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Abstract

The hadronic invariant mass distribution for the process of electron--positron annihilation
into a pair of charged pions accompanied by a photon radiated from the initial state has been
studied for the region of DA®NE energies. The Born cross--section and the electromagnetic
radiative corrections to it are calculated for realistic conditions of the KLOE detector. The
dependence on the physical parameters which define the event selection is obtained.
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1 Introduction

The idea to use radiative events in electron—proton and electron—positron interac-
tions to expand the experimental possibilities for studies of different topics in high energy
physics has become quite attractive in the last years. Different aspects of utilizing the
radiative photons are now under intensive discussion.

Radiative events have been used already to measure the structure function Fy(x, Q)?)
at HERA [1]. The corresponding experimental setup takes advantage of a circle—shaped
photon detector (PD) in a very forward direction, as seen from the incoming electron
beam. The PD measures the photon energy of all photons hitting it. The Born cross—
section for such experimental conditions has been computed in [2], and further theoretical
study has been performed to calculate the radiative corrections (RC) to the Born cross—
section [3].

The possibility to undertake the Y—spectroscopy studies at the Y (45) energy using
the emission of a hard photon from the electron or positron has been considered in [4].
Estimates performed in this paper have demonstrated the feasibility of using the radiative
photon events for the investigation of bottomonium spectroscopy at B—factories.

Photon radiation from the initial e*e~—state in the events with missing energy has
been successfully used at LEP for the measurement of the number of light neutrinos and
for searches of new physics signals, see Ref. [5].

Recently, proposals to scan the hadronic cross—section o, = o(ete™ — hadrons)
at DA®NE energies through one such radiative process [6,7] have been put forward.
The strong motivation for such proposals lies in the fact that the measurement of o,
if performed below the one percent accuracy level, would allow an instructive test of
the Standard Model via a precise determination of the anomalous magnetic moment
a, = (g — 2),/2 and the running electromagnetic coupling at the Z—peak o(M?%) [7,8].
On-going experiments in Brookhaven will soon reduce the experimental error on a,, be-
low the precision with which the electroweak contribution to this quantity is known, and
could in principle make tests of new physics. Unfortunately, this cannot yet be envis-
aged, since the theoretical error on @, comes mainly from the uncertainty of the hadronic
vacuum polarization contribution in the energy region below and around 1 GeV, where
the hadronic contribution to the photon self energy cannot be calculated unambiguously
within the framework of perturbative (JC'D. Instead, this contribution is obtained via
dispersion relations for the cross-section o(ete™ — hadrons) [8,9]. A precise exper-
imental determination of this quantity appears therefore the only means, at present, to
reduce the theoretical error on «,. There are two possible ways to measure unambigu-
ously this cross-section in the energy region of interest, the direct scanning, as presently
done at Novosibirsk [10], and the radiative return method. The radiative return method



has a much smaller cross-section and, in order to have a statistical error in the necessary
range, i.e. a fraction of a percent, it requires much more machine luminosity than the
direct scanning, which is in principle the easiest to perform. Unfortunately, the reduction
of the error through such direct measurement is not to be attained soon. Indeed, the preci-
sion attainable at VEPP2-M is limited by the machine luminosity, while DA®NE, which
has a much higher design luminosity, is planning to operate at the c.m. energy /s = Mg
for the next few years. However, one can still make use of the planned DA®NE facility
for this measurement in the near future, through the radiative return method, recently pro-
posed as mentioned [6,7]. On the theoretical side, in order to reduce the systematic errors,
it is necessary to perform radiative correction to at least the percent level to the process

e (p1) + et (p2) = (k) + hadrons(q) . (1)

When DA®NE operates at the ®—peak, the hadronic final state is dominated by the p-
resonance decay products and the proposals to perform the experimental scanning of the
77~ final state [6] to contribute to the reduction of the error on «, has made the de-
tailed analysis of RC to process (1) a subject of theoretical efforts.

The Born cross—sections for the radiative process of electron—positron annihilation
into a pair of charged fermions or scalar bosons were first calculated in [11]. This topics
was subsequently considered in several papers, see, for example, Refs. [12,13].

