ) (18)

w7

-~ GOS8 #’ ¥ 1 -

(10)

This assumption is true only for pentodes, and guife go=
cd for the high p power television tubes. See the refe=
rence of note (8), Ch,IV.-



§ 6 - For the numerical computation we shall use the follo=

wing procedures

- First we fix the working conditions of the triode cmployesds

Vacuum tube , : Siemens type RS 1001
Anode supply voltage _ Ebb = 8,000 V

Fixed grid bias B = - 200V

Peak radio frequency vol. bet=

ween grid snd cathode | vg = 350V
Amplification coefficient = 65

Plate resistence ' v = 1,600 ohm

1Y
- . . Wt s .
From a graphical analysis (11) of the characteristic curves
of this tube we have caloulated the values of g;(v), refer=

red in Table I°.

TABLE I°® ~ Values of the tube conductance v/s R.F. swing

V(volt) 2000 3000 4000 5000 6000 7000

g0 = 103
v 4,35 2,50 1,60 1,15 0,815 0,445

(mho)

U]
< o

uﬁd
QW

v

Fig.5 = & ¢ conductance of the system v/s voltage
T at the gap.-

If we plot data as in the solld curve of fig.5, with the
measured value of the R.F. voltage V at the gap of the cavi=

ty without beam loading, we are able to find the value of:

(11)599 the second reference of note (6), Ch.X, pag.372-378.
- 10 =



LU’C o
Q v

W

which is a mechanical characteristic of the cavity employed,f 

end therefore is not affected by any loading of the system.‘-fﬁ

e can now plot on the same diagram the values of the fun=€f

ction of Vi . i
_g:r cosy/ -8,

they are shown by the dotted curve in fig.5. The abscissa ofk%:

the polint where this curve crosses the value M”C/QW, is jusﬁfﬂ

tho voltage V' at whioh the cavity loaded by the electron bes
am works, -
To draw the latter ourve according to (17) and (18) we nes "
ed the wvalues of: S
>i = phésé angle between the electrons current of the beam:f
and the radio frequenoy voltage. .
iIe' = the absolute valuec of the beam current, given by
the number of electrons in the beam, and by the phase distri=‘ 
bution of electrons in the bunches.
Let us assume that the bunches of electrons are disiribus=
ted around a phase VL which corresponds to the phase of the

'synchronous pariticle' accelerated by the synchrotron. The

phase angle y; is defined by:

sin = eten
}i Ty
where u is the minimum value of the R.F. voltage needed %o

accelerate eleotrons.(jz) In the following we shall assume
u = GOS'b. = 2.000 VOlt.

Moreover we have calculated the absolute value of the
electrons current ,Iei, for two different number of accele=
rated electronss to =ays

N = 1011 H N = 1012 electrons,

Tor the distribution of the bunches of electrons around

12 )

( )E.Persicos TEORTA DELLA CATTURA RAPIDA IN UN SINCROTRONE
INIETTATO AD ALTA ENERGIA {(relaz.n®s T4 della Sezione Ac=
celeratore dell'I.N.F.N, - 1953).-

- 11 -



the synchronous phase ?i we have assumed three different
shapes:
a) A11 the electirons travel at pﬁase yze The bunches‘haﬁe‘
the shape of a delta function.
b) The electrons are uniformiy digtributed between the phasé"
71 ~ 45° and }i + 45°, The bunches have a rectangular sha#ﬁ 
pe around >ps.  j
¢) The electrons are uniformly distributed between the fixedﬁé
phases 110° and 200°. |
In fig..6 the assumed distributions are indicated.
In figs. 7,8,9 the curves for the two values of N and for
three cases a), b), ¢) are plotted. It is easy to see that
our assumption abouit the shape of the bunches does not aféLQ!

fect too much the results,

V(t)i///f””

T Wt
Wt

I

i

NOSEE] _case b) .
—A B0 Y o T wd
kfs 45 V)S+45
case C)

4 w-t

Fig. 6 - The assumed shapes of the beam current and
corresponding phasges.-

For instance, with the unloaded c¢avity working at V = 6 kV,
the value V' of the voltage, vreached when the load is of

1012 electrons, is in any case: V' > 4,5 kV, Moreover it ig
shown by the curves that in our case the system is guite iﬂ=.

sengitive to a load of 1011 electrons.

