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Abstract

After introducing the concepts of longitudinal wakefield and coupling impedance, we
review the theory of longitudinal single-bunch collective effects in storage rings. From
the Fokker-Planck equation we first derive the stationary solution describing the natural
single-bunch regime, and then treat the problem of microwave instability, showing the
different approaches used for estimating the threshold current. We end the lecture with
the semi-empirical lawsthat allow usto obtain the single-bunch behavior above threshold,
and with a description of the simulation codes that are now reliable tools for investigating
all these effects.
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Figure 1: Qualitative behavior of o, and o, asafunction of current for a generic machine.

1 Observations

If we measure in a circular accelerator the RMS energy spread o. and the RMS bunch
length o, as a function of the current, parameters of great importance for the machine
performance, we obtain qualitatively the behavior plotted in Figure 1.

The energy spread isamost constant up to athreshold current, called the microwave
instability threshold, after which it starts to increase with the current according to a given
power law (in most cases 1/3 power). The bunch length instead startsto increase from the
very beginning, and, after the same threshold current, it grows with the same power law.

Furthermore, it may happen that above the threshold, depending on the wakefields
and on the machine parameters, a sawtooth-like behavior is excited (Figure 2).

Although these effects can limit the machine performance, they make the single-
bunch dynamics quite attractive from the dynamical point of view. Several physical ef-
fectsareinvolved: RF capture, quantum fluctuations, radiation, self-fieldsinteraction, etc.
Moreover, this scenario is complicated when nonlinear effects become significant.

In the following sections we will give the basic equations and some models useful
for describing the single-bunch dynamics, although ageneral theory ableto predict single-
bunch behavior in all its manifestationsis still missing.

2 Wakefield and Impedance

2.1 Longitudinal Wake Function

The interaction of a beam with its surroundingg[1] is of great importance for the study
of beam dynamics since it is responsible of al the collective instabilities. The fields
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Figure 2: Energy spread vs number of turnsfor a pure inductive impedance obtained with
asimulation code.

produced by the beam (wakefields) interact with the beam itself asin aloop system. To
introduce wake fields, we consider the coordinate system of Figure 3and call ¢; (z1,r1) @
charge traveling with constant velocity v = ¢ along atrgjectory parallel to the axis of the
vacuum chamber. The longitudinal Lorentz force generated by ¢; acting on atest charge
q (z,r) following ¢; a adistance Az = z; — 2 produces on this charge an energy variation
given by

Uy (r,ry; Az) :—/ F (2,1, 21,115t) d2 t= (21 + Az) /c. (1)
Str
The quantity U, represents the energy lost (> 0) or gained (< 0) by acharge pass-
ing through a machine device, due to electromagnetic forces parallel to the particle mo-
tion. We assume that the relative energy change is so small that it does not produce any
appreciable variation of the relativistic factor 5.
We define the longitudinal wake function as the energy variation of atest charge ¢
per unit charge ¢ and ¢,
U P A
wy (1,11 Az) = M )
qq1
It can be thought of as the Green function that describes the longitudinal response
of the structure to an impulsive source. It depends only on the geometrical and electro-
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Figure 3. System of reference coordinate.

magnetic properties of the device. For 5 = 1, according to the causality principle, the
wake functionis zero for Az < 0, i. e. for atest charge ahead of the leading one.

In general, the beam pipeis composed of structures having symmetric shapes. Inthe
case of cylindrical symmetry it is convenient to expand the wake function in multi-polar
terms. For the longitudinal case, around the vacuum chamber axis, the first monopole
term is dominant and the longitudinal wakefield becomes a function only of Az.

For alongitudina bunch distribution p (=) that satisfies the normalization condition

JNEEE 3)

o0

the energy variation of atest charge at position z inside the bunchis
Uy (2) = €N, / Nw (2 — z)d7 4

where N, is the total number of particles in the bunch. We often call the bunch- wake-
potential the energy lost U (z) normalized to e* N,,.

2.2 Coupling Impedance

We define the longitudinal coupling impedance[2] as the Fourier transform of the wake

function . AL
Z)(r,r;w) = —/ w)| (r,r1; Az) exp [—zw—] d(Az). (5)
cJ_ c

o0
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Figure 4. DA®NE wake potential.

A real accelerator is composed of many devices connected by a vacuum cham-
ber. For such a complicated structure, it is impossible to obtain analytical solutions of
Maxwell’s equations. Usually, numerical codes for the finite differences, which solve
Maxwell’s equations in the time domain, are used. Because of the CPU time limitations,
we can analyze only asingle device, or afew of them connected to an infinite pipe. Then
the contributions of all the pieces are summed up to get the whole wake function. It is
worth noting that this procedure might fail at high frequencies where the fields propa-
gate in the vacuum chamber from one device to another, producing interference effects.
Furthermore, numerical codes alow us to obtain only the wake potential of a distribution
rather then the impulsive wake function. In Figure 4 we show as an example the wake po-
tential of the DA®NE machine[3] at INFN - LNF for a 2.5-mm Gaussian bunch obtained
with the codes MAFIA[4] and ABCI[5].

For the study of collective effects it is convenient to distinguish between single-
bunch dynamics, where the particles experience the wakefields produced by the other
particles of the same bunch, and multibunch or multiturn dynamics, where the electro-
magnetic fields trapped in resonant structures influence other bunches or the same bunch
in successive passages. Such a distinction applies also to the wakefields, called respec-
tively short-range and long-range wakefields.



