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1 Introduction

As known, channeled and quasi-channeled projectiles move under small angles to main
crystallographic planes (we consider the planar channeling here) and they actually inter-
act with the averaged field of planes’ atoms instead of the fields of separate atoms (see,
for example, [1] and Refs. therein). The channeling phenomenon takes place when inci-
dent angleθ0 between projectile velocity and crystallographic planes does not exceed the
certain critical valueθL (so called Lindhard angle). Channeled projectiles penetrate into
the crystal at anglesθ0 < θL and they move between two parallel planes forming a planar
channel. If the angle between initial velocity and planes isover than critical one but re-
mains close to its value, the quasi-channeling regime takesplace. Hence, quasi-channeled
projectiles are not constrained with any single channel.

In the case of bent crystal the effective crystal field is axial. It depends on the dis-
tance to the center of bending curvature (see [2–4] for details). The projectile’s beam
directed along the bent planes at either channeling or quasi-channeling conditions is split
onto two beams in the crystal. The first beam is channeled and might be deflected along
bent channel through large angles from the initial direction of motion. The second beam
is quasi-channeled. For quasi-channeled particles that move initially to the center of crys-
tal curvature the volume reflection can be observed. Namely,in the trajectory we can
define a “turn” point where the particle starts moving “from the center of crystal curva-
ture”. That results in reflected beam deflection by crystal field in the opposite direction
to that for channeled particles. Quasi-channeled particles initially moving from the cen-
ter of curvature might be slightly deflected mainly due to multiple scattering on crystal
nuclei. Obviously, multiple scattering can result in transition of projectiles between chan-
neled and quasi-channeled states; the phenomena observed are known as dechanneling
and volume capture in oriented crystals.

This work aims in studying the probability of inelastic nuclear interactions (INI) for
both channeled and quasi-channeled protons in a bent crystal. Namely, we have evaluated
the scattering of 120 GeV protons in a Si crystal bent along (220) crystallographic planes
at the angleαR = 150 µrad with the radiusR = 1333 cm ; the crystal thickness is
zcr = 2 mm; the critical channeling angle for this case isθL = 19 µrad (the conditions of
experiment [5]).

We have introduced in considerations the averaged probability of INI and, success-
fully, evaluated its dependence on the crystal orientation. A special attention has been
payed to the features of projectile multiple passage of the crystal. Suggesting the model
of experimental scheme [5], a mathematical code enabling the description of these fea-
tures has been developed.
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2 Averaged probability of INI

2.1 Theoretical consideration

Let designateσ for the INI cross-section. The INI probability when proton passes the way
z in amorphous solid isP = σNz (which is valid if P << 1) whereN is the nuclear
density1. In aligned crystal, for both channeling and quasi-channeling conditions, the
nuclear densityN strongly depends on the distance from crystallographic planes due to
the thermal vibrations of nuclei near the equilibrium position located on a plane. Let
use the Gaussian distribution for the displacement of nuclei from the plane [1]. Then for
aligned crystal the INI probability can be rewritten as follows:

P = σ 〈N〉tr z ,

where〈N〉tr is the averaged nuclear density over the projectile trace.
Now let consider nondivergent proton beam hitting the bent crystal at the incident

angleθ0 (see, for details, in [3,4] and Refs. therein). To define the mean (averaged)
nuclear density〈N〉0 for incident beam at given crystal orientation (which is defined by
the angleθ0) we have to average〈N〉tr by all proton trajectories.

Assuming that the number of protons penetrating into the crystal is large,np >> 1,
we should not analyze the trajectory for each proton, but candefine that the averaged INI
probability in a crystal volume is

P = σ 〈N〉0 z (1)

for one arbitrary proton, and the full number of nuclear reaction asZ = Pnp.
Hence, if the counter (detector) is mounted anywhere near the crystal for the nuclear

reaction registration, it records the quantity proportional to the valueZ.

2.1.1 Simulations and discussions

To simplify the analysis, in this subsection, evaluating the proton trajectory, we omit
multiple scattering2.