In Ref.[14] the RC to total hadronic cross—section of process (1) with ISR were cal-
culated analytically for the case when the PD measures the energies of all photons emitted
in the narrow cone along the direction of the electron beam. These corrections include
the first—order contribution with the next—to—leading accuracy and the high—order terms
computing within the leading accuracy. At present such kind of PD is not the case for
DA®NE. The KLOE detector allows to tag photons only outside a blind zone defined by
two narrow cones along both, electron and positron beam directions. In addition, events
with two hard photons tagged by the PD are rejected. Therefore, generally speaking the
RC depend on “soft” (because of the photon energy selection in the PD) and “collinear”
(because of the PD geometry) radiation parameters. Note that, as discussed in Section 3,
the Born cross—section depends on collinear parameters only.

An analytical calculation of the first—order RC to the distribution over the tagged
photon energy for the KLOE-type detector has been performed in [15], and an analysis
of the 7+ 7~ final state has been carried out in [16] using the Monte Carlo event genera-
tor for the evaluation of the RC given in [17].

The calculations of the RC performed in [15] do not take into account some specific
(but essential) details of the event selection in the proposed experiment with the KLOE
detector [6]. In this paper we calculate the distribution over the hadronic invariant mass
in process (1) in the Born approximation and compute analytically the RC to this distri-
bution accounting for the cuts discussed in Section 2.



2 Event selection in KLOE

The KLOE detector allows to measure independently the energy of the photon w
with the calorimeters (QCAL and EMCAL) and the invariant mass of the charged pions
¢* with the drift chamber (DC). The strategy of the experiment will be based on the mea-
surements of the ¢* of the two pions with the DC which indirectly allows to reconstruct
w. The much higher accuracy of the DC measurements as compared to the finite reso-
lution of the electromagnetic calorimeter (EMCAL) is the basis for such a strategy. An
attractive advantage of this approach is that, in principle, it does not require corrections
of the measured distributions for the effects, caused by the experimental resolution of the
calorimeter, the so—called deconvolution procedure, see Ref. [7].

Let us define the total 4—-momentum of the initial electron and positron as

P +p2:(2Eaﬁ®)7

where F is the beam energy, Py is the momentum of the ® and |]3q>| =12.5 MeV
in the X—direction [6]. Note that in the laboratory frame the Lorentz boost of the ® is
accounted for. In the interaction point the electron and positron exercise not exactly a
head-on collision but there is a small beam crossing angle of order |]3q> |/2F relative to
the 7 axis and

| Ps|?
SF2

| Ps |
b 2 b

m=(F 0,P.), po=(F,—,0,—-P,), P.=FE(1l—- ). (2)
Here we define the X 7 as the (py, p2) — plane, and Z as the symmetry axis of the PD.

In spite of its smallness, the quantity | Py|/E should be taken into account in a high
precision determination of the photon energy and in the calculation of the cross—section
of process (1).

In the single photon emission events the photon energy w can be reconstructed di-

rectly from ¢* = (p; + py — k)?

AF? _ |]5’q>|2 . qz
228 — | Py sin 0 cos p)
where () is polar (azimuthal) angle of a photon in the laboratory frame. We see
that because of the difference between the laboratory and the centre-of-mass frames one

can reconstruct the photon energy in (1) only if the exact angular orientation of the emit-
ted photon is known.

3)



A systematic error could arise due to the events with the multiple photon emission.
In order to reject these events as well as to decrease the background caused by the final—
state radiation the following event selection cuts are imposed [6]

Q—|[z’|§n,w2wm,wm:50MGV,nleMeV, (4)

where () ([z’) is the energy (3—momentum) of all emitted photons, assuming that only one
hard photon with the energy w is tagged by the PD. Here w,, denotes threshold energy
for this photon. These restrictions are based on the predictions of the Monte Carlo events
generator described in Ref. [16].

The first inequality in (4) is the reduced form of the constraint

Mo — By — E_ — Py =y — -] <1,
(4a) where Mg is the mass of ®—meson and £, _ (py _) is the energy (3—-momentum) of
at, 7~ forrt = + ny events withn > 1.

Photon tagging by the QCAL calorimeter, which surrounds the blind zone and cov-
ers the angles from 6,,, up to 20° with respect to the electron beam direction as well as the
symmetrical angles along the positron beam, can be done for the photon energy above the
threshold w?'. = 1MeV (here §,, is the aperture of the blind zone ). The corresponding

threshold for the EMCAL calorimeter, which covers the angles from 20° up to 40° with
respect to both the electron and the positron beam directions, is w:’;,, = 5MeV') [6]. As

we noted above, the events with the two hard photons inside the PD are assumed to be
rejected. Therefore, when calculating the RC, one has to take into account the possibility
that a soft photon with the energy w; (additional to the tagged one) hits the detector, but
is not registered. Thus, we can write the following constraints on the energy w; and the
radiation angle 6, of an additional soft photon inside the detector

qc

min ~ (.2 1072
()

w

wy <A FE,aof 160°< b <m—46, and 0, <0, <20°, A=

&

wec

w1 < AoE L if 40° > 0; > 20°, and 160° > 0; > 140°, A, = —2 ~ 1072

&

where 6,,, is for about 10° and 6, is defined relative the Z axis.
In the following Section, we shall compute the distribution over the hadronic invari-
ant mass in process (1) in the Born approximation.

