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Abstract

A theory involving a correspondence between envelope solitonlike solutions of the gen-
eralized nonlinear Schrédinger equation (GNLSE) and solitonlike solutions of the gen-
eralized Korteweg-de Vries equation (GKVdE) is developed within the context of the
Madelung’s fluid description (fluid coun terpart description of the GNLSE). This corre-
spondence, which, under suitable constrains, can be made invertible, seems to be very

helpful for finding one family of solutions (whether envelope solitonlike solutions of the
GNLSE or solitonlike solutions of the GKAVE) starting from the kno wledge of the other
family of solution (whether solitonlike solutions of the GKAVE or envelope solitonlike
solutions of the GNLSE). The theory is successfully applied to a wide classes of both mod-

ified nonlinear Schrédinger equation (MNLSE) and modified Kortew eg-de Vries equation
(MKVdE), for which bright and gray/dark solitonlike solutions are found. In particular,

bright and gray/dark solitary waves are determined for the MNLSE with a quartic non-

linear potential in the modulus of the wavefunction (i.e. q;|¥|? + q2|¥[|*) as well as for

the associated MKdVE. F urthermore, the well known bright and gray/dark envelope soli-
tons of the cubic NLSE and the corresponding solitons of the associated standard KdVE

are easily recovered from the present theory. Remarkably, this approach opens up the
possibility to transfer all the know how concerning the instability criteria for solitonlike

solutions of the MKdVE to the instabilit y theory of envelope solitonlike solutions of the
MNLSE.
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1 Introduction

In this paper, a correspondence between a wide family of generalized nonlinear
Schrodinger equations (GNLSEs) and a wide family of generalized Korteweg-de Vries
equations (GKdVEs) is constructed in such a way that stationary-profile solutions
of the latter are the squared modulus of stationary-profile envelope solutions of the
former. This is done by extending a recent work [1] that has considered a similar
correspondence involving the cubic nonlinear Schrodinge equation (NLSE) and the
standard Korteweg-de Vries equation (KdVE).
From one side, the investigation is carried out considering the following GNLSE for
a complex wavefunction W:
ov a? O*
o —— —— = UV =0 1
Zaas+ 2 Oa? “ ” 7 (1)
where the real constant o accounts for the dispersive/diffractive effects and U [|¥|?]
is a real functional of |¥|?; from the other side, the following GKdAVE for the real
function u is considered:
Ju Ju v? 9Pu
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where a and v are real constants, and G [u] is a real functional of w !. In both equa-
tions, x is the 1-D configurational space coordinate and s is the timelike coordinate.
In particular, in this paper, special attention will be devoted to a correspondence
between the special case of (1) when U [|¥|*] = qo|¥|*, ¢o and 3 being real and
positive real numbers, respectively, namely
ov a? O*

10—
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and the special case of (2) when G [u] = pou”, po and v being real and positive real

numbers, respectively, namely

Ju Ju v? Pu
—_— J— ,y— —_— — p—
“ S po v Ox + 4 9z3 0 (4)

According to other authors [2]-[5], let us define (3) as modified nonlinear Schrodinger

Tt is easy to see that, without loss of generality, we have chosen , in Eq. (2), a positive
coefficient of the third-derivative term. Actually, the coefficient @ in principle can be positive or
negative in such a way that the dispersion coefficient of (2), i.e. u = v?/4a, can be positive or
negative, as well



equation (MNLSE) and (4) as modified Korteweg-de Vries equation (MKdVE).

Our goals are: (i) to construct a correspondence between (1) and (2) in such a
way that each positive stationary-profile solution of (2), namely u(x, s) = u(£) with
£ = x—ups (ug being a real dimensionless constant velocity), is the squared modulus

of a stationary-profile envelope solution of (1) having the form

U(z,s) = /p(§) expliO(a,s)] (5)

with © real function and p real and positive function such that u(¢) = |¥(z,s)|* =
p(€), and consider explicitly the conditions that guarantee the existence of solitonlike
solutions; (ii) to apply the above correspondence to the case of (3) and (4) and
find for them solitonlike solutions, generalizing the set of solitonlike solutions given
already in literature [6,7]; (iii) to apply, in turn, the results of (ii) to find envelope

solitons of (1) in the case

U(P) = ai [9F + ¢ 9" . (6)

The framework in which the above goals will be reached is the same as in Ref. [1],
namely the Madelung’s fluid [8] picture of the GNLSE (1).