First of all, let present the change of Si nuclear densityN along the proton trajectory
at planar channeling (Fig. 1c,d) as well as at volume reflection (Fig. 1a,b). Namely, the
nuclear densities are presented in bottom figures whereas intop figures corresponding
trajectory sections are shown. Trajectories were evaluated by the algorithm described
in [3,4]. It is convenient to simulate the trajectory in axial coordinates(r, ϕ); hence,
the trajectory is situated in the plane orthogonal both to the axis of field symmetry and
to bent crystallographic planes. The radial coordinater originates from the center of
the bent planar channel where proton penetrates into the crystal. The azimuth angular
coordinateϕ is counted from the crystal entrance face. The pole of the coordinate frame

1The density in this manuscript coincides with the concentration
2As shown in Section 3, multiple scattering does not influencesignificantly the averaged probability (1)
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is the point where the plane of trajectory crosses the axis offield symmetry. The proton
motion in a crystal field is determined by its kinetic energy,incident angleθ0 and initial
radial coordinater0.
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Figure 1: Changes of nuclear densityN (b,d) along the initial section of 120 GeV proton
trajectories (a,c) in Si crystal bend along (220) planes with the radiusR = 1333 cm; a is
the distance between (220) planes.

In Fig. 1 the nuclear density for unaligned (misaligned) Si crystalNun = 0.05 · 1024

cm3 is introduced to clarify the difference between oriented and unaligned cases. In the
condition of volume reflection (Fig. 1a,b) the nuclear density is one order more thanNun

at proton cross of crystallographic planes. When proton reaches the point of reflection
(nearϕ = 16 µrad in Fig. 1a) one can see the peak in Fig. 1b smaller than other ones.
That takes place due to the fact that proton does not cross theplane at reflection. On other
hand, near the plane of reflection proton moves with small radial velocities, and interacts
longer than with other planes; and that is the reason of corresponding peak broadening
with respect to other peaks. In the channeling condition (Fig. 1c,d) the nuclear density is
less thanNun. However, when proton approaches bent planes, the nuclear density sharply
increases. In a bent crystal the channeled proton is governed by the potential having
different barrier heights. Proton can approach a smaller barrier at closer distances than
those for a higher barrier, that might result in essentiallyhigher proton-nuclear interaction
for the first case than for the second one. The latter explainsthe fact that in Fig. 1d the
curve is composed of alternating small and large peaks.

Finally, let point out here that the averaged nuclear density over the whole trajectory
〈N〉tr /Nun (i.e. over the angular pathϕ = αR) equals 1.12 for reflected proton and 0.04
for channeled proton.
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The dependence of averaged over trajectory nuclear density〈N〉tr on the initial
point of trajectoryr0 is presented on Fig. 2. The result has distinguished two regimes
of the motion: volume reflection for all protons (Fig. 2a) andchanneling for majority of
protons (Fig. 2b). The averaged nuclear density〈N〉tr for reflected protons (in Fig. 2a)
always exceeds the valueNun. The peaks in Fig. 2a correspond to protons reflected by
one crystallographic plane. Indeed, proton initial radialenergy [4] increases at the shift of
initial transverse coordinater0 from the center of channel. Hence, corresponding protons
can closer approach the plane before the reflection, and nuclear density〈N〉tr becomes
higher.

On the contrary, at energies higher than potential barrier protons are reflected by
successive potential barrier, being more distant from the plane that, in turn, leads to nu-
clear density〈N〉tr decrease. This feature corresponds to the deep after sharp peak in
Fig. 2a.

Channeled protons move in central area of the channel and corresponding averaged
nuclear density〈N〉tr (Fig. 2b) is less than the valueNun. For channeled protons, which
penetrate into the crystal at large distances from the channel center (atr0 ≈ ±0.4a), the
averaged nuclear density〈N〉tr is much higher than for those penetrating near the channel
center. Protons penetrating into the crystal with the initial radial coordinatesr0 ≈ 0.5a are
quasi-channeled (see, in [3,4] for details). The averaged nuclear density〈N〉tr for these
protons slightly exceeds the valueNun, as in the case of quasi-channeled reflected protons
(Fig. 2a). Indeed, proton moves in the area with very high nuclear densityN at almost
tangent line to the planes; this situation takes place for reflected protons near the reflection
point (Fig. 2a) as well as for quasi-channeled protons with trajectories characterized by
θ0 = 0 at the initial trajectory section (in Fig. 2b).