2.3 Short-Range Wakefields

Electromagnetic fields that vanish after a distance of a few bunch lengths are usually
called short-range wakefields. With short-range wakefields we have alow frequency res-
olution of the Fourier transform, and therefore of the impedance. Even though impedance
is a complicated function of frequency, with many sharp peaks, in the study of single-
bunch dynamics influenced by short-range wakefields, the bunch can not resolve the de-
tails of the sharp resonances, and it rather experiences an average effect. The correspond-
ing impedance is then smoother and broader than the actual machine impedance, and is
called broad-band impedance.

For an approach to single-bunch collective effects, we can obtain the machine broad-
band impedance with numerical codes. Usually the frequency behavior is simplified by
using some impedance models. Such models, characterized by a small number of pa-
rameters, are useful also in the design study of the machine, when not all the devices are
defined and known.

The first model historically introduced in the study of single-bunch longitudinal
dynamicg[ 6] is the so-called broad-band resonator:

R

2 (w) = - Z@(_ - w_) : (6)

Wy w
Only three parameters are needed to determine its frequency behavior: the shunt
resistance R;, the quality factor ), and the resonant frequency w,.. Usualy Q ~ 1, w, is
the frequency cut-off of the beam pipe, and R, accounts for the parasitic energy |oss.
The corresponding longitudinal wake functionis given by the inverse Fourier trans-
form of Eq. (5), with Z) (w) expressed by Eq. (6):
w) (Az) = wré%s exp (_Ffz) [cos (wnAz) — 2 Sin (wnAz)] H(Az) (7)

C C

where

r—;"Q . 8)
and H (Az) isthe step function.

It isworth noting that because of the low value of the quality factor, the short-range
wake function vanishes rapidly with Az.

Other impedance models have been proposed[7]. Among them we present one
based on a phenomenological approach[8], which describes the impedance as an expan-

sionintermsof \/w of the kind
— S9N (w)

Vel

Z) (w) =iwL + R+ [1 +isgn (w \/|wB+ ——Z.F.... 9



Every term of the expansion has a clear physical interpretation. The first term rep-
resents the inductive impedance at low frequenciestypical of small discontinuities. Often
it isthe main contribution to the total impedance, producing a symmetric distortion of the
bunch. The second term isdue mainly to the RF cavities or resonant devices, and produces
ashift of the bunch center of mass and a distortion of its shape. The third term represents
the resistive wall impedance due to the finite conductivity of the beam pipe material, and
the fourth has the same dependence on w as the impedance of a cavity with attached
tubes at high frequencies. For long enough bunches the first two terms of Eq. (9) give the
main contribution to the total broad-band impedance, and are sufficient to describe the
single-bunch behavior. Moreover we can obtain the values of the two parameters i and
L from measurements of bunch length and synchronous phase shift versus current. The
longitudinal wake function corresponding to this model with just R and L is given by

w) (Az) = AL (Az2) + cRJ (Az) (10)

where § and ¢’ are respectively the symbolic Dirac delta function and its derivative. Such
awake function can be easily handled analytically.

3 Equations of Motion
3.1 Single-Particle Motion

The single-particle equations of motion are

Az z2(t)— 2 (t —Tp)

= — = = —COE, 11

z T T, coe (11)

8_:gzs(t)—&:(t—To):eV(z)—Uo_Qg_ISZ(TO) (12)
o o ToEy o ToEo

where z is the longitudinal displacement of a particle with respect to the synchronous
one (z > 0 means particle ahead), T, the revolution period, ¢ the speed of light, a.
the momentum compaction, ¢ the energy variation with respect to the nominal energy
Ey, V(2) the voltage seen by the particle in one turn, and U, the energy lost per turn. A
particle radiates an energy per turn equal to Uy + De + R (Tp) where R (Tp) isastochastic
variable that accounts for the quantum fluctuations. The damping coefficient D is equal
to 27, divided by the damping time 7..

Since V' (z) isthe contribution of the RF cavitiesand of the longitudinal wakefields,
we can write Eq. (12) as

. €VRF (Z) - U() . €2Np o
B ToLEy ToEo J -

! 1 1 D R(TO)
p (2w (2 = 2)dz —ﬁa—m. (13)




Equations (11) and (13) describe the longitudinal dynamics of asingle particlein a
circular accelerator. The potential well in which the particle motion is confined is given

by

02
ac Ny / dz/ Nwy (2" —2')d2". (14)

For such a motion the Hamiltonian, defined as

H(z,e) = %cacg2 + achgo (2), (a5)
satisfies the relations
OH :
P
aa—]j =+ %5 + % (16)
wherethelast two termsin the second rel ation represent the non-conservative components
of the system.

Since the revolution period T; is much smaller than the synchrotron period, we can
make alinear expansion of z (¢) and ¢ (¢):

2 (t) = 2 (t — Ty) + 2Ty,
£ (t) =& (t - T[)) + &:T[), (17)
and

['Z + dz]t = [Z + dz]tho + Z./|z+dz,€ TO’
e+ de], = [e + dg]t—To + é|z,€+d€ To. (18)

By using now therelations (16) for z and £, and by noting that the partial derivative
of the Hamiltonian with respect to z or  isafunction of z or € only, we have

. OH
Z|z+dz,e = _E7
. OH D D . R(Ty)
= e Zde — . 19
€|z,5+d5 0z Tog TO € TOEO ( )

If we subtract Eq. (17) from Eq. (18), using the above relation and Eq. (16), we
obtain

dz|t dz|t To ?
&l = del, g, (1 - D), 20)



which give the relation between an infinitessmal areain the phase space at time ¢ and the
corresponding one at timet — Tj,.