3 Born approximation

To lowest order in «, the differential cross—section for process (1) with respect to
the tagged hard photon has been calculated in [11], and here we reproduce the expression
for an arbitrary hadronic final state.



The general formula for the differential cross—section in the Born approximation

can be written as
27‘[‘2 2 a &Pk

doP = |M|2——dr (6)
w

where « is the electromagnetic couphng , S = 2(p1p2) and

 Pq
ar = —2a0ll5 oo 2e 1 (2m)°

is the phase space factor for the final hadrons, ¢; is the 4-momentum of an individual
hadron. The squared matrix element on the right-hand side of Eq.(6) can be written in
terms of the electronic and hadronic tensors L:W and H,, as

1
IM|> ==L H,, . 7

4w
q

The subscript v in the electronic current tensor indicates that here we are dealing with
ISR events in process (1).

The differential cross section for radiative events can be obtained by integrating
over all hadronic final states. This can be performed by using the well known relation

S [ @) = B G = 010 — 5 ®
h

where the function F}(q¢?) carries all the information about the non-radiative hadronic
cross—section a,(¢*). For the case of annihilation into a charged pion pair

IPAP)E | o

Fh(q2) = I q2

; €))

where 1 is the pion mass and F.(¢?) is the pion electromagnetic form factor.
The leptonic tensor can be presented as [11,18]

N (S+T1)?+ (S +To)? . 4q* pq
L, = y y v) s - —=q, 10
wv e n +T1T2(p1“p1 T Prba) s P =P ¢! (10

where we introduced the following notations
Ty = —2p1k = —w(2F — 2P, cos§ — |]3q>| sinf cos @) ,

Ty = —2prk = —w(2F 4 2P, cos§ — |]3q>| sin @ cos @) ,
S:2p1p2 :4E2—|ﬁ@|2, q2:S+T1—|—T2

In the expression for the leptonic tensor we have neglected terms of relative order m?/T}
and m?*/ Ty (here m is the electron mass) because for the KLOE detector these cannot
exceed m?/(E?62) ~ 107,



Taking into account that

v (S+T)*+ (S + Ty)?
L , = 2
p,l/gﬂf T1T2

we can present the Born cross—section as (see also Ref. [11])

o (ST +(S+ T d% _ mollE( "

2 Ap®
2 ? U(q ) - 2
2T T1T2 Sw 3q

(I——) . A1)

[

-
Let us multiply the right—hand side of Eq.(11) by
d*S(AE(E — w) — |Po|? — ¢% + 2w| Py | sin 6 cos ©)

and use the d—function to perform the integration over dw. Imposing the threshold restric-
tion (4) for the events with the emission of a single photon

W > Wy
we arrive at
do” _ o ooy (S—q)deosbdp  (SHTPH(S+T? )
dg? — 272 AS(2E — | Pg|sin 6 cos p)? 1T,
S_ 2
O g — W) -

2(2F — | Py| sin 0 cos )
In principle one can perform the angular integration on the right-hand side of
Eq.(12) numerically. The analytical integration is complicated because of the ©@—function.
This results in nontrivial limits for the angular integration. To derive them let us first ex-
amine the quantity
4E(E — wy) — ¢* — |Pol?
2o, | Po | '

If D > 1 then the emission of a photon is allowed in all available angular phase
space. For

D =

1>D >sinb,

two options appear, namely

2r > >0, arcsinD >0 >80, ., 1—40, >60>m1—arcsin D (13)
and
-D —-D ) .
arccos — > >0, 27 > ¢ > 27 — arccos — , m—arcsin D > 60 > arcsin D .
sin # sin # (14)



When sinf,, > D > —sinf,, or —sinf,, > D > —1 the limits for the azimuthal
integration are the same as in Eq.(14) but the polar angles are different

sinf, >D > —sinb,,, n—0, >60>80, (15)
whereas at
—sinb, > D > —1, 7 —arcsin(—D) > 0 > arcsin (= D) . (16)
Single photon emission with energy w > w,, is not allowed if
D <—1.

