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Abstract

Spectral distributions of channeling radiation by 20+-800 MeV electrons in different
planes of a thin 4H polytype silicon carbide crystal is presented. We demonstrated that
channeling in 4H SiC with hexagonal structure has some new features not available in other
structures. Using Doyle-Turner approximation to the atomic scattering factor and taking in
to account thermal vibrations of atoms, the continuum potentials for different planes of 4H
polytype SiC single crystal were calculated. In the frame of quantum mechanic, the theory of
channeling radiation has been applied to calculate the transverse electron states in the
continuum potential of the planes and to study transition energies, linewidths, depth
dependence for population of quantum states and spectral radiation distributions. At electron
energies higher than 100 MeV the spectral distributions of radiation are calculated by
classical calculations and successfully compared with quantum mechanics solutions.
Specific properties of planar channeling radiation in 4H polytype SiC are discussed.

PACS.: 61.85.4p

Published by
Servizio Informazione e Documentazione Scientifica dei LNF
Ufficio Biblioteca e Pubblicazioni



1 -INTRODUCTION

Channeling radiation is emitted by relativistic charged particles during passing
through a single crystal near parallel to some axes or planes. Channeling radiation emitted
by electrons has mainly been studied on monatomic crystals such as diamond S B
Ge *, and on metals (e.g. Be, Ni, Sb, W '), Binary or polyatomic crystals (e.g. LiH %,
LiF ¥, GaAs, ruby '°) have scarcely been utilized. Most of the above mentioned crystals
are characterized by a cubic lattice. In such crystals, intense CR is observed from the
planes with low crystallographic indices such as (100), (110) and (111). In our previous
papers "7 we investigated CR from different planes of quartz crystal (SiO,), which has a
hexagonal structure. The more complicate crystal structure of the binary quartz crystal
(compared with cubic crystals such as, e.g., diamond, Si or Ge) allows channeling for
planes with relatively large indices, which have rather deep potentials and out of which
CR can be observed. Therefore, we may observe some specific properties of channeling
radiation in other types of crystals with hexagonal structure such as SiC.

The aim of the paper is to comment on the validity of both quantum mechanical and
classical approaches for the theory of channeling radiation (CR) by relativistic electrons in

thin SiC crystal.

2 - THEORY
2.1 — Crystal

A 4H-SiC crystal is characterized by a hexagonal structure containing 4 Si and 4 O
atoms in the unit cell as shown in Fig. 1. This is a hexagonal lattice, belonging to the
space group P6;mc and each Si ion is surrounded by a tetrahedra of C ion, and vice-versa.
The 4H refers to the fact that there are 4 SiC dimmers in the hexagonal unit cell. Its lattice
is defined by two primitive vectors a, b of equal length, which make an angle of 120" with
each other, and a third one ¢ is perpendicular to both the others. The primitive vectors in

the Cartesian coordinates system are

a —a(li—ﬁ V), d —a(lfc+£A) a,=cz
1 > 5 Y)s 2 5 5 Y) 3 >
where in 4H-SiC a and ¢ are 3.0805 and 10.0848 A, respectively 22. The primitive vectors

for reciprocal lattice are
~ 21 1
b=—F-——F7
1=, ( \/gy

The coordinates of silicon and carbon atoms in the hexagonal coordinates system are
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Si(1):{0,0,z,¢},{0,0,(Zz, +1/2)C}
C(1):{0,0,2z,C},{0,0,(Z,+1/2)C}
siciy:{1/2a.1/12a, 2, b {1/ 2a.-1/12a,(Z, +1/2)C }
cury:{1/2a1/V12a,z,c {1/ 2a-1/\V12a,(z, +1/2)C }

where in 4H-SiC Z,=0.0, Z,=0.1875, Z3;=0.249825, and Z,=0.437325. In this form, a
crystal plane is given by four indices (hkil) with i=-(h+k) where h, k, i and 1 are the Miller
indices. The interplanar distance for a hexagonal structure is given by

1 _i(hz +hk+k2] r
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The depth of potential well and the interplanar distance of the planes are very important in
CR experiments which are depend on the Miller indices (hkil). Deeper potential wells
have a larger number of the bound states, and larger interplanar distance produces lower
initial population of the states. Therefore, in SiC crystal CR can be observed not only from
the planes with low Miller indices but also from the planes with higher order of Miller

indices.