Before continuing our analysis, we examine the quantity R (7}). It represents the
difference between the actual energy lost per turn by a particle and its average value. It
is astochastic variable describing the quantum fluctuations, and its average value is zero.
We define the probability density P [R (1,)] such that P [R' (Ty)] dR' (1) represents the
probability that a particle, during a revolution period, radiates an energy equal to U, +
De + R (Tp) with R (Tp) between R' (Tp) and R' (Tp) + dR' (Tp).

3.2 Transport and Fokker-Planck Equations

In order to study the collective single-bunch effects, we need to move from the single-
particle equation of motion to an equation for an ensemble of particles. To this end
we consider the longitudinal single-bunch distribution function W (z, ¢; ¢) defined such
that W (z,¢;t) dzde represents the probability of finding at time ¢ a particle in the area
(2,2 + dz, e, + de) of the phase space. It satisfies the normalization condition

/: /_qu (z,:t) dzde = 1. (21)

Its projection on the z axis givesthe longitudinal bunch distribution p (z) introduced
in Eq. (4),
p(z;t) = / U (z,e;t) de. (22)

o0

We aim to derive a differential equation that describes the time evolution of the
longitudinal distribution function[9].

The probability that a particle at timet hasitsrepresentative point of the phase space
in the area dzde with center (z,¢) is, by definition, ¥ (z, ¢; t) dzde|,. The same quantity
isalso equal to the probability that the particle at time ¢ — T\, wasin any point of the phase
space such that

g(t—To):g(t)—éTo:e(t)—a—HT0+De+R(T°), (23)
0z Eo

and, in arevolution period, it radiated an energy equal to Uy + De + R (Tp). Since the
probability of radiating such an energy is P [R (Ty)] dR (Tp), we can write

Uz (t),e(t);t] dzde],
= / Uz (t—Tp),e(t—To);t —To] dzde|,_q, PR (To)]dR (Tp) (24)

o0



where R (T,) is a stochastic variable that can assume any value from —oc to +oo with a
given probability P [R (Ty)].

The integral equation (24) is known as the transport equation, and it allows us to
follow the time evolution of the distribution function ¥ (z, €; ¢) once the Hamiltonian and
the probability function P [R (T})] are known.

From the transport equation we can derive a differential equation by using the
Fokker-Planck method[10]. This consists of expanding EQ. (24) in time around ¢ keeping
only linear terms. As shown in Appendix A, we obtain

oV OQUOH 9VOH D oW\  10°V R?(T)
= L (e ) i Y 2
o 02 0e  0s 02 T, ( 686) 202 ToE? (29)
where R? (1) is the variance of the radiated energy defined as
P = [ ' @) PIR )R (T). (26)

In Eqg. (25), known as the Fokker-Planck equation or diffusion equation, the first
two terms in the right side represent the conservative part of the system, and the other
two are related to the radiation process. damping and quantum fluctuations respectively.
These effects produce an equilibrium energy distribution with an RMS, known also asthe
natural energy spread, equal to

R? (Ty)
ODE?

(27)

Og0 =

All the fundamental elementsthat characterize single-bunch and multibunch collec-
tive phenomena are included in the equation. Unfortunately, there is no general solution
for it; however, it gives useful information about collective effects.

4 Bunch Distortion below Threshold

4.1 Stationary Solution

As afirst application of the Fokker-Planck equation, we look for its stationary solution,
that is, a distribution function independent of time, for which
ov
o=
With such a condition it is possible to find a general solution of the Fokker-Planck
equation of the kind

0 = U (z,85t) = Vg (2,€) . (28)

Wy (2,2) = Texp [_HOE’g)]

i (29)

10



where the subscript zero to ¥ and H means time independent, the constant W is given by
the normalization condition Eq. (21), and the constant H is

= ca.R? (Ty)

H= 2DE? (30)

Equation (29) is known as the Haissinski equation[11], and it gives the equilibrium
distribution of abunchin the presence of self-induced wakefields and external RF voltage.
A first important observation is that the distribution function can be factorized, and
the energy distribution is independent of the wakefields and of the potential well where
the particles are confined. In fact, if we write explicitly the Hamiltonian of Eq. (29), and
use Eq. (30), we get
DE2e? c

U (z2,6) = Ve 0 —p(2)], 31
0 (2,¢€) Xp R (Ty) aCEOH(p() (31)

from which it is easy to see that the term related to the energy always gives a Gaussian
distribution with an RM S that comes out of the balance between the damping coefficient
and the quantum fluctuation noise only [see Eq. (27)].

For the longitudinal distribution function, if we integrate Eq. (31) in ¢, and write
explicitly the potential as given by Eq. (14), we get

_ 1 ?
po (2) = pexp [—m/o [eVRF (2") — U] dz"+

LoEoOéc =) dz/ po (z")wy (2" —2')d2"| . (32)

The above equation, which is sometimes referred to as the Haissinski equation in-
stead of Eq. (29), isan integral equation in the function p (z).
4.2 Natural Regime

L et us consider first the case without wakefields, i. e. the natural regime. Thelongitudinal
bunch distribution is given only by the RF voltage:

Var (2) = V cos <¢s — 2rh— ) (33)

where the synchronous phase ¢, = wgrt, IS given by the condition

cos (ps) = eU_\;' (34)

11



In the usua case 2rhz < Ly, we can linearly expand Vix (2) around z = 0,
obtaining )
27hV sin (¢s)