Using now the angular constraints given by Eqs.(13)—(16) one can perform the an-
gular integration in Eq.(12) analytically (at least over the azimuthal angle). The result can
be presented in the following form

do” do”(D > 1) . do) (1> D > s,) . do?
dqg? - dqg? dqg? dqg? )

7)

The quantity do” (D > 1)/dq? corresponds to events with D > 1 when all radiation
angles for the tagged photon are allowed. It reads

dUB(D> 1) a o(q?) S S —q? 1+ e |]5)<1>|2 l+e¢, e
_— = — —1 21 l —
d q? 2r 2FK? {(S—q2 + 25 ){ nl—cm—l_ZE?(nl—cm—l_S?n)]
(13)
S—¢ | P |?

2
S Cm[l—l— 8E2 (3_cm)]}7
where ¢, = cos¥b,, , s,, = sin#b,,. The quantity daf(l > D > s,,)/dq* describes events
with 1 > D > s, for which full coverage in the azimuthal angle is allowed. It has a
structure which is very close to the right-hand side of Eq.(18) and reads

dol(1>D >s,) o) S S—q? (14 )l —¢q)
. _a N | 1
d ¢? 2m 2K? {(S—q2 L 25 )[QH(I—cm)(l—l-cd)—l_ (19
|]5)<I>|2 (L4 en)(L —ca) Cm G _S_qz _ |]5)<I>|2 22
2z (I (=) +ea) 52 53)} g (em—ea)ll+Tpr(3=cu—a emeall}

where s, = D, ¢y = V1 — D2
The contribution of the remaining regions (see Eqs.(14), (15) and (16)) is described
by the quantity daf /dq?. We integrate it only over the azimuthal angle and arrive at

do o 5 S S —q? 2
L= — — o — 0, )— 2
dg? Wa(q )dcos@{(s_ q? L 25 )ﬂ'PZ COSG( +) (20)



S—q (|P®|\/Siﬂ29_33+4E®)}®
TS(AE? — |Pp|?sin®0) Y 2E — |Pysq "

where

1 ; \I (2E £2P. cos§ + |]3q>| sin 0)(sin 6 4 sq)
arctan o ‘ )
\/(2E + 2P, cos 0)% — | Pg|?sin® 0 (2B £ 2P, cos ) — |Po|sinf)(sinf — s,)

Note that on the right-hand side of Eq.(20) sin # always exceeds s;. The quantity ¢ can
be obtained from ¢, (or ¢_) by

by =

=0 (P.=0).

The function O, on the right-hand side of Eq.(20) is introduced to define the upper limits
of the variable cos 6 at different values of D. It can be written explicitly as

O, = 0(cqg —cos9)[0(1 — D)O(D — s,) + 0(—s,m — D)O(D + 1)]+ (21
O(cr, — cos0)0(s,, — D)O(sm + D)

provided that the minimal value of cos é equals to zero. One can verify that in the limit
| Ps| = 0 when only the region D > 1 contributes (all emission angles are allowed) the
right-hand side of Eq.(17) coincides with the well known expression, see, for example,

Refs. [15,16]
@ — ga(q2)2[1 + (1 - x)z In L+ cp
dx 2w x 1—ecp
where in this limit v = w/E = (4£% — ¢*)/(4E?) .
Note that an account for the |]3q> |/ I/ effects is mainly essential for the reconstruc-
tion of the tagged photon energy (see Eq.(3)) if one wishes to guarantee the one percent

accuracy level.

— xCn], (22)

4 Radiative corrections

The proposed high accuracy measurement of the pion contribution to the hadronic
cross—section at DA®NE [6] by using radiative events in process (1), requires an ade-
quately high precision of the theoretical predictions. These have to take into account at
least the first—order QED radiative corrections. The first—order RC to do®/dq? include
the real and virtual soft photon contributions in the overall phase space as well as the hard
real contribution from the region where the PD does not tag a photon. Since the effect
caused by the deviation of the laboratory frame from the centre-of-mass frame is small
( of relative order | Pp|/E) it may be neglected in the calculation of the RC. Within this
approximation we define in this section the invariants

s=S8(|Ps| =0), t1,=Ti2(|Ps| =0).