As it is well known, once W(xz,s) = y/p(x,s) exp[iO(x,s)/a] is assumed, the (1)
can be cast as a closed system of nonlinear coupled equations (Madelung’s fluid [8]):
continuity 4+ motion equation. However, according to Ref.[1], this system can be, in

turn, reduced to the following closed system of coupled equations:

dp 0 B
g‘Fa—x(Pv)—Oa (7)

ov dp aVv dp [0U dp o? Pp
_(as)p+vas+2 [CO(S)_/(&S) d:z;] 6:1;_( :1;'0+2U6:1;) + 4 0x3 0

where V' is the current velocity, given by

Ve, = 220 ()

and ¢o(s) is an arbitrary real function of s.

2 Correspondence between solitons and envelope solitons

Let us denote with £ = {U} the set of all the envelope solutions (5) of (1), i.e. the
set of all the stationary-profile envelope solutions of the GNLSE. Let us also denote



with & = {u(&) > 0} the set of all non-negative stationary-profile solutions of the
GKdAVE (2).

In order to construct the above correspondence between £ and &, we observe that
if U € &, thus p and V have the form p = p(§) and V = V(§), respectively.

Under the above hypothesis, it is easy to see that: (a). ¢o(s) becomes constant (so

that, let us put ¢o(s) = ¢p); (b). continuity equation (7) becomes:

dp d
= 1
which integrated gives:
A
V() =uo+—= (11)

p(€)

where Ag is an arbitrary constant. By combining (8) and (10), we easily have:

dp dp a? dp
where the functional 7 [p] is defined as:
dU |p
zh) = 8 4o (1

dp
On the other hand, for stationary-profile solution u = u(¢), Eq. (2) becomes:

du du v? dPu

— — — Glu]— —— =0 . 14
wa g~ GG T T (14)
Consequently, (12) and (14) have the same solutions, if the same boundary condi-
tions are taken for them and provided that their coefficients are respectively propor-

tional. In particular, it follows that u(&) is a non-negative stationary-profile solution
of the following GKAVE (ug # 0):
Cupt+2¢o Jp dp a? 9p

" %—I[P]a—x‘FI%:Oa (15)

where the following identies have been used:

a=—(ug+2c0) fug, Gu=Th], v=a . (16)
Thus, it results that, starting from Eq. (1), we have constructed the following
correspondence:
F . VvVeE=sues |
W o= F] o= U = ple) (7)



F associates a stationary-profile envelope solution of (1) to a stationary-profile so-
lution of the associated GKAVE (15). In particular, it may associate an envelope
solitonlike solution of (1) with a solitonlike solution of (2).

It is worth to observe that, by substituting (5) directly in (1), separating real and

imaginary parts, and taking into account (9) we get:
—00/0s = co + ugV (18)

which, combined with (11) becomes:

e

@(1}78) = qbo — (CO—|—U(2))S + uwor + Ao / ,0(5) s

(19)
where ¢q is an arbitrary real constant.

Now, let u({) be a positive stationary-profile solution of (2). Thus, u satisfies an
equation similar to (14) and, provided that (12) and (14) have still proportional
coefficients, in correspondence of the same boundary conditions, u is also solution

of (12). Thus, by defining the quantity

- 00(x,s)
with N ) ) 2 ﬁ
O(x,s) = oo (co—l—uo)s + wpr + Ao / o6 (21)

it follows that p(¢) = u(€) and V are solutions of the following system of coupled

equations:

Z—Z-F%(U‘N/) =0, (22)

oV | - 0u oV du (ou ou) | v u
— | = V—+2 — / — | de| — | —u+2U— —— =0
(85) v as—l_ lco(s) (83) :1;] ox (8:1;u+ 8:1;) + 4 Qa3 ’
(23
where the functional ¢ is solution of the following differential equation:

di

u%—I-ZUZG[u], (24)
namely '
Ul = — [KO + [ G udu] , (25)

where Ky is an arbitrary real constant. It follows that the complex function

U= \/@ exp [é(:)(x,s)] (26)



is a stationary-profile envelope solution of the following GNLSE:

U 20U Ko + [ G[U?] |9 dw?
Vos T 2o T o]

Js 2 Jx? ]\I} =0 (27)

The substitution of (26) in (27) (after separating real and imaginary parts) gives
the following equation for wu:
2
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It is then clear that each solution u({) of (2), once substituted in (28), fixes a
relationship among the constants Ky, ¢g, and Ag. This shows that these parameters
are not all indenpendent. According to (14), (21), and (26), it results that for each
given u € § and for each given set of constants ¢, ¢p, and Ag, the modulus and
the phase of W are uniquely determined and, consequently, the solution of (27) is
uniquely determined.