Var (2) = Veos (¢) + ——F . (35)
0
If weinsert Eq. (35) into Eq. (32) and use Eq. (34), we obtain
2 2 2
o | Wi? _ - _Z
po (2) = pexp { MgCQUgJ p exp { 2030} (36)

where we have used the natural angular synchrotron frequency

. ca2rheV sin (¢,)
Wiy = :
* L%E,

(37)

The longitudinal bunch distribution is then a Gaussian distribution with an RMS
given by
0,0 — (38)

Wso

(39)

4.3 Wakefield Effects
4.3.1 Resistive |mpedance

If we include the effects of the wakefield, we find that the bunch distribution is distorted.
This effect can be studied analytically in the case of apure resistive impedance for which,
assuming the linear expansion of the RF voltage, Eq. (32) becomes

22 e?N,cR [~ N
po (2) = pexp [— + P / po (2') dz} ) (40)
0

2 2
20’Z0 L[)E[)OZCO"EO

Asshown in Appendix B, the analytical solution of the above equation is

22
exp (_202 )

po (2) =
e 3 o (&) st ()

where the error function is

erf (r) = — /Oz exp (—2°) d (42
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Figure 5: Bunch shapes at different vV, for pure resistive impedance.

and
eQNpcR

8= LRl

A pure resistive impedance distorts the bunch and shifts its center of mass ahead,

but does not change its RMS much. In Figure 5 we show an example of longitudinal
bunch distribution at different /V,,.

(43)

4.3.2 Inductive Impedance
In the case of pure inductive impedance, the bunch distribution is given by

2 e*N,c*L

2 2
20’20 L()E[)OZCO'EO

po(2) =pexp |— po (2) (44)

which can be solved with numerical tools. From Figure 6, we see that the inductive
impedance does not influence the position of the bunch center of mass, but increases only
the bunch length. The distribution function is no longer Gaussian, but tends to become
parabolic, especially around the bunch center.

4.3.3 Broad-Band Resonator |mpedance

With the broad-band resonator model, as well as with any general wake function, it is
convenient to transform Eq. (32) by introducing the wake potential of a unitary step dis-
tribution

S(z) = /Oz w) (') d2' (45)

13



Figure 6: Bunch shapes at different /v, for pure inductive impedance.

with which we can express Eq. (32) as

22 eQNp o0

2 2
205, LoEpaoZy J_o

po (2) = prexp |— po (2" +2) S () d| . (46)
The solution of the above equation for the resonator impedanceis givenin Figure 7
for different values of V,,.

5 Threshold Hunting

5.1 Perturbation Theory

Comparing the stationary distribution with the experimental observations in a real ma-
chine, we find that they agree only at low current, where the energy spread is constant,
and the longitudinal bunch distribution is distorted according to the potential well theory.
However, when NN, is high, we can no longer explain the experimental observations in
terms of a stationary solution. We need to explore a new dynamical regime, where the
distribution function is a function of time.

In this section, we show a perturbation method generally used to obtain the behavior
of U (z,¢;t) around the stationary solution U, (z, £)[12,13].

We start by linearizing ¥ (z, ¢; t):

U (z,e5t) = Wo(2,8) + Uy (2,6;1) 47)

where U, (z,¢;t) is a perturbation of ¥, (z,2). Similar expansions apply also to the
single-particle potential
© (2) = @0 (2) + @1 (3 1) (48)

14



Figure 7: Bunch shapes at different NV, for the broad band resonator.

and to the Hamiltonian

H (z,e;t) = Hy (2,¢) + Hy (2;t) (49
where
¢ C€2NP : ! > n " ! n
H, (Zat) OZCE()(’DI (Za ) __EOLO o dz /OOPI (Z ,t)UJH(Z —Z)dZ (50)
and -
p1(z;t) = / U (z,65t) de. (51)

If we substitute Egs. (47) and (49) into the Fokker-Planck equation, and observe
that ¥, (z, ¢) satisfies the stationary equation, we get

0¥, 0¥, 0H, B oV, 0H, B oV, 0H, B oV, 0H,
ot 0z Oe Os 0z Os 0z Os 0z
D 10%°V, R? (T())

2 (o, +:20) 41 . (52
T0<1+€85>+2852 e 2

We now ignore the second-order terms and the effects of radiation damping and
fluctuation noise on the perturbation function ¥,. By introducing the two action-angle
variables, .J and ¢, as shown in Appendix C, we get

on,
ot

oV, ae’N, 0¥, /°°

=) 50 Bl () 07

pr (25 t)wy (2" — z) d7. (53)

—00

In order to find the solution of Eq. (53), we note that ¥ (.J, ¢; ¢) is periodic in ¢,
and it can then be expanded as a Fourier series, while for the time dependence, we apply

15



the modal analysisin the frequency domain, which allows usto write

Uy (J,¢5t) = exp [iQf] Y R (J) exp [—imd)] (54)

which, introduced into Eq. (53), gives

iQ Y R () exp[—img] = iw, (J) Z nRy, (J) exp [—ing] +

2w
50352%8% Z/ d¢/ By (J') exp[~ilg'w) (' —2) dJ". (35)

Since the value of m in Eq. (54) specifies the angular dependence of the mth term
of the Fourier expansion, m is aso caled the azimuthal number, and the corresponding
R, (J) is called the radial function. We now exploit the symmetry of w| (' — z) with
respect to the angle variable ¢’ and thefact that ¢ (.J, ¢) isantisymmetricin ¢. Multiplying
by exp [im/¢] and integrating in ¢ from 0 to 27, we obtain