The evaluation gives us the averaged nuclear density at given crystal orientation
〈N〉0 that results in〈N〉0 /Nun = 1.12 for the case of Fig. 2a and 0.19 at the Fig. 2b
conditions.

The results of Fig. 2 allows us to conclude that the main contribution to INI is
expected from the channeled protons making the oscillations with the extreme possible
amplitudes in the channel (that proves the earlier results and conclusions by other authors
[6]). Here, it should be underlined that the proton dechanneling becomes evident.

Now we can evaluate the dependence of averaged nuclear density 〈N〉0 on the crys-
tal orientation, i.e. on the angleθ0 between proton velocity and bent crystallographic
planes at the crystal entrance end. The results of simulations are presented in Fig. 3. Let
defineθ0 > 0 for projectiles moving from the center of curvature initially, andθ0 < 0 -
in opposite case. The valueθ0 = 0 corresponds to a projectile penetrating into the crystal
strongly along the tangent line to bent planes at crystal entrance end (see [3,4] for details).
Namely, in Fig. 3a the averaged nuclear densities〈N〉0 are shown, whereas the corre-
sponding INI probabilityP (1) is presented in Fig. 3b. The cross-sectionσ = 0.506·10−24

cm2 was taken from [6]. When the parallel proton beam is directedinitially along the crys-
tallographic planes (the channeling orientation, CO) the probability of nuclear interaction
is five times reduced in comparison to one in unaligned crystal orientation (UAO). This
result is in agreement with the experimental data [5]. At theconditions of volume reflec-
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Figure 2: Averaged nuclear density〈N〉
tr

over proton trajectory in dependence on the
point r0 of penetration into the channel: a) volume reflection conditions, b) channeling
conditions. The case of 120 GeV protons passing through Si crystal bent along (220)
planes over the angleαR = 150 µrad with the radiusR = 1333 cm is considered.

tion (volume reflection orientation - VRO in Fig. 3), the INI probability is∼ 10% higher
than in UAO. The authors of [6] came to the similar conclusion. On other hand, the ex-
perimental curve in [5] for the condition of volume reflection appears below the curve
for unaligned crystal orientation. As further shown this effect is related to the particles
multiple passage through the experimental setup. When crystal is aligned for the opti-
mum of UAO, the relation〈N〉0 /Nun approaches the unity and the INI probability aims
asymptotically to the constant value. It is notable that in awhole considered interval of
the anglesθ0 the INI probability is less than 1%.

3 Multiple passage of projectiles through bent crystals

3.1 Theoretical description

3.1.1 The idealized experimental setup

In experiments [5,6] the holder with bent crystals was mounted into the pipe of storage
ring, resulting in the projectile multiple passages through the setup. Obviously, the INI
value should vary in comparison with a single passage case above examined. On one side,
multiple passage of a projectile through the crystal shouldbe characterized by similar
features we can observe with the crystal thickness increase, i.e. one can expect the growth
of the INI number. On other side, projectiles might be large deflected from its initial
direction of motion due to both channeling and volume reflection effects, and, finally,
projectiles can leave the portion of a beam hitting a crystal. As the result, the deflection
of particles might restrict the growth of INI number in multiple passage regime.

To model the situations described above, let consider a simple idealized experimen-
tal scheme (see in Fig. 4). A parallel beam 1 maintains one bunch containing initially
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Figure 3: Dependence both of the averaged nuclear density〈N〉0 (a) and of the INI prob-
ability P (b) on the incident angleθ0. The case of 120 GeV protons passing through Si
crystal bend along (220) planes over the angleαR = 150 µrad with the radiusR = 1333
cm is considered. The designations in the figure are: UAO – unaligned orientation, when
the deflection of protons is determined mainly by multiple scattering; VRO – volume re-
flection orientation, when the deflection of protons is determined mainly by the volume
reflection; CO – channeling orientation, when the deflectionof protons is determined
mainly by the channeling.