4.1 Virtual and soft corrections

The RC due to virtual photon emission can be computed employing the results of
Ref. [18] (see also Ref. [19]) where the one—loop corrected Compton tensor with a heavy
photon has been calculated for the scattering channel. In oder to obtain the corresponding
results for the annihilation channel it is sufficient to make the substitutions

pe—+ —p2, u—8, sy, L =1

in all formulae of Ref. [18].
In accordance with Ref. [18] the contribution to the differential cross—section for
process (1) due to virtual and soft photon emission can be written as

2 2 3
V4+Ss . 8} 2 ~ - s —(q d k
dO' - 87_[_30-((] )[pL;w —I_T%W]g#«l/@( 4E _wm) Sw 9 (23)
where the quantity p absorbs all infrared singularities. It can be presented as a sum of two

contributions
p=pv+ps,

where py arises due to one—loop virtual corrections and ps — due to soft photon contribu-
tions. For the quantity py we can use an expression derived in [18]
T 9 2

5 q
=, LS:IHW7L(1:1HW‘ (24)

A
pV:4lnE(LS—1)—L§—I—3Lq—I—3 5

Concerning the quantity pg, the results of Ref. [18] are not valid , since in our case the
experimental requirements for the softness of an additional photon inside the PD depend
on its polar angle, see Eq.(5). Note that the parameters A; and A, in (5) are the physical
ones and they will appear explicitly into the final expression for the RC. If an additional
soft photon is outside the PD we can use an arbitrary small parameter A to define its
maximum energy fraction. This parameter is an auxiliary one, and it disappears in the final
result for the RC due to the possibility of an additional untagged hard photon emission
outside the PD (see below).

When evaluating the soft photon corrections we present the corresponding cross—
section in the factorized form

&k >
oS = do®5 | 5:—4%/ L P =R, 29)

Wi p1k1 p2k1

where k; is the 4—momentum of an additional soft photon. Such factorized form is valid
if a(qQ) is a smooth function of ¢* , see Refs. [15,20]. In the case under consideration,
the width of the p—resonance is large enough, and approximation (25) is justified.

One can verify, whether restriction (4) (2 — | K'| < n) affects this form. Obviously,
Eq.(25) is valid in the case of a very soft additional radiated photon. It is, therefore, suffi-
cient to examine its impact for the maximum allowed energy of an additional soft photon.

~10-



According to Eq.(5) this maximum energy is A, /2. The above—mentioned restriction can
be presented as
(w4 wy —77)2 <w2—|—wf—|—2ww16,

where c¢ is the cosine of the angle between the vectors k and El. Since for the collinear
photons (k) and (k) the constraint (4) is always fulfilled, one can check its validity for
the maximal angle or for ¢ = —1. Setting ¢ = —1 and w; = A, F in the previous equation
we obtain

(2w —n)(2A2E —1n) < 0. (26)

Therefore, we have

From Egs.(4) and (5) it follows that this restriction is satisfied. Thus, we can use repre-
sentation (25) in all angular phase space for an additional soft photon.
Integration of Eq.(25) with constraints (5) and
(91<(9m,(91>7'f'—(9m, w < AFE

leads to the following result for the RC due to soft photon emission

o
6= 3PS (27)
T
A 27'['2 Al 1—|—Cm AQ 1—|—Cl A 1—|—CQ
=[4(1—-L,)In —+L*———+4(In —1 In—1 In—1
ps [( )nAm—I_S 3+(HAH1—Cm HA1H1—01+HAQH1—02)]7

where ¢; = cos 20° and ¢; = cos40° for the KLOE photon detector. Therefore, for the
factor p, which is the sum of (24) and (27) we have

7T2 9 Al 1—|—Cm AQ 1—|—Cl A 1—|—CQ
=4(Ls—1)In A43L,————+4(In —1 In—=1 In—1 :
p=ALeml)In AL, = —od(In o hn == In 70 == n 2o I —0)
(28)
Note that quantity p coincides with the well-known expression in the limiting case A; =
A, 1=1,2(seee.g. [14,15,18]).

Tensor 1), on the right-hand side of Eq.(27) has the structure

T = TG + Tuiprupry + Toapaupay — Tiaprupay — TorPaupry - (29)

Now after carrying out the contraction of tensors on the right-hand side of Eq.(27) we
arrive at

de"™*’ o (s —¢*)dcosOdp s —q*
= — — W, 30
g = ) 457 O —wn) 30)
« (3—|—t1)2—|—(5—|—t2)2
— T
><27T [p tltg —I_ ] ’
3 1

T = §Tg—@[TH(S-FH)Q-|-T22(S-|-t2)2—|-(T12—|-T21)(5(8—|-t1—|-t2)—t1t2)] , s =4K%,

-11 -



As has been already mentioned for the KLOE detector |t; 5] >> m?, and therefore one
can neglect all terms proportional to m? in the expressions for 7, and T;;. Then we obtain