¢ N ov
2 e () () = 5 R B S [

« /0 " /0 " (1,6) Ry () sin (me) cos (18') wy () — ) dJT". (56)

In terms of the coupling impedance this becomes

. N 8\11 27 27
[Q — mws (J)] Ry (J) = 4W§EOO‘L€O% 0 Z / d¢ / dg’

X /_Z dw /0006 (J, ¢) Ry (J') sin (mg) cos (1¢") exp [ZE (2" — z)] Z)(w)dJ'. (57)

Equations (56) and (57) represent a generic term of the infinite set of integral ho-
mogeneous equations for R,,, (J). If we treat the whole set of equations as an eigenvalue
problem in €2, we get that the number of eigenvalues is the same as those of m, i. e. in-
finite. Each QU™ is called a coherent frequency of the azimuthal oscillation mode 1. In
thelimit of V, — 0, we easily obtain

ws (J) = wso,
Q™) = mwy. (58)

In the next sections we show two methods used to solve Eq. (57).

16



5.2 Sacherer Equation

An attempt to evaluate the threshold of microwave instability through mode coupling is
based on the simplifying hypothesisthat single-particle motion is governed by aquadratic
form of the Hamiltonian, of the kind

1 1 w?
H(z,¢) = 50%62 + 5:;;? 22, (59

which correspondsto alinear RF voltage. The hypotheses behind Eq. (59) are ¥, station-
ary and symmetric and w, independent of the amplitude .J.

The equations of motion of asingle particle, ignoring the effects of radiation damp-
ing and quantum fluctuations, can be expressed as

2= 22 coslo (1)
- = 2;‘;‘] sin 6 (£)]. (60)

If we substitute Egs. (60) into Eq. (57) and use the relations

/027r sin (¢) sin (m¢) exp [—ia cos (¢)] dp = i27ri’m%Jm (a) (612)
and .
/ cos (1) exp [ia cos (¢)] dé = 2il ) (a) (62)

where .J,,, (x) isaBessal function of first kind and mth order, we get

mceNG\IIO >

[Q — mws] Ry, (J) = i—— Eile Z 1-m

* Z 201, e 2a.J'
x/ 21w, (w a J) dw/ R (J) J; (ww/ - ']) dJ (63)
—00 w CWg 0 CWs
where we have considered w (/) = ws. In order to express the eigenvalue problem in a
simple form, we introduce the two functions

INT [ 7 2 200..J
Gt (J, ') = e Ny / ":“)Jm (w acd ) 7y <w S‘C‘] )dw (64)

CL)SE[)L[) CWg s

d 10V
___9%
w(J) = v oJ (65)

17



with ¥ already defined in Eq. (29), and write Eq. (63) as

[wﬂ - m} Ry (J) = —w (J) lf:oo i /0 ew (J,J) R (J')dJT, (66)

known as the Sacherer integral equation for longitudinal instabilities.

5.3 A Method of Solving the Sacherer Equation

Different methods have been proposed for solving Eq. (66) [14]. Here we show the one
that uses the expansion of the radial function R,,, (.J) in orthogonal polynomials:

The absolute value of m in the polynomials f,; (/) is due to the property that
the radial distributions of the terms +=m are equal. The functions f,,, (J) satisfy the
normalization condition

AwaﬁmMﬂﬁwUﬁUZ%z (68)

where w (.J) isaweight function and ¢, is the Kronecher symbol.
Introducing Eq. (67) into Eq. (66), multiplying by f|., (), and integrating in .J
from 0 to oo, we obtain
L% — m} Amp = Z Z M;’,ﬁlalk (69)
[=—00 k=0
with

MR = —itmm /0 Oow(J) Fimip (J) dJ /0 h Gt (J, T w (J') fu (J') dJ'. (70)

Equation (69) is the generic term of a homogeneous system of equations, with m
ranging from —oo to oo and p from 0 to co. If we consider the system as an eigenvalue
problem, a,,,,, being the eigenvectors, the eigenvalues Q2(™*) can be eval uated once the or-
thogonal polynomials f,,,, (J) are known. These last depend only on the weight function
w (J), which, in turn, depends on the stationary distribution function ¥, (.J).

For the Gaussian distribution function given by Eq. (29), as shown in Appendix D,
we get

Mt — i SN im m
* maBLeoiow /I (mlE )R ).
o 7 |m|+|l|+2p+2k 2 2
X / 1) (ﬂ) exp {_w UZ} dw. (71)
—00 w \/§C 02
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For the R L impedance, the integral in w can be solved, giving

M7= Czesz i|l|_‘m|m2_(M+P+k)
pk 2mws By Looz0e0 \/p! (Im]| + p)k! (1] + k)!
@F |m|+|l|—|—2p—|—2k+1) 4l even
o 2
ar (72)
I| + 2p + 2k
Rr(|m|+||; D+ > e

where I (z) isthe gammafunction.