FIG. 1 — The hexagonal structure of SiC. Si atoms are shown as

blue spheres, C atoms as red spheres. One unit cell is outlined for

clarity.

B — Planar channeling radiation

At planar channeling the relativistic particle enters the crystal under a small
incidence angle relative to the crystal plane considered. The description of planar CR
bases on the division of the particle motion into both longitudinal and transverse
components. Since, in first approximation the longitudinal motion along the plane of
channeling is not affected by forces, the velocity in z direction is actually nearly constant
v, = c¢. However, under channeling condition, the transverse momentum p, of the
channeled particle is small compared to the longitudinal one p. and, therefore, its

transverse energy can be defined by the following expression



E = P +V(x)’ (1)

with relativistic particle mass my '*.
In order to describe the radiation emitted by the charged particle at channeling, the

applicability of both classical and quantum theories have to be considered.

C — Continuum potential

Since the longitudinal component of relativistic electron velocity is near the speed of
light, the crystal plane is assumed to be charged continuously (approximation of
continuous potential °). Since the potential has the periodicity of the lattice, its expansion
to a Fourier series represents the most general form of the continuum potential. The

continuum potential expanded into a Fourier series reads

Vix)=Y V,e"™, n=..,-1,0,1,2,... ()

where V), denote the Fourier coefficients of periodic potential. Using the Doyle-Turner

approach ' for the electron-atom interaction the coefficients can be written as

27 5. 5 M) g (’l(iz)(”g)zj
V. =—""a;(e /aO)Ze e g“Zaie 4 dr , (3)
V. ; i=1

n

where v, is the volume of unit cell, ay is the Bohr radius, e is the electron charge,

r, represents the coordinates of the j atoms in the unit cell, a;, b; are the tabulated

coefficients®', and M ; (§) = % g2<uf> denotes the Debye-Waller factor, which describes

the thermal vibration of the j’h atom with mean squared amplitude <uj2 >. The values of
<u’>=0.00666 A° for SiC were used as given in Ref. 22. Since the potential converge

g.r/

very fast, the sum over n can restrict to 21. The term Ze_i in Eq. (3) is the structure

factor of a crystal. The structure factor determines those sets of Miller indices, (hkil), for
which the reflections from the corresponding planes are strong. SiC belongs to the space
group P6;m and the CR from planes with Miller indices 1=0 will be observed. For such a
crystal structure, the (hkil) and (khil) planes have equal interplanar distance and potential

well. Calculated planar potential for electrons channeled along the (1120)plane of SiC is

shown in Fig. 2.
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D — Classical description of planar channeling radiation

Within the frame of the classical model, the scattering at the ordered crystal atoms
becomes coherent now, causing an oscillatory motion of the electrons along the
corresponding string or plane of atoms. Considering this oscillatory motion as an
accelerated one in the rest frame of the electron, it emits electromagnetic radiation called
channeling radiation (CR). Although the oscillation frequency w, is rather low and
corresponds to a radiation energy /iw, in the optical region, relativistic effects such as the
Lorentz contraction of the longitudinal coordinate and the Doppler effect transform the
energy of emitted CR photons observed in forward direction into the X-rays domain.

The equation of motion for relativistic particle in the one dimensional continuum
potential ' (x) has the form

V(%)

o (4)

ymi(t) =
The initial conditions are: the point of incidence into the crystal x(0)=x, and the

transverse momentum p _(0)=pd, (6, is the angle of incidence with respect to the

crystallographic planes), which define the initial transverse energy (Eq. (1))

22
E =%y (5)
2ym

The energy density radiated in a solid angle d©2 and a frequency interval (o, w+dw) has

the following form '®



— g 2
d’E _ e’ J'Tei(wz—/E.f) nx((n _JB) x f) dt
dwdQ  4r*c | (1- p.i)’ ’ ©)

where, f=7(t)/cis the particle velocity, 7(r) = v.t+X(t) is its trajectory, k=wilc is
the wave vector, n is the unit vector defining the direction of photon emission, e is the
charge of electron and 7 is penetration time of the particle through the crystal. Eq. (6) is

the base for calculations of CR spectra in the frame of classical mechanic.