the numberI0 >> 1 of protons. The absorber system 5 are placed to cut the tails of a
beam. The focusing system 6 is mounted behind the absorber. Keeping the beam profile,
it delivers the beam to the setup entrance. Let mount the bentcrystal 2 into the beam
before the absorber 5; the numberαI0 of protons hits the crystal. Hence, particles can
be deflected from the initial direction due to channeling 3 orvolume reflection 4 at large
angles exceeding the cutting valueθb. These particles cut by absorber 5 will leave the
beam. Other particles, namely, which either did not hit the crystal or being deflected at
angles less than the cutting angleθb, pass to the focusing system 6. The focusing system
makes the beam parallel again and restores initial beam profile. After that steered beam
is turned to the crystal collimation setup.

Let introduce coefficientβ defining the part of protons hitting the crystal and being
deflected by bent crystal on the angles|θ| < θb. Namely, coefficientβ is the part of
protons crossing the crystal and successfully passing to the focusing system. Coefficient
β can be evaluated from the angular distribution by the earlier developed method [3].
While the focusing system restores the beam profile, the coefficientβ remains unchanged
from the turn to turn. This coefficient depends on crystal orientation (i.e., on the angle
θ0). Also, both coefficientsα andβ, being independent on the number of beam turns,
correspond to both orientation and position of a crystal.
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Figure 4: Experimental setup scheme: 1 – the initial parallel proton beam, 2 – the bent
crystal, 3 – the channeled protons, 4 – the reflected protons,5 – the absorber, 6 – the
focusing system.

3.1.2 The dependence of the protons number on the number of turns

Let now define dependence for particles number in a beam on thenumber of turns under
the INI neglecting condition.

The first turn is considered. The number of particles in the beam isI0,1 = I0 at the
experimental setup entrance. The number of particles hitting the crystal isαI0. The part
of these particles that passes to the focusing system is defined byαβI0. Therefore, the
full number of particles at the focusing system entrance isIt,1 = (1 − α) I0 + αβI0.

The second turn is considered. The number of particles in thebeamI0,2 = It,1. The
number of particles hitting the crystal isαI0,2. The part of these particles passing to the
focusing system is nowαβI0,2. Therefore, the full number of particles at the focusing
system entrance isIt,2 = (1 − α + αβ) I0,2 = (1 − α + αβ)2 I0.

For theT -th turn one can obviously obtain that the number of particles in the beam is
I0,T = (1 − α + αβ)T−1 I0. Therefore, the full number of particles entering the focusing
system isIt,T = (1 − α + αβ)T I0.

3.1.3 The INI estimation

Let now consider the problem of INI in the crystal volume. As shown in Section 2 the
INI probability is quite small for one proton during the single passage through the crystal.
Therefore, the proton leaving the beam due to INI does not affect the full number of
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particles and expressions above are valid for the INI evaluation overT turns.
For the 1st turn the number of particles hitting the crystal isαI0, while the number of

nuclear reactions is defined asZ1 = PαI0. Then for the 2nd turn the number of particles
hitting the crystal will beαI0,2 = α (1 − α + αβ) I0, and successfully the number of nu-
clear reactions -Z2 = PαI0,2 = Pα (1 − α + αβ) I0. Further, the 3rd turn will be charac-
terized by the number of particles hitting the crystalαI0,3 = α (1 − α + αβ)2 I0, and, cor-
respondingly, by the number of nuclear reactionsZ3 = PαI0,3 = Pα (1 − α + αβ)2 I0.

Hence, we can defineZT = Pα (1 − α + αβ)T−1 I0 for theT -th turn, and the full
INI number overT turns as follows

Z =
T∑

i=1

Zi = PαI0

T∑

i=1

(1 − α + αβ)i−1.

The sum in the last expression actually represents the geometrical progression with the
first term equal to 1 and denominatorq = (1 − α + αβ). Assuming the crystal does not
accept the beam completely, one can estimateα < 1. Additionally, the coefficientβ < 1,
if the absorber cuts protons, whereas the valueβ = 1 corresponds to the case when all
protons pass to the focusing system.