5.4 Azimuthal and Radial Mode Coupling

The eigenvalues obtained with Eq. (69) are characterized by two indices, m and p, de-
scribing respectively the azimuthal and radial structure of the oscillation mode. In this
casg, in the limit N, — 0, the coherent frequencies are still given by Eq. (58), and all
the modes with the same m but different p have the same frequency. Aswe increase N,
dlightly, the frequencies shift away from the unperturbed values and the modes shift ac-
cordingly. The frequency shiftsareinitially much smaller than w,. Therefore, in this case,
radial modes can couple only if they belong to the same azimuthal family with agiven m.
Therefore, if we focus our attention on the radial modes, for a given m, we can leave only
theterm [ = m, thus obtaining

L}% - m} App = Z M3™ .- (73)
k=0
Since the real part of Z| (w) is an even function of w and itsimaginary part is un-
even, we have that Mym isrea and My = Mp™. The matrix Mym isthen Hermitian.
As a consequence, the eigenvalues, i. e. the coherent frequencies, are always real, and
radial modes do not couple. If we further increase NV,, however, the frequency shifts be-
come comparable to w,, so that coupling of azimuthal modes can occur. To simplify the
analysis, generally only one radial mode is considered for every azimuthal family. As an
example, if weretain only theradial modeswith p = 0, assumed to be the most prominent,
we get
[Q — m} Ao = zoo: M™ a0 (74)
W, m Rl 00
where the matrix element M5 isno longer symmetric. In this case we obtain that, above

a given value of N, two azimuthal modes can couple producing a complex Q™% and
then an instability. As an example, in Figure 8 we show the coherent frequencies of the
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Figure 8: Longitudinal mode frequency €2/w, versus N,, for apure R L impedance.

first positive modesversus N, for apure RL impedance. When NN, reaches the threshold,
the modes m = 5 and m = 6 of the example couple, producing an imaginary component
of Q2 with values either positive and negative. According to Eq. (54), the negativeterm is
responsible for the instability.

It isworth noting that the threshold obtained with such amethod can be much higher
than the measured one. The reason is that radial modes with the same azimuthal number
can actually couple before a frequency shift of the order of w,. Equation (73) cannot
predict such behavior because of the symmetry of the bunch distribution. In fact, as we
will discussin the next section, for asymmetric bunches radial mode coupling can occur
even if they belong to the same azimuthal family.

5.5 Numerical Solution of the Fokker-Planck Equation

The compl ete problem of simultaneous accounting for azimuthal and radial modes with a
perturbed stationary distribution function is very difficult to treat. There are methods that
simplify the approach by using particular bunch distributions, such as the double water
bag[15]. With this model we can solve analytically the eigenvalue problem of mode
coupling aso with an asymmetric bunch shape. For every azimuthal mode there are two
radial modes, and it can be demonstrated that the distorted bunch distribution can produce
radial mode coupling.
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A more general method[16] divides the action variable into »n intervals such that
0=Jy < J; <--- < J,, and, considers .J constant, equal to itsaverageva]uejp, inan
interval AJ, = J,1 —J,. Then Eq. (56) givesn equations of thekind (p = 0,...,n — 1)
?a.e’N, oV,

[Q — Mws (jp)] R, (jp) - 21 Ey Lows (jp) 0J

Ip
00 n 27
X Y R (Jk) Ay / e (Jp, ¢) sin (mg) do
I=—00 k=0 0
27 . .
x /0 cos (1¢/) wy [z (Tu &) — = (7,.6)] dd. (75)
If we multiply by A.J, we get

[Q — mwg (J,)] Rinp = i n M"Y Ry (76)

[=0 k=0
with

i Cae®N,AJ, 9%,
Pk 27T'E0L0w5 (jp) 0J

2
/ e(jp,qﬁ) sin (ma¢) d¢
7,0

< [ eos 16wz () ~ 2 (G 0)) a8 (71

Equation (76) can produce imaginary values of €2, and thus coupling, even in the
case of each azimuthal number m separately analyzed. This method can predict the
threshold with better accuracy.

6 Abovethreshold

6.1 Boussard Criterion

A simple method generally used to obtain a first estimate of the microwave instability
threshold is known as the Boussard criterion, and it is derived from the coasting-beam
theory applied to the single-bunch case[17]. To justify such an assumption, it can be
observed that at high frequencies, in the microwave regime, a bunch can be thought of
as a coasting beam, with an average current equal to the single-bunch peak current. With
this hypothesis, the criterion fixes the instability of the bunch above the limit

ce*N, ‘ZH (n) /n‘ <1

27)*? Eyaeo,02 ~

(78)
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where n is a harmonic of the revolution frequency. If N, is sufficiently high that the
left side of Eq. (78) is greater than 1, then the bunch length o, and the energy spread o.
increase to restore it back to 1.

Equation (78) was derived assuming a bunch with a Gaussian longitudinal distribu-
tion. Together with Eq. (38), it allowsusto obtain o, or 0. as afunction of N, above the
instability threshold.

The harmonic of the revolution frequency n is generally chosen as

Lo
n= .
2mo,

(79)

Long bunches usually interact with the vacuum chamber at low frequencies (below
cut-off) where the impedance is pure inductive. In this case we have

which does not depend on n.

6.2 Chao-Gareyete Scaling Law

A more general scaling law for bunch lengthening above threshold was suggested by Chao
and Gareyete[18]. According to their model, the bunch lengthening o, is afunction of a
single parameter &, which in turn depends on other machine parameters:

Ta,

&= viEy /e (81)
If we assume a ssimple power-law behavior for the longitudinal impedance:
Z
— | = Z[)(,L)ail, (82)
n
then
o, o (£Z,R?) . (83)

For instance for the SPEAR case this results in oy o £'/13%2¢ = 0.68, which means
a = —0.68 corresponding to an impedance decreasing with frequency.