2 2 2
sq®  2s(s+t2) + 15 q 2 s+, 3s
T, =—|— G — L,—L, —1(L,—L
! {t% lita } +S(t1t2 t1-|-t2)( ! * 3 (S—l-tz NIt
(31)
52 —t%
t t
2t1t2 —I_( 1< 2)7
2 82 (s +t2)* ~ (s +t2)? 25
Ty = —<—¢* 1+ =)G -2+ —)G +2¢° L,— L,
[ — (s + )= (L, — L) = 1)+ LT o gryr, — 1)
ot T tr(s + 11)? e
2 2
q 2 (5+t2)
E(QS — tg)(Lq — Ll) — 45 — 2(] + tl — ﬁ} 5 (32)
T22 = Tll(tl & 1y R G < é) R (33)
2 q2 q2 9 ~ 9 3q2 28 —ty + 14
Tio+To = —< = (s+1,)(s—t5) G+ = —t1t9)G—2 L,—L,)—
12t Lyty V13 (sFt1)(s—2) —I_t% (sq"~tt2) 1 (t1t2+ 11+t )Ly )
4[s* — (s +t1)t2, ¢* q* q*s
L,— L) =114+ ———(25s+3t1)(ts — —) (L, — Ly)—
O T ) ) (- DL L)
q*(s + 1)

2s — 1)L, — L 8 3ty —t
t2(3+t2)( S 2)( Ly, 1) + 8s + 3t 2—|-S

where the following notation has been introduced

28t2
t t 4
Tlthen), 69

2
G = (L, = L)Ly + Ly =200 + 201 + f(1 = 5 = (1= 2, G = 61 5 2),
—1 rdi
Li=ln—, f(z)= 0/71H(1 _—

The Born-like contribution (which is proportional to p) on the right-hand side of
Eq.(30) absorbs all infrared singularities via the quantities In A, In A; and In A,. Con-
cerning the collinear ones, the Born-like term, being integrated over the angular accep-
tance of the KLOE electromagnetic calorimeter, generates a contribution proportional to
In 6, while the remaining 7-term — to both In §,, and (In 6,,)*. This can be easily seen
from studying the asymptotic behaviour of the term given in the second line on the right—
hand side of Eq.(30), for instance, at small values of |¢;|. Neglecting the |Py|/E effects
we obtain in this limiting case

]| = 2wE(1 —¢) ~ E*0%, < s, |ta], to=—4E%x, ¢* =4FE*(1 — ), c¢=cosf .

(35)
Then we have
o 1 1 — 2)? 2 1 1 —x)? 231 —¢ 2 — g2
27 L :1—;((1 — C)) z(1l— C){ +<x ) (In{l=e)ln 2((1 —x))_Qf(x))—l_ 2 }}

12—



4.2 Radiation of an untagged hard photon outside the PD

When calculating RC due to the radiation of an additional invisible hard photon,
we have to distinguish between the large (140° > 6; > 40°) and small (§,, > 6, and
6, > m — 0,,) angle radiation. For large angles we take into account only the contribution
proportional to In A and write it in the form

do* do® o 1+ e

— = ———4In Al
dg? dg? 2w ez ey (36)

where the Born cross—section is defined by Eq.(12) with | P3| = 0.

To simplify the calculation of the small-angle contribution we use the quasireal
electron approximation [21]. Of course all the experimental constraints for the event
selection should be taken into account.

We begin with the general expression for the cross section describing the radiation
of an untagged hard photon inside the small-angle blind zone

do” dth aFE? 1+ (1—2)2 m?z(1 —z)
_ 5 4oy _ dzd cos Oyd
dg? dq? Ar* - (kap1) (k2p1)? ldzd cos Bade:0, &7
where z is the energy fraction of an untagged hard photon z = w,/ F,
dUth o dUB(pl(l —2),k, pa) _ v ( 2) s(1—z)— ¢
A e ~ 2 Y RER (1 - o)
(1—2)*(s+t)*+ (1 —2)s+t2)? dcosb s(1—2)—¢*
X —wp], ¢=cosb
(1 — 2)tity (1—=2)s 2KE(2—2z(1-2¢))
(38)

is the shifted Born cross—section (with the substitution p; — (1 — z)p;) and
0, = O(Jk + k2| — (w + w2 — 1))
is the reduced form of the restriction
Q- |K| <y

for the case of one untagged hard photon with the 4-momentum £y = (ws, 122) Factor 2
on the right—hand side of Eq.(38) appears because Eq.(37) describes collinear radiation of
an additional hard photon along both electron and positron directions.