Therefore, atβ < 1, we haveq < 1 and in this case

Z =
1 − (1 − α + αβ)T

1 − β
PI0. (2)

For the caseβ = 1 one can find that

Z = TPαI0. (3)

Indeed, when all particles pass to the focusing system the full number of particles does
not change while conditionZi << I0,i is fulfilled. Hence, the formula (3) concludes that
in each turn the same number of particlesαI0 hits the crystal, and the same number of
reactionsPαI0 takes place.

On the contrary, as follows from Eq.(2) when number of turns increases the full
number of nuclear reactionsZ reaches saturation characterized by the following limit

Zinf =
P

1 − β
I0. (4)

The obtained result isα independent. As the matter of fact,α defines the time to reach
the saturation. Indeed, the coefficientα is the part of a beam hitting the crystal, and it
depends on the crystal position with respect to the beam center. However, the saturation
appears at any crystal position in the limitT → ∞.

To estimate the number of turns when the saturation can be reached, let define the
valueη, which characterizes the difference between the numbers ofINI at saturationZinf

(4) and for limited numberT of turnsZ (3):

η = 1 −
Z

Z
∞

= (1 − α + αβ)T .
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From this definition one can obtain the relation

T =
ln η

ln (1 − α + αβ)
. (5)

For example, let choose the cutting angleθb = 10 µrad in order to estimate the number
of turnsT necessary to getη = 0.01 at the valueα = 0.05, and previously defined
parameters of both crystal and beam (see, in Introduction).If the incident angleθ0 = 0
(the channeling orientation) one can obtain the angular distribution (the model by [3]),
and then we can defineβ = 0.05. Using this data one can findT = 95 from Eq.(5).
For the case of incident angleθ0 = −1.5θL (volume reflection orientation) we obtain
β = 0.17, and at the same valueη = 0.01 - the number of turnsT = 109. Actually, the
saturation is established very rapidly at givenα = 0.05.

3.2 Simulation results

To eliminate the dependence on crystal position (i.e., on coefficientα) we will consider
further the INI number in the saturation regime. From considerations above one can
conclude the INI number depends on both incidentθ0 and cuttingθb angles. It should
be underlined that the coefficientβ is strongly correlated with the angular distribution
shape of protons crossed the crystal, and the multiple scattering of protons [7,8] has to be
included in the evaluation.

In that case the INI probabilityP is shown in Fig. 5. Taking into account the mul-
tiple scattering smoothes out the transition from VRO to UAOin comparison with the
curve presented in Fig. 3b (without multiple scattering features).
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Figure 5: The same as in Fig. 3b, but with multiple scatteringof protons

The dependencesβ (θ0) at different cutting anglesθb are presented in Fig. 6 where
to higher curve by the position in a figure corresponds largerangle. To clarify the nature
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of curvesβ in Fig. 6, several angular distributions are presented in Fig. 7 3. The part of
angular distribution placed between the vertical identical-color lines corresponds to pro-
tons passed to the focusing system at the given cutting angleθb. Actually, the coefficient
β is the ratio of the integral intensity between identical-color lines to the total intensity
in the graph. The angular distribution in Fig.7a is obtainedin the CO condition, whereas
in Fig. 7b - for the VRO case. The angular distribution in Fig.7c corresponds to the
transition area from VRO to UAO (θ0 ≈ −αR).
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Figure 6: The coefficientβ as the function of the incident angleθ0 at different cutting
anglesθb. The case of 120 GeV protons passing through Si crystal bend along (220)
planes over the angleαR = 150 µrad with the radiusR = 1333 cm is considered.

All curves in Fig. 6 are revealed the deep in CO area. Indeed, channeled projectiles
are deflected by bent crystal at large anglesθ ≈ −αR < −θb. Hence, all channeled
particles hit the absorber and leave the beam.

Black lines (at smallθb) of the figure 7 compose only small part of total distribution,
and it reveals a slight variation at angular distribution change (i. e.θ0). Therefore, the
corresponding curve in Fig. 6 is the lowest, and the coefficient β changes slightly.