The Boussard model isaparticular case of the Chao-Gareyete scaling law fora = 1.
This corresponds to a constant longitudinal impedance, typical of storage rings with long
bunches.
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6.3 Numerical Smulations

Numerical ssimulations are a valid and reliable tool for investigating single-bunch insta-
bility. Usually a simulation code models the single bunch as an ensemble of particles
obeying the turn-by-turn equations of motion. Assuming a sinusoidal time-dependent RF
voltage linearized around the synchrotron particle, we have

n—1
n n—1 gi
v — P Lo ——,
Z; Z; 1181 E[)
2mheV sin (¢,
ep = epl 4 18 Lsm (mzﬁvw (27) — Dej ™" + 00 RV2D, (84)
0

where i refers to the ith particle, and » to the nth turn, L, is the machine circumference,
0.0 the natural energy spread, R a random number from a normal distribution with aver-
age 0 and variance 1, and V,, (2]") the voltage produced by the self-induced short-range
wakefields.

Since it isimpossible to simulate the motion of 10'° to 10'? particles for hundreds
of thousands of turns, a smaller number of macro-particles, each one representing 10°¢ or
more particles, is used in the simulations. The number of macro-particles N,, must be
high enough to limit the numerical noise, which scalesas1//N,,.

The voltage of the self-induced wakefiel ds depends on the single-bunch distribution
function according to the relation

o0

Vuw(z) =eN, /00 w) (7' — z) dz'/ V(2 e)de (85)

—00

where N,, isthe number of particles per bunch. In our discrete model, we consider the NV,,,
macro-particles distributed in V,;, bins, and therefore the induced voltage can be written

as
k=1,Np;n

Vi (21') = e% ZZ;? Ny (z) wy (2 — 2") (86)
with z;, the coordinate of the kth bin center, and N, (z;) the number of macro-particlesin
the bin.

This method of tracking the bunch particles has been successfully used in bunch
lengthening simulations[19] for the SLC[20] damping rings, SPEAR[21], LEP[22], and
DA®NE[23]. In Figure 9 we show an example of the results obtained with the numerical
simulations: two distributions of an unstable bunch and the bunch length as function of
current.
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Figure 9: Example of numerical simulations.
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APPENDIX A

Derivation of Fokker-Planck Equation

To obtain the Fokker-Planck equation, we first substitute Eq. (23) into the distribution
function ¥ [z (t — 1) ;¢ (t — 1) ;t — Tp] and then take atime linear expansion of such a
function:

OH oH R(Tp)
L |:Z (t)—i-gTo,é‘(t)—ETo—f—Dcf—FTo,t T0:|
B 0H 0H R(Ty) | 9%
=V |:Z (t) + R T(), 9 (t) 9z T() + De + EO ,t:| ot TO (87)

where the time derivative of W isevaluated at point z (¢) , € (¢).
If we now expand the first termin the right side of Eq. (87), we obtain

OH OH R(Ty)
U |:Z (t) + gTo,&“ (t) — gTo + De + EO ,t:|
oH oH
=V |:Z (t) + ETQ,S (t) — %To + D€,t:| +

0 R(Ty) | 19°V R* (Ty) ilan_\pm (Tp)

88
ds  Ey 20:2 E? — nl 0c"  Ej (88)

Before integrating the right side of Eq. (24), we write
| r @) PR () dR (1) = T (T, (89)
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Because of the definition of probability density, we have R° (T;) = 1, and, since

R (T,) has azero average value, then R! (T;) = 0. We can now integrate the right side of
Eq. (24) by using Egs. (87) and (88), thus obtaining
oH oH

Uz (t),e(t);t] dzde| = {\If [z (t) + ETO,a(t) — %TO +Ds;t] —

OU  10°U R?(Ip) 1 6" R (Tp)
P TRAR Y =) D v =iy o

} dzdel,_p, . (90)
The next step is to expand the distribution function in the right side of Eq. (90)
around the point (z, ¢), again keeping only first-order termsin time:
OH OH }

:\Il[z(t),e(t);t]qLa\IjaH 8\1!( OH

%ETO—FE —aTO—FDS)- (91)

By introducing Eqg. (91) into Eq. (90) and by using the relations (20), still ignoring
second-order termsin time, we finally get

0V _QWOH pvoH D (.. v\ 1PVET) o
ot 0z 9 0= 9z Ty Oz 2 022 TyE?
where we have neglected the higher-order terms:
=1 0"¥ R (Ty)
— : 93
nz:?) n! 0en TLEy ©3)
APPENDIX B
Solution of Haissinski Equation for Pure Resistive Impedance
Applying the logarithm derivative on both sides of Eq. (40), we get
oo (2) z e?N,cR
= — — A
po (2) 0% LoEoa.ol o (2) 59
which isaBernoulli differential equation, the general solution of whichis
exp [—Up (2)]
2) = = 95
0 (2) k=& [y exp[~U (v)] dx 9
with Z )
T z
= —dr = 96
o (2) /o Ugodx 203, (%)



and
eQNpcR

T T B 2
L()E()OZCO'EO

&

(97)

The constant % is obtained by the normalization condition (3). If we use an auxiliary

function f (z) such that

f2)=k-6& / exp [<Us (a)] de

then

exp [~y (2)] = —flg(lz).

The normalization condition with such afunction gives

[re=s

which we can integrate, obtaining

n[f ()], = In [ k=& fy oxp [ (a)] do ]

k=& fo_oo exp [0y (z)] dz

By solving the above equation with respect to k£ we get

k= \/gglazo%z_: = \/gglazo coth (%)
and then we can write the distribution function as
exp (__>
po (2) = — 3 2020 s
ol (§) ()

for which we have used the definition of error function

erf (r) = % /OZ exp (—27) du.