The O-function on the right-hand side of Eq.(38) defines the maximum possible
energy fraction z,,,, of an additional hard untagged photon emitted into the small-angle
blind zone. It depends on the pion invariant mass ¢* and the polar angle § of the hard
photon hitting PD. Therefore it can be rewritten in the following form

s(1—2)—¢* 5 —q* —4Fw,,
2E(2 —z(1 —¢)) s —2Ew, (1 —¢c)

0f (39)

- wm] — ®(Zmax - Z) s RFmar —
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The ©,—function on the right-hand side of Eq.(37) leads to the nontrivial correla-
tions between the limits for variables z, #; and ;. (Here we use the coordinate frame
where Z-axis is the electron direction and define the (7}, l;) plane as X 7 ). These limits
can be understood in following way. First one needs to analyze the quantity

Z(1—e)FE —n

289 F ’

B =

where s, = sin#sinf,, ¢ = cosf cos b, . If
B>1

then all azimuthal angles for an untagged hard photon are allowed, and we face two op-
tions for its polar angle and the energy fraction

I, —region: 0<0;<0,, A<z<|[z2nu, ﬁ] , (40)
I, — region : 0 < 6 < arccos (1 — i) " < z <[Zmax L] . 4D
zE77 E(l —cy) "E(1—¢)

where ¢, = cos(6 + 6,,,) and [a, b] is min(a,b).
If the value of the quantity B corresponds to

1>B>-1,

then not all azimuthal angles for an untagged photon are allowed. In this case we obtain
the following constraint

0 < g <arccos B, 2m > @y > 21 — arccos B . 42)

The region defined by Eq.(42) is symmetric relative to the plane (7, X ), which contains
the momentum of the photon hitting the PD . For this case there are also two possibilities
for the limits for 8, and z

I1,—region : 0 < arccos (1 — %)—0 <fy<b,, ﬁ < 2 < [Zmas E(ln_ c)] 7
(43)

I,—region = 0 < f—arccos (1 — %) <0y <0, , ﬁ < z < [Zmaz, 7E(1 71 c_)] ;
(44)

where c_ = cos (6 — 0,,).
Considering the integration limits defined by the relations (39)—(44) one can see

that there is only one region /, in which the untagged photon energy fraction can reach its
minimal value A . Because in this region all angles for the untagged photon are allowed
we can perform an angular integration on the right-hand side of Eq.(37). The result reads
dUH(] a) do” a

do
= —|[—(4In A L,+4In Al + —,
dg? dg? 27‘['[ (4In &+ 3) L + 410 A+ dg?

H
1

(45)
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[Zmam ’ E(+c+)]

dO'f do—sh « E203n
= / 2 P = 2 L) = 24(1 = 2)ld =, Ly = In =g,
where
1+ 22

Pila, L) = lim A = 0 [-—0(1 -z = A) + (g +2InA)S(1 — 2)]L

— X

Ale) = lim A = 0 < L opl—z—A)+InA.
— X
In Eq.(45) we separate the dependence of the contribution caused by the untagged hard
photon emission on an auxiliary parameter A. One can check explicitly that this term
cancels the A—dependence of the the soft and virtual contribution(see Egs.(27) and (30)).
We can also perform the analytical angular integration for the contribution of the

region /;, on the right-hand side of Eq.(37)

[Zma.r ’ ﬁ]

dO‘H([b) dth a 1+ (1—2)? 2(1 — 2)y
= 25t In(1 ———\d 46
dg? n/ dg? 27‘['[ z n(l+7) Z(l—’y)] = (46)
E(l—c+)
E2
7= — [arccos(1 — %) —0]*.

Concerning the contribution of region // in Eq.(37), we can perform the corre-
sponding analytical integration over the azimuthal angle only. For the remaining variables
(z, 02) we will show the limits of integration

[zmaz, Brimay ] ) [zma mrrtery] 6

do™ (IT) i A

T { / dz / b, + / dz / ;)
E(lfur) arccos(l—%)—@ ﬁ €—arccos(1—%)
(47)

2 do’ o L4+ (1—2)2 m?2(1—2)

x = arccos (B)— — F?sin 0 — )
T (B) dqg? 27 d (kap1) (Fapr)? |

Thus, the contribution in the RC due to the additional untagged hard photon emis-
sion is given by the sum of Egs. (36), (45), (46) and (47).