E — Quantum description of planar channeling radiation

In the frame of the quantum mechanical model, the transverse motion of the
channeled electrons of mass my can be described by a one (planar) dimensional
Schrédinger equation, which contains the averaged potential of the crystal. The transverse
motion of the channeled electrons is, therefore, restricted to discrete (bound) channeling
states of so-called continuum potential. Spontaneous transitions between these eigenstates
lead to the emission of CR, the energy spectrum of which is consequently characterized by
a line structure of possible photon energies. Quantum CR theory for relatively low-energy
electrons is based on a Bloch wave solution of the Schrédinger equation for incident
particle passing through periodic potential of a plane. In the case of planar CR the periodic
potential is one dimensional that reduces the problem to the solution of one dimensional

Schrédinger equation *

- AV Ly ) = Ew(x) (7)
2m,y dx

Since the crystal potential is periodic, the solutions of Eq. (7) are the Bloch waves

p(x)=e“>ce"™, n=..,-1,0,1,2,.., (8)

where £ is the electron wave vector and gis the reciprocal lattice vector of the plane.

Substitution of Egs. (2) and (8) into Eq. (7) reduces the problem to calculating the

eigenvalues of a matrix 4, which in the planar case consists of the following components:

A =V (n#m)

nm n—m

- ©)
4, = (k+ng)* +V,
2my

Since the potential as well as the eigenvalues converge very fast one can restrict the

solution to the 21 Bloch functions that leads to a problem of 21x21 matrix. The



spontaneous transition of a channeled electron from higher to lower transverse state leads
to the emission of a CR photon.

The spontaneous transition rate of planar CR per unit of solid angle, per unit of
photon energy and per electron is given in ?. For CR directed along the electron motion,
we can write >

d’N (i = f) B al’
dQ dE,  mhe

@, /2)
(E, —E/)*+0.25T}°

[k By, la s axly, ) .L[dszi(z) (10)
0

where <I,Vk/»|d/ dx|l,yki> is the transition matrix element, and Py(z) gives the occupation

probability of the channeling state i as a function of initial population and crystal
thickness, E; =2y’ (g, — &) 1is the photon energy of the i-f transition, and [ is the

intrinsic linewidth. It should be underlined that in Eq. (10) the first integral refers to the
integral over the Bloch momenta, and the second integral refers to one over the occupation
of the state i over a chosen crystal thickness L. Both intrinsic line width and occupation

probability of the state i are calculated according to ® and 7, respectively.

F - Applicability of classical and quantum considerations to planar channeling
radiation in SiC

The applicability of both classical and quantum mechanical calculations in
channeling can be estimated on the base of the level number in a continuum potential '*. In
low-energy region (several MeV) the particle motion has quantum character, while band
structure effects appear for the higher-lying levels and the line structure of the emission
spectrum is clearly pronounced. The calculations and experiments for planar channeling in
silicon and diamond crystals along the main crystallographic directions show that the
number of bound states is relatively small at electron energies less than 100 MeV, and,
therefore, the quantum mechanical approach for description of CR becomes necessary.
With electron energy increase, the density of bound states also increases leading to the
states overlapping, and the band structure effects are less important. This situation can be
handled within classical mechanics calculations.

In 20

the validity of both classical and quantum descriptions for channeling
radiation by relativistic electrons in a thin LiF crystal is discussed. The halite structure of
LiF leads to the planes consisting of Li and F ions and the planes, which are formed by
only one kind of ions. The continuum potential of planes consisting of two types of ions,

however, has usually two dips of different strength formed by either one or other kind of



crystal atoms, respectively. Consequently, the CR spectrum can contain a mixture of CR
lines originating from transverse transitions of channeled electrons between the states
localized in the different potential wells. They have demonstrated that the complicated
shape of periodic (111) planar potential of LiF allows the existence of a different number
of discrete energy levels, quantum states, in the potential well formed by Li atoms.
Moreover, the potential well consisting of only F atoms is rather deep to apply the
classical method. With increasing electrons energy, the classical method becomes valid to
describe CR from under-barrier electrons in a deeper potential well, while one should still
apply the quantum method to calculate CR from electrons in shallower potential well.
They mentioned that the quantum feature of a CR spectrum from relativistic electrons

maintains its quantum characteristics up to 2 GeV electron energies.