In conclusion, starting from the GKdVE (2), we have constructed the following

Correspondence:

H:ueS—>Ve& |
U ==H[u]= u(f)exp{i [qbo— (co—l—ug)s—l—uox—l—Ao/ﬁl} , (29)
v u(§)

which, for each given set of real constants ¢g, ¢y, and Ay, associates a positive

stationary-profile solution u () of (2) to a stationary-profile envelope solution W(z, s)

of (27) which is of the type (1). It is clear that, as the above parameters vary over

all their accessible ranges of values, H [u] describes the subset of stationary-profile

envelope solutions of (27) whose squared modulus equals u(¢). In particular, if u(&)

is a localized solution of (2), thus H [u] describes the subset of envelope localized

solutions of the associated equation (27), where ¢y is still arbitrary and the values

allowed for ¢y and Ay are determined by the specific boundary conditions required

for such a kind of localized solution.

An important aspect concerning the role of the boundary conditions for solitonlike

solution should be now considered in connection with the search for bright solitons

and gray/dark solitons.

Let u > 0 be bright solitonlike solutions satisfying the following boundary conditions:
lim u() =0 ; (30)

E—too

according to (11), (30) implies (u = p) that:

Ag =0, and V=V = u . (31)



Consequently, the phase of solution (29) becomes linearly depending on x and s, i.e.

U =H[u] =/u(f)exp {% [qbo — (co + ug) s+ uox}} , (32)
Additionally, to provide solitonlike solutions of (2), G'[u({)] must have a regular

behaviour in such a way that

i (O] <00 (33)
which implies
) 1
lim | / Glu(€)] wdu| <oo . (34)

Correspondigly, conditions (31) and (34) in (28) give
Ko = 0 (35)

and the following stationary GNLSE

a? d?yl/? [ 1

—— U u du u1/2 = u1/2
S [ Glu€) ud g (36)

u?
where Fog = ¢o + u3/2. In conclusion, for bright solitonlike solutions, satisfying the
boundary conditions (30), Ko = Ag = 0, and the phase of U is linear (see Eq. (32) );
furthermore, u(¢) and the constant Fy play, respectively, the role of eigenstate and
eigenvalue of the GNLSE (36). In particular, the role played by the constant FEj
suggests the suitability to choose it as independent parameter instead of ¢.

If non-negative solitonlike solutions (for instance, up-shifted bright solitons, gray
solitons) of (2) do not satisfy the above boundary conditions (30), it is useful to

introduce the following positions:

ul@) =u + w() (37)
where the constant % is positive ? and

V(e =W + Vi(¢) . (38)
Thus, the following boundary are imposed:

lim w1 () = 0 (39)

E—too

?Note that in this paper we are dealing with positive solutions w(¢), only. This implies that
|U1| <, if up < 0.



and, correspondingly

lim Vi(6) = 0 . (40)

E—too

It follows from (11) that (p = u):
Ay = —(wo—VWo)u (41)

with Vo # wo, which implies that Ag # 0 . Consequently, according to (29) the
phase of solution W is not linear, because the last term is not vanishing. Additionally,
since Ag # 0, it is clear that, in general (whether K is zero or not zero), solution
u(€) of Eq. (28) and the constant Eg = ¢ + u3/2 do not play the role of eigenstate
and eigenvalue of the energy, respectively. This last cirmustance can be obtained
only by choosing
A2
0

[(0 = — 7

It should be stressed that this particular choice of Ky corresponds to standard
bright envelope solitonlike solutions having linear phase (i.e. Ky = —A3/2 = 0) and
satisfying the boundary conditions (30) or corresponds to envelopes having nonlinear
phase (i.e. Ko = —A2/2 #0) that are eigenstates of the energy.