5 Full first-order radiative correction

The first—order radiative correction to the cross—section for process (1) as measured
by the KLOE detector with the above realistic experimental restrictions can be written as

dO_RC
dg?

{T (s +t1)* + (s +t2)?

_ Yo
= 7Ta(q ) dcos (9@( e (48)

52
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2 2
¢ 7 9 4 Ay 14a Lta
><31H:—3—§+(3+41HA1)1H@+41HA—11H1_CI—IHA21H1_CQ}}+
daf +dgH([b)+daH(I[)
dq2 dq2 dq2 9

where we used the approximation cos 8, = 1 — 62 /2.

The total cross—section o (g*) of the one—photon annihilation process ete™ — 77~
which should be extracted from the KLLOE experiment measurements, is factorized on the
right side of Eq.(48). This follows from the expression for do5 /dq?, see Eq.(38), which
enters into each term in the third line in Eq.(48). This demonstrates an evident advantage
of the approach of the Ref. [6] as compared with the scanning of the hadron cross—section
by the tagged photon energy measurements. In the latter approach the RC caused by
the additional invisible hard photon radiation include with necessity some integrals over
a(q*) [15,16]. These integrals arise because in this case the tagged photon energy does
not define the pion invariant mass directly.

As noted above, the auxiliary parameter A disappears from the master formula (48)
for the radiative correction to the cross—section of process (1). But all physical parameters,
which define the event selection (namely: the ’softness” parameters A; and A,, angular
parameters 6,,, ¢, and 6§, as well as the energy threshold w,, and parameter ) enter this
formula either explicitly or via the integration limits in the third line. The differential
cross—section over the measured 77 ~—invariant mass ¢* is given by the sum of the Born
term (17) which depends on the parameter |]3q> |, and (48)

do do”  do"°
i~ i Vi @)

6 Conclusion

A crucial requirement for success of the forthcoming precision studies of the hadronic
cross—section o(et e~ — hadrons) at DA®NE through the measurements of radiative
events [6,7] is the matching level of reliability of the theoretical expectation. This, in
turn, requires a detailed knowledge of the radiative corrections corresponding to the real-
istic conditions of the KLOE detector.

In this paper we derive the analytical expressions for the distribution over the in-
variant mass of the charged pion pair corresponding to the constraints of the proposed
experiment [6] with the KLOE detector. When DA®NE operates at the ¢ peak just this
two—pion final hadronic state provides the dominant contribution to the ISR events due
to the radiative return to the p resonance. Our approach can be quite straightforwardly
extended to the description of ISR events in the general case of an arbitrary hadronic final
state.

Our formulae take into account both the kinematical constraints related to the ge-
ometry of the photon detector and the event selection cuts imposed in order to reduce
the FSR contamination. When deriving the Born results the Lorentz boost of the ¢ in
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the laboratory frame was accounted for. First of all, such an accuracy is essential for the
high—precision determination of the tagged photon energy. For the purposes of calculation
of the RC with the one per cent accuracy the |]3q> |/2F effects may be neglected.

A prospective advantage of the experimental strategy proposed in [6] is the direct
precise determination of the two—pion invariant mass which, in turn allows to avoid the
deconvolution procedure. One may even think about taking full advantage of the high pre-
cision of the measurements of the two charged pions with the drift chamber[6] by making
the photon tagging redundant *. An obvious attractiveness of such an inclusive strategy
is that the “invisible” ISR photons are then emitted dominantly in the very forward cones
along the beams and the corresponding cross—sections are large (due to In E?/m? en-
hancement). The overall event geometry becomes rather simple and the corresponding
RC are governed by quasireal kinematics, see [21]. Then the constraints imposed by the
performance of KLOE calorimeters become unimportant.

The corresponding results for the Born cross—section were presented in Ref. [14].
The derivation of the RC requires some modifications (as compared to the results given
in Ref. [14]) due to the contribution from additional hard photon radiation, since, in this
case, the invariant mass of the pions and not the energy of the tagged photon is measured.

However, the success of such an inclusive approach requires a special care regard-
ing different background events. Thus, a carefully chosen event selection should be intro-
duced in order to reduce as much as possible various contaminations such as FSR events,
O — 7T~ 7% ;7T 77 4 etc as well as double—photon mechanism of 7 7~ production.
Further detailed examination of the background caused by the strong decay modes and
especially by the contribution of double—photon 7+ 7~ production has to be performed.
We plan to perform these studies elsewhere.
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