APPENDIX C

Derivation of Linearized Vlasov Equation

If we ignore the second-order infinitesimal

0, oM,
Os 0z

S

27

= —&.

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)



and the effects of radiation damping and fluctuation noise on the perturbation function

v, we get
o¥, 0V, 0Hy 0¥,0H, 0V,0H,

ot 0z Oe ds 0z de 0z
It is convenient, at this point, to introduce the two action angle variables, .J and ¢,

defined as
1
1 1 [ (2H 2 2
J(H):—% 5dz:—/ ( - "Z(z)> dz,
21 | _motion T Jon \COc  aZEy

- OH
¢ =w,(J) = YA
where the line integral is extended to a whole period of motion, and is opposite to the
direction described by a particle in the phase space, in order to have a positive value of
the action variable .J. The values of znin and zmax depend on the Hamiltonian H. One
property of .J isthat it isafunction only of the Hamiltonian, and it is proportional to the
region, in the phase space, enclosed by the trajectory. It is therefore a constant of the
motion for a conservative system. Furthermore, the stationary distribution ¥, depends
only on J and not on ¢.

With the introduction of the generating functions related to the Legendre transfor-
mations, it is possible to demonstrate that

(106)

(107)

01 _0:

0z  0¢’

oJ 0z

= —8—¢. (108)

The above definitions allow us to write Eq. (106) in a more compact form. In fact
we have

OHy _OH 0T __ 0
oz OJ 9 T 0¢]
aHo . aHo 0J . Oe
2 o7 0. @Y ag (109)
and then Eqg. (106) becomes
6\111 . 8\110 aHl 8\111 0z 6\111 Oes
R A ( 9z 96 0% a¢)' (110)

The term in parentheses is just the derivative of W, with respect to ¢, and the first
term on the right side can be written as

OVgOH, 0¥y 0JOH: 1 0OHy0¥,0H,
0= 0z  0J 0z 0z w,(J) 0= OJ Oz

(112)

28



since V¥, is independent of ¢. If we now use the definition of Hamiltonian (15) and
Eg. (50), we have

dc 0z  EoLow,(J) 0J

v, 0H 20,2 N, Wy [
O, 04, Cace Npe 0 0/ o (Z5t) wy (2" — 2) d2’ (112)

—00

which, introduced in Eg. (110), givesfinally

ov, o,  Aae’N, 0V, /Oo , , ,

—— = —w, (J it —2)dz. 113

ot ws (J) 96 | BoLows(J) 07 - ) " (5 t)wy (2" = 2) d2 (113)
APPENDIX D

Matrix Elements for Gaussian and Parabolic Distributions

In terms of action-angle variables, the stationary Gaussian distribution function Eq. (29)
can be written as

Wy (J) = T exp {— wsJ } . (114)
H
The constant ¥, obtained with the normalization condition (21), is
U= (115)
2rH
and then
Uy (J) = Vexp [—27WJ] (116)
with which the weight function becomes
w(J) =2rWexp [-27VJ]. (117)
The normalization condition on the polynomialsis therefore
0

The polynomials that satisfy such a relation are the generalized Laguerre polyno-
mials L\ for which we have

k! o (Im m .
\/(|m|+l)!(|m|+k)!/0 #m L™ (@) L™ (2) e da = b, (119)

which, compared with Eq. (118), allows us to conclude that

fit (1) =/ W(zwm)'%w (2r0.7) (120)
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and, therefore, the matrix elements (70) become

M = _mEeNY P! /°° 21 4
wsFEyLg (Im|+p)(JI] + k) J_oe w

X /0 x@e’ILng (z) I (w G ) dx

TWew,

x/ y%e’yL,(cl”) (y) Ji (w ey )dy. (121)
0

mWew,

The last two integrals can be solved; in fact we have

2

[ et et @) (o) de = s ) (5)7 e {—‘ﬂ (122)
0

pl \2
where
1™ if
§(my= 7D HTm <0 (123)
1 ifm>0
and then
2.2 0
Mmkl _ _iC & NP\IJZM—VTL‘ m
P ws Eo Lo Vol (Im] + p)k! (1] + k)!
A |m|+|l|+2p+2k 2
x / | (@) (ﬂ G ) exp {— - } dw, (124)
oo W 2\ m¥ew, 21 Wew,
which, in terms of bunch length o, and natural energy spread o, due to the relation
2V = L , (125)
020¢0
can also be written as
M i e’ N, |- |m| m

- 7
2o Eoloocia \Jpl (] + )KL (1 + P

o 7 |m|+1|+2p+2k 2 2
x/ 1) (“"—”) exp [—“’ UZ} dw. (126)
oo W \/50 c?

The same procedure for the case of a parabolic bunch distribution leads to

C2(m 2 +1/2) 1T (m+1+1/2)
fimlt (J)—\/ (m+DIT(+1/2)

J m/2 12 J
P™ 1-2 127
. (Jmam> : ( Jmax) ( )
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with P '/* the Jacobi polynomials and

ml __
Mpk =

_Z 3c2e?N, A—lm] m+2p+1/2)T(m+p+1/2)T (p+1/2)
2mwg By Loz2 pl(m + p)!

(I+2k+1/2)T({+k+1/2)T (k+1/2)
8 (I + k)

% /oo Z|| (w) Jm+2p+1/2 (%Zmax) Jl+2k+1/2 (%Zma:v)

w
00 w c Zmaz

dw. (128)
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