§ 7 - As a second approach to the solution of our problem
1ot us consider the fact that during the first part of the
accelerating cycle the cavity is driven at o freguency which

-1 -



Jt
»
(@]

she system in millillEO
© s o o

g —~ Conductance of

n
»
W

Fig.7 - Case a)

DIAGRAM FPOR THE CALCULATION CF
THE VALUE V! OF THE PEAX RADIO
FREQUENCY VOLTAGE WHEN THE CA-
VITY IS LOADED BY BUNCHES OF

N = 1011 electrons) curve —-—-=
¥ = 1012 electrons, curve--~—{

PHE SOLID CURVE REFERS TO THE -
CASE OF THE UNLOADED CAVITY.-

1.0
N
\\ ;
!
N :
~ =2 ;
| T~ P % R |
0.5 .
N N ™~
Y
.
~
~
.,
Y
~
\ .
2 5 6 e

v v Poak RF voltage



Fig.8 ~ Case b)
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g =~ Conductance of the system in milIiMHO
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(13)

der equation (14) of § 4 we see that in this case the left

is about 2% lover than the resonating one, If we consi=
gide does not vanish.
Working at an angular frequency &, which is Aw 1ower

than the resonating frequency au@ eq.(14) becomess

v

2¢ Aw =D+ (14v)
or by multipling both sides by V'3

2 ¢ Aw vV = 1 + I
: 61 v

In other words the tube reactive current I_  must balance
1

both the beam reactive current Ie , and the detuned load
reactive current 2 C dw V', 1

In our case the situation‘is rapresented in fig;TO wherse
the currents are indicated as vectors rotating at the fre=:

- quency W,

Pige10 = Vectorial relationship between currents and
voltages in the cavity.-
It is easy to show that also in this case it is possible to

write an equation like the {(17):

W ¢
Q

W

= - gg cos ) g, 3 (17a)

but the meaning of cos W is now:

1
( 3)See the reference of note (8), Ch.III, pag.63=T2.-
- 13 -
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By the (17a) and (18a) we calculated numerically the effect

(18a) =

(]

of detuning; in the fellowing cases L
~ Detuning of the cavity 4w = 2% with w/ = 43 x 106 c/sgif"f
- Capacity of tho cavity and of the triode C = 60 pF.
- Shape of electron bunches as in the case a) of § 6.

~ AIl other counditions as in § 6.

Wo obtained the curves of fig.11. In that case it is shown
that if the cavity works at 6 kV driven at the resonating
froguency and without any beam load, with a beam loading of ‘h
1012 electrons the Radio Preguency volitage is lowersd to
about 3,7 kV, and with a loading of 1011 electrons it is
lowered to about 5,2 kV, by ﬁhe combined effect of loading

and detuning.—



g —‘OUnductanoe~of‘the@8ystem in milliMHO

o
[ 2
It

N
-
o

(U8}
.
i

(WY
.
@]

n
.
&)

0.5

Fig.11

- [ffect of electirons

loading and 2% detuning.

DIAGRAM FOR THE ('ALCULATION OF THE -
VALUE V! OF THE I'EAK RADIO FREQUENCY

VOLTAGE WHEN THE

BUNCHES OF

11
10 © elecircnsg

CAVITY IS LOADED B3

¥ = curve~w*§}3
12 . BN
¥ =10 electronsy curve ——=
AND IS DETUNED BY 2%. ¥
THE -SOLID CURVE REFERS TO THE CASE.
OF TUNED AND UNLOADED CAVITY. =
\
\ .
\ \
\ * .
\ AN
\ \
\
A\
\ \
\ \\
\ ‘ |
\\
\
\
\;
N
\ . T
N AN
s N\ N \
g cos - N\ * .
v f 12ge /}9’ \ 4‘ . \\ ~
(v = 10 .
) - A
:\\
b4
N ~N
- .
"~ N
kv
3 5 6 1 _
v v Peak R¥ voltage