On the contrary, between green lines in Fig. 7 (at the largestangleθb) almost whole
distribution situates at any crystal orientation except CO. All protons pass to focusing
system except the crystal orientation when the majority of projectiles are channeled and
deflected at the angles|θ| > θb. Therefore, one can expectβ ≈1 except the sharp decrease
in CO, as shown in Fig. 6.

For intermediate anglesθb = 10 µrad and50 µrad the coefficientβ in Fig. 6 demon-
strates quite different behavior. Namely, for the caseθb = 10 µrad one can see the deep in
the areaθ0 ≈ −αR whereas for the caseθb = 50 µrad this deep is absent. To understand
this difference one should pay the attention to Figs. 7b,c. The intensity integrals between
blue lines (θb = 50 µrad) are approximately the same in these figures, whereas in the case

3The modified model of [3], in which multiple scattering has been included; details will be published
elsewhere.
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Figure 7: Angular distributions of 120 GeV protons passing through the Si crystal bend
along (220) planes over the angleαR = 150 µrad with the radiusR = 1333 cm. The
incident angles are: a)θ0 = 0, b) θ0 = −1.5θL, c) θ0 = −8θL. The part of angular
distributions located between the vertical lines of identical color defines the number of
protons passing to the focusing system at different anglesθb: black lines -θb = 1 µrad,
red linesθb = 10 µrad, blue lines -θb = 50 µrad, green lines -θb = 80 µrad (these des-
ignations correspond to colors in Fig. 6). The fractions in the outgoing beam are: CP –
channeled protons, VRP – quasi-channeled protons, which suffer the volume reflection,
QCP – quasi-channeled non-reflected protons, which deflect due to multiple scattering
only, DCP – dechanneled protons, VCP – quasi-channeled protons, which suffer the vol-
ume capture (see, in [9] for details). The anglesθ < 0 correspond to the deflection to
the center of curvature, whereas, on the contrary, the angles θ > 0 - from the center of
curvature (see [3,4] for details).
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of red lines (θb = 10 µrad) the integral in Fig. 7c is less than in Fig. 7b. Therefore, at the
angular scan byθ0 and transit from VRO to UAO, theβ difference atθb = 50 µrad is not
evident. On the contrary, one can obtain the decrease in coefficientβ atθb = 10 µrad. Ac-
tually, when crystal is mounted in VRO, the majority of protons forms a single sharp peak.
This peak is scanned at bothθb = 50 µrad andθb = 10 µrad. When crystal is mounted at
angleθ0 ≈ −αR, outgoing beam is split onto two beams. One part of projectiles moves
under volume reflection condition whereas other part is mainly deflected due to multiple
scattering. The observer watching the projectiles behind the absorber (at the entrance to
the focusing system) scans both peaks atθb = 50 µrad simultaneously, i.e. he observes
the same intensity of projectiles as in the VRO area. But at the conditionθb = 10 µrad
the observer registers one peak only or even the deep betweenpeaks (as in Fig. 7c). As
the matter of fact, the number of particles passing to the focusing system decreases with
respect to VRO.

Both dependenciesβ (θ0) (Fig. 6) andP (θ0) (Fig. 5) define the INI number in the
crystal volume (4). The numberZinf is presented in Fig. 8 for the same conditions as for
the coefficientβ in Fig. 6. The cutting angleθb increases from Fig. 8a to Fig. 8d. For
all parts of Fig. 8 the deep in the CO appears. It is caused by the deflection of channeled
protons at large angles (see, in Fig. 6) as well as by the reduce of the INI probability
(see, in Fig. 5). The INI number in VRO becomes larger with theincrease of angleθb. It
proves the expectation: the more this angle the more protonspass many times through the
crystal.

In Fig. 8a the cutting angle is very small (θb = 1 µrad). Therefore, every proton
passes through the crystal one time only and after that it is deflected by the crystal to the
absorber. In this case the ratio of nuclear interaction number Zinf to the full number of
projectilesI0 is, actually, the INI probabilityP for one proton (Fig. 5).

In Fig. 8b (θb = 10 µrad) one can see the deep in the areaθ0 ≈ −αR whereas the
similar deep is absent in Fig. 8c (θb = 50 µrad) that agrees with theβ (θ0) analysis above
presented.