3 - CALCULATIONS
3.1-The (1120)plane

Calculated planar potentials for electrons channeled along the (1120)plane of SiC

with eigenvalues and Bloch bands for 20 MeV electrons are shown in Fig. 3. At this
energy the particle motion has quantum character, four states are bound and three single
CR lines can be observed in the spectrum. The variation of the initial populations of bound
states with the incidence angle for 20 MeV electrons is shown in Fig. 4. The depth
dependence for the occupation Py,(z) of bound and quasi-free states determined for oz =
0.02 um at electron energy of 20 MeV is shown in Fig. 5 where 0.5 mrad incidence angle
of electron beam and zero beam divergence have been assumed. At depth of about 2 pum,

statistical equilibrium for the states occupation is reached.
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It is notable that only thermal scattering has been considered up to now. Although this is
the main scattering process for thin crystals, at larger crystal thickness multiple scattering
becomes also important. As shown above, equilibrium occupation is reached after a small
penetration depth, but this does not mean that it holds over the entire crystal thickness.
Channeled particles can be dechanneled, i.e., they will be scattered into the continuum
leaving the channeling regime. Andersen et al. > already mentioned that for electrons of
MeV energies the statistical equilibrium between channeling states and free states is
quickly established. The depth dependence of the occupation of the low number of
channeling states then may be obtained from random multiple scattering only, since a
major fraction of beam particles populates the states in the continuum where electron
scattering dominates. At fixed crystal thickness, the total CR photon yield can be obtained

by integration of the occupation function over the entire crystal thickness. For illustration,
CR spectra calculated by means of Eq. (10) for channeling in the (1120) plane of a 5 um
thick SiC crystal are shown in Fig. 6.

035 I I L
030k SiC(1120) plane
I E.=20 MeV
025 :'-.n:1 6o=0.5 mrad
N 020f "-... {1 FIG. 5 — Depth dependence of
Q';i 0.5 the states occupation drawn
0.10 versus the crystal thickness for
005 20 MeV electrons at 0.5 mrad
ooob oo v o . . 1 incidence angle.
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Thickness z (um)
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FIG. 6 — Simulation of the CR spectrum from 20 mev electrons

channeled in the (1120) plane of a 5 um SiC crystal.

Fig. 7 shows the continuum potential along with eigenvalues and Bloch bands for 200

MeV electrons channeled along the (1120)plane of SiC. At this energy 10 states are

bound and it seems that channeling has classical character. In order to calculate the

spectral angular distribution of CR for electrons of energies 200 MeV , we substituted into

Eq. (6) the trajectories, velocities and acceleration of electrons obtained by numerical

solution of the equation of motion (4) in the (1120) potential of SiC calculated by means

of equations (2) and (3). Fig. 8 shows a typical CR spectra emitted in the forward direction

by 200 MeV energy electron penetrating into a 10 um thick SiC crystal at chosen

incidence angle and point.
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FIG. 7 - The (1120) continuum

potential and eigenvalues for

200 MeV electrons.
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In practice, a beam of electrons hints a crystal surface forming different initial
conditions for various electrons. Therefore, one has to find the spectral distribution of
radiation for all points of incidence (possible trajectories). The total observed spectra
obtains by averaging over partial spectral distributions. Fig. 9 shows the averaged spectral
angular distribution of CR emitted in the forward direction by 200 MeV electrons in a 10
um thick SiC crystal. In this intermediate energy region, however, for some specific cases
CR is described with the same accuracy by both classical and quantum methods. In order
to compare the classical calculations with quantum ones the spectral angular distribution
of CR for 200 MeV energy electrons is simulated by a quantum method (Fig. 10). As seen,
the energy distributions of both spectra (Figs. 9 and 10) are nearly the same but line
structure is still seen for quantum approximation. In quantum mechanical model if one can
assume that higher states have a shorter coherence lifetime and, therefore, bigger linewidth

then classical and quantum methods give the same results.
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FIG. 11 - The (1120) continuum potential and eigenvalues for 800 MeV electrons.

The number of bound states increases from four to ten with increasing the electron
energy from 20 MeV to 200 MeV. For electron channeling radiation in SiC the transition
from line emission to unstructured "humps" can be observed. With increasing the
electrons energy from 200 MeV to 800 MeV the number of bound states changes from 10
to 14 (Figs. 7 and 11). At electron energy of 800 MeV, it seems, classical method can be
applied successfully. Fig. 12 shows the spectral angular distribution of CR for electrons of
energy 800 MeV that is simulated within the classical approach.
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FIG. 12 - Spectral angular distribution of CR averaged over

points of incidence from 800 MeV electrons channeled in the

(1120) plane of a 10 um thick SiC crystal.