Let us suppose that a finite value of &, say & (|€] < 00), such that u(&) = 0, exists.
Thus, in order to keep limited solution for V', Eq. (11) impliesthat Ag = 0 (ug = Vo).
Consequently, for any w > 0, the solitonlike solutions, satifying the relationships
(37)-(40), satisfy, additionally, both the condition u(&) = 0 * and the (28) with
Ko = 0. This means that they are eigenstates of the energy. Correspondingly, dark
envelope solitonlike solutions of (27) have only a linear phase (in  and in s).

The results presented above may suggest a method for finding stationary-profile
solutions of an equation belonging in one family (whether GNLSE or GKAVE) if
stationary-profile solutions of the associated equation, belonging in the other family
(whether GKAVE or GNLSE), are known.

It should be noted that in principle Eq. (27) must be compared with the particular
nonlinear Schrodinger equation that we are actually going to solve. In particular,
the potential U [| ¥|*] must be compared with the one of Eq. (27) (i.e. U [u = |V]*] )
given by (25 ). If U [| ¥|?] has a regular asymptotic behaviuor (limg_+..|U [| ¥|?*]| <
o0), the above comparison implies that Ky = 0. Consequently, if u(§) > 0 is a
solitonlike solution satisfying the relationships (37)-(40) with @ > 0, it follows that
Aog # 0 (ug # Vp). Consequently, u(€) can be an up-shifted bright solitonlike solution
(with uy; > 0) or a gray solitonlike solution (with u; < 0).

3The case Vo = ug corresponds to Ay = 0 which selects bright solitons.
*u; must be negative and they are called dark solitons.



3 Applications

To give some explicit examples, this method will be applied here to the family of
equations represented by (3) and (4) (MNSE and MKdVE, respectively), restricting
the investigation to the solitonlike solutions, only.

First of all, the simplest case concerning 8 = 1 in (3), which defines the standard
NLSE [9], and v = 1 in (4), which defines the standard KdVE [9], has been already
considered in Ref.[1], where envelope solitons (bright, gray/dark) of the NLSE have
been found starting from the solitonlike solution (bright, gray or dark) of the asso-
ciated KdVE and using a sort of correspondence H, described above. Here, 3 and
~ are allowed to be arbitrary positive real numbers.

As first example, let us look for bright envelope solitons of (3). To this end, it is
worth to observe that, for aug > 0 and py < 0, Eq. (4) admits the following positive

solitonlike solution (for any positive real ):

aug Y 9 aug

(v = 1 recovers the bright KdV soliton [9]). It should be pointed out that, since ~ is
an arbitrary positive real number, solutions (42) represent an extension of the usual
ones that in the literature have been given only for the case of v positive integer
[5]-[7]. They satisfy the boundary conditions (30). Consequently, solutions (42) are
bright solitons of the MKAVE °. According to the (2), for the case under discussion
we can write:

Glu] = pou” . (43)

Provided that the following identification
u=p = |V (44)
is made, the substitution of (43) in (27), gives the following associated MNLSE:

o v 0?0

(24

Po 2
— — — U v = 0 45
Js + 2 0z2 ’y—|—2| | ’ (45)

where (31) and (35) have been used (note that Ky, = 0). We must identify the
potential of this equation with the one of the MNLSE (3), which is the equation

5It should be noted that, only in the case of v even integer, if u is a positive solution of (42),
thus —u 1s a negative solution. In this case, since u is a bright soliton, solution —u could be called
anti-bright soliton.



that we are going to solve. Thus, after a comparison between (3) and (45), we easily
get:

Finally, by virtu of (32) we can write the following bright envelope solitonlike solu-

V=«

tions of (3) for any real positive f3:

1/28 /
U(x,s) = [%] sech!'/? [ﬁﬁTHEdf X
X exp {é [qbo — (EO + ug/Z) s+ uox}} ) (47)

where the first of (16), (42) and (46) have been used, and where Fy < 0 and ¢o < 0.
TABLE I 'and TABLE II display the plots of p and /p, as function of {/A, for some
values of the parameter 3, Fy, o, and ¢o, according to (47).

As second example, let us find envelope solitonlike solutions for the following MNLSE
with a quartic potential given by (6). Since (p = |V|?)

U=Ulpl=aqp+ @p*,

according to the theory presented above, it is easy to see that we have to use the
correspondence H starting from the following MKdVE:
Ju du v? Pu

where pg, W, and Jy are constant to be determined. Thus, according to (27) the

following MNLSE can be written:
L ov VPO

w— 4+

ds | 2 da?