At the cutting angleθb = 80 µrad (Fig. 8d) the number of protons, which suffer
the INI, is about 40% from its initial numberI0 in VRO, and this number approaches
100% in UAO. It should be underlined that here the saturationstate has been considered.
Obviously, to distinguish these quantities the huge numberof turns is needed.

Let now explain the sharp oscillations of the curvesZinf/I0 in Figs. 8c,d. One can
notice from Fig. 6, the coefficientβ in the corresponding areas is 0.98-0.99. Further, as
follows from Eq.(4), the small variation in the coefficientβ leads to significant change
of the INI numberZinf . The coefficientβ is determined by the shape of corresponding
angular distribution. Hence, the small change of the distribution shape results in large
variations of the INI number at cutting angles closed to the half of the full angular dis-
tribution width. On the one hand, actually, the distribution shape changes at different
crystal orientations. On the other hand, the Monte-Carlo method used in our simulations
to obtain the angular distribution can also contribute to small variation of the distribution
shape. Both contributions form the final oscillations in UAOshown in Fig. 8c as well as
in VRO shown in Fig. 8d.
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Figure 8: The INI number for the saturation stateZinf with respect to the initial number
of protonsI0 in dependence on the incident angleθ0 at different cutting anglesθb: a)
θb = 1 µrad, b)θb = 10 µrad, c)θb = 50 µrad, d)θb = 80 µrad. The case of 120 GeV
protons passing through Si crystal bend along (220) planes over the angleαR = 150 µrad
with the radiusR = 1333 cm is considered.
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For the rangeθ0 = −75o÷−25o there is an interval in VRO area in Fig. 8d where the
sharp oscillations are absent. These crystal orientationsare characterized by significant
deflection (θ > θb) of protons due to the volume capture effect [9]. As the result, a few
percents of protons leave the beam and small changes of the distribution shape does not
significantly influence the INI number (see, in Fig. 7c).

At UAO the deflection of projectiles is defined by multiple scattering mainly at
anglesθ < θb. Therefore, in this area the coefficientβ = 1 (Fig. 6 and Fig. 8d). As
above shown the saturation effect does not exist in that case. One can suppose that all
protons will suffer the nuclear interactions in the limitT → ∞, as it is shown in Fig. 8d.
Nevertheless, in the practice, one can not reach the ratioZ/I0 ≈ 1 due to the smallP
value, huge number of turns, damaging of the crystal, etc.

The INI number tends to 1 in the VRO area at the large cutting angle (Fig. 8d),
whereas it remains stable in VRO at other considered cuttingangles. This is related to the
decrease of the full distribution width when incident angleθ0 changes from−θL to −αR

(see [9] for details). Indeed, as known [3,4,9], the position of reflected protons peak does
not depend on the incident angleθ0, whereas the tail length for captured protons (see,
in Fig. 7b and [9,10]) decreases together with the incident angle change. Therefore, at
angleθb = 80 µrad more and more captured protons reach the focusing system, when the
incident angle is changed by the way pointed out above. As a result, the number of inter-
actions increases. At the same time, the number of protons passing to the focusing system
at other considered anglesθb < 80 µrad does not changes significantly. At these angles
reflected protons pass to the focusing system whereas captured protons are deflected at
angles|θ| > θb (see, in Figs. 7b). Hence, the number of passing protons doesnot depend
significantly on the incident angle, and the INI number remains stable at VRO.

Finally we consider the next feature of obtained results. When projectiles pass
through the crystal one time, the INI probability is more at VRO than at UAO (see, Fig. 5
and Fig. 8a). When the turn’s number increases, on the contrary, this probability is more
at UAO than at VRO (Fig. 8(b-d)). Actually, taking into account the multiple passage of
projectiles through the crystal changes qualitatively thecrystal orientation where maximal
INI intensity appears. Indeed, at UAO protons are deflected on the fewer angles with
respect to the case of VRO (see discussion above and [9]). Therefore, a proton has a
chance to make more turns before it will be deflected by the angle θ > θb at UAO than at
VRO. Due to the fact that the probability of interaction growths with the increase of the
number of turns, at multiple passage we will have the reducedINI probability at VRO with
respect to UAO. This result is in agreement with [5,6]. In Fig. 9 this effect is illustrated:
the INI number defined by expression (2) initially is more in the VRO than in the UAO,
but the situation becomes inverted starting from the 5-th turn. Also, in Fig. 9 one can see
the evolution of saturation effect.