3.2-The (2130)plane

The (2130) plane of SiC has a rather shallow potential (Fig. 13). At electron

energy of 100 MeV, only two states with » = 0 and » = 1 are bound. Therefore, only one

CR line corresponding to the transition 1—0 can be observed (Fig.15).

. | 05 - .
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FIG. 13 - The (2130) continuum potential FIG. 14 - Depth dependence of the states
and eigenvalues for 100 MeV electrons occupation versus the crystal thickness for 100

MeV electrons at 0.11 mrad incidence angle.
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3.3 -The (4150)plane

The (4150) plane of SiC has a simple potential. For channeled electrons of 300

MeV energy, two bound transverse states exist, and, therefore, channeling has a quantum
character. An intense CR line can be observed from the one possible transition (Figs. 16
and 18). The energy of the 1—0 transition amounts to 1 MeV. At a depth of about 10 um,
statistical equilibrium for the occupation of states is reached (Fig. 17). This value is much
bigger than those for the other planes. Therefore, it may be most suitable to use it as an
intense quasi-monochromatic hard X-ray source for some CR application. For the electron
energy of 800 MeV, four states are bound (Fig. 20) and channeling still can be described
by quantum mechanics. The CR photon energies are shifted to higher energies, and due to
the broader linewidths, the three CR lines cannot be resolved but may be superimposed
forming a broad CR peak (Fig. 22). For the (2130)and (4150)planes at electron energies
of order of several hundred MeV the number of bound states are relatively small, and,
therefore, the quantum mechanical approach for the description of CR proves to be

necessary. In Figs. 19 and 23 the spectral angular distribution of CR for electrons of
e energy 300 MeV and 800 MeV, which

= -~ Iy are simulated within classical approach
-18p n=3 ]
QL e have been presented.
— -19F
('U L
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FIG. 18 - Quantum simulation of the CR spectrum for channeling

of 300 MeV electrons in the (4150) plane of a 20 pum thick SiC

crystal.
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FIG. 19 - Classical simulation of the CR spectrum for channeling

of 300 MeV electrons in the (4150) plane of a 20 pum thick SiC

crystal.
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In order to compare spectral line characteristics of CR for different planes, the

transition energy, linewidth and intensity of the 1-0 transition and the total radiated

intensity of all bound states at electron energy of 300 MeV for different planes are listed in

Table 1. It should be underlined that the line intensities are calculated at zero thickness. It

seems that in the case of the (1120) plane we can get the highest intensity, while the

effective thickness for photon production is longer in (4150)plane.

TABLE 1. Calculated transition energy, linewidth and intensity of 1-0 transition together

with total radiated intensity for planar channeling in SiC at electron energy of 300 MeV.

dle—)O dthotal
dQdz dQdz
Plane E1_>0 rin 1—0 [ h / a1 ] [ h / 1 ]
(MeV) (MeV) (photons / e)(srum) (photons/e)(sr)
1120) 2013 0.840 50.11 330.86
(2130)  0.665 0.126 14.03 22.32
(4150) 1.003 0.295 35.49 35.49
4. CONCLUSIONS

The hexagonal structure of 4H SiC provides a variety of planes with large

difference in interplanar distances and depths of continuum potentials. Therefore, CR in
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SiC crystals may have some specific features. It belongs to the space group P6;m and CR
from planes with Miller indices 1=0 that can be observed.

The CR spectrum have been simulated for the (1120), (2130) and the (4150)
planes of SiC crystal at different electron energies. The (1120) plane has a simple and

deep potential. Its depth is about 25 eV and its interplanar distance is 1.54 A. For 20 MeV-
electrons there are four bound states lead to 3 transitions, which are resolved in the
spectrum. At electron moderate energies the number of bound states is large and
channeling can be described within the frame of classical mechanics. This fact leads to

unstructured "humps" shape. The (1120) and (4150) SiC planes are also characterized by
a simple potential with the well depth of about 3 eV and the interplanar distance of 0.582
A. At 300 MeV electron energy, the only two states with n=0 and n=1 are bound, and one
CR line from corresponding transition 1—0 will be observed. 800 MeV electrons can
populate three well separated transverse states in the (4150) plane and produce a broad
CR peak corresponding to two main transitions. The initial population of the states in the

(1120) plane is considerably smaller than that of the states in the (4150) plane. Therefore,
the (4150) plane should be suitable to be used for some application of CR as an intense

monochromatic X-ray source.
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