Conclusion

In this work we have considered the probability of inelasticnuclear interactions when
relativistic protons pass through the bent crystal. The main attention was paid to the mul-
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Figure 9: INI numberZ with respect to the initial number of protonsI0 as the function
of the turns numberT at α = 0.25, θb = 10 µrad. The case of 120 GeV protons passing
through Si crystal bend along (220) planes over the angleαR = 150 µrad with the radius
R = 1333 cm is considered.

tiple passage of protons through the experimental setup. The idealized experiment was
simulated to investigate the INI for these conditions. The scheme of experiment involves
both a bent crystal to deflect the projectiles and an absorberto cut-off the deflected parti-
cles. These are main elements used in real accelerator technique to collimate the charged
particles beam. The suggested setup (idealized for simplicity), in general, works as a real
collimator facility. At the same time, this theoretical experiment abstracts from the tech-
nical details making the experimental data nature not so clear. Hence, our idealized setup
can be used to better understand the real experimental features.

Presented analysis enables explaining the difference between experimental data and
results of simulations published in [5]. The published dataare not adapted for direct
analysis. Nevertheless, the shape of our simulated curves in Fig. 8 is in qualitatively
agreement with the data [5]. Additionally, we would like to underline that the developed
model allowed us to explain observed deeps in the INI counts when the crystal is mounted
in the transition area from volume reflection to unaligned crystal orientation. Actually, it
is not related to inelastic interactions themselves. It is purely the effect of the beam
collimation. The mentioned deep can be either enhanced lessor more or can be even
absent in dependence on the cutting angle at the setup exit.

The oscillations at both VRO and UAO discussed above might besmoothed in ex-
periment and unobservable due to the reasons described in [5], namely, the crystal torsion
and other imperfections.

Of course, the applicability of suggested model depends on the possibility to restore
the initial beam profile in the focusing system. This condition seems to be fulfilled in
real experiments because the coefficientα is typically quite small [5]. Therefore, the
projectile scattering by bent crystal does not essentiallyinfluence the beam profile. On
other hand, here we paid the main attention to the saturationstate, whereas this state
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can be unreachable in practice under conditionα << 1. For this case we suggested
the condition (5) to estimate the saturation possibility. Moreover, one can use common
expressions (2) and (3).

Nevertheless, let consider the experimental condition [5]. The beam contained 109

protons in a single bunch. In the first turn 103 protons hit the crystal, i.e.α = 10−6.
At the givenα, β = 0.05 (CO) andη = 0.01 one can obtain from Eq.(5) the estimation
T ∝ 106 for the number of turns when saturation may be reached. Further, let suppose
the proton velocity is equal 108 m/s and the length of storage ring 103 m. Hence, the time
10 s is needed to make 106 turns, whereas the beam lifetime was more than few minutes
in experiments [5,6]. Therefore, really, one can say the saturation state exists even in this
case.

It should be mentioned that the algorithm used to obtain the coefficientβ implies
the uniform initial distribution of projectiles at the channel cross-section. The channel
cross-section has the dimension about several Angstroms, whereas the transverse beam
dimension is about several mm. Usually, the beam profile is Gaussian and a bent crystal
is mounted far from the beam center. Therefore, actually onecan consider the uniformly
distributed projectiles to calculate the coefficientβ.

Finally, we would like to notice the absorber may be not symmetrical in relation
to the beam direction, i.e. the cutting angle may be different at the different side of the
beam. Also, absorber may be installed not in the beam direction only, but, for example,
in the channeled particles motion direction. In general, other position of absorber could
bring new effects related to the cutting angle.

The model suggested in this work based on simple mathematical considerations. It
is not as complicated as the model [11], but it gives the results, which are in agreement
in the well-known experimental data [5,6]. Therefore, thismodel might be useful to plan
the future experiments and to simulate its results.
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