=4 PO ga 2pot oy ] . _
— Koot g - T 2 (5 )| @ =0, (49)
which must be compared with the one that we have to solve. Consequently, we get:
v=a, Ko =0, po=4q, T = —3q1/(8q2), and 8o = —9¢7/164s>.
It is easily recognized that (48) can be cast as (4) for v = 2. Thus, taking into

account the (42), positive solitonlike solutions of (48) are immediately found:

u(€) =7 [I + esech(E/A)] (50)

where

¢ = /1= 32|ga| (o — V0)? / (3¢2)

A =lal/ (2/21E0]) .

10



and
Ey= =3¢}/ (64]a2]) + (uo—V0)*/2
provided that Ej < 0 and ¢ < 0 and

3q7 3q7
— + Vo <ug < + VL
32|Q2| ° ’ 32|Q2| ’

Eq. (50) shows that we can distinguish the following four cases.

(a). 0 <e<1 (ug— Vo #0):
wé=0)=u(l+¢), and lim w({)=7

which corresponds to a bright soliton of maximum amplitude (1+ €)@ and up-shifted

by the quantity w. We could call it up-shifted bright soliton.
(b).— < e<0 (ug— Vo #0):
wé=0)=u(l—¢), and lim u(é)=7u

which is a dark soliton with minimum amplitude (1 —¢)w and reaching asimptotically

the upper limit w. It corresponds to a standard gray soliton.
(c). e=1 (up— Vo =0):

w(=0)=2u, and lim u({) =7

E—too

which corresponds to a bright soliton of maximum amplitude 2u and up-shifted by

the maximum quantity w. We could call it upper-shifted bright soliton.

(d).e=—1 (up — Vo = 0):

which is a dark soliton (zero minimum amplitude), reaching asimptotically the upper
limit w. It correspond to a standard dark soliton.

TABLE III displays the plots of p, as a function of {/A, for given values of the
parameters, according to (50).

Correspondingly, by means of the correspondence H, we can conclude that the

following MNLSE:
oA a? O*

io— —+

el (0 LA L (51)

11



has the following envelope solitonlike solutions:

o[ E 2 (L

where ¢q still plays the role of arbitrary constant,

U(x,s) = \/ﬂ 1+ esech(f/A)]exp{ [qbo—As—l—uo:z;]}x

15¢2 (uo—Vo)2 u?
A = ! 9 53
el T2 T2 (53)

and
p oo _lollw—V) (54)

2,/2/Ey|

4 Conclusions and remarks

In conclusion, in this paper a correspondence between solitonlike and envelope soli-
tonlike solutions of wide families of the MKdVE and MNLSE, respectively, has been
constructed within the framework of the Madelung’s fluid, which play the role of the
fluid description counterpart of the of the nonlinear Schrodinger equation. Under
suitable constrains, this correspondence can be made invertible and, remarkably, it
has been used to find bright and gray/dark envelope solitonlike solutions of a wide
family of MNLSE, just starting from the knowledge of the solitonlike solutions of
the associated MIKdVE. In particular, on the basis of the present theory, the well
known bright and gray/dark envelope solitons of the cubic NLSE have been easily
recovered, starting from the soliton solutions of the corresponding standard KdVE.
It is worth to point out that the above correspondence seems to be very helpful to
get suitable instability criteria for the envelope solitonlike solutions of the MNLSEs
presented in this paper, on the basis of the already developed know how about the
instability criteria of the solitonlike solutions of the corresponding MKdVE. This
field is, at present, unexplored. For instance, the theory of the instability criteria
for MKdVE solitons has been developed for integer v (see Eq. (4) ) [5)-[7]. The
extension of this theory to any positive real v should be a novelty, and the corre-
sponding extension for the envelope solitons of the MNLSE (3) should be a novelty,
as well. However, some attempt is on the way. In a future work, a pioneering

contribution will be attempted.
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TABLE |

172

15

5 nxD| D -5 5 0 X/D

-10

1/2 . o

) 5 5 T x/D| ‘O 5 5 10 X/D

10 5 5 10 X/D -10 -5 5 0 X/D

Plotsof r and r Y2 (bright solitons) asfunctionof x/Dforb 1. E=-1, go=-1, a = 1.
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TABLEII

b r U2
2
5 10 x/D 5 10 X/D
5/2
5 10 X/D 5 0 x/D
3
0 -5 5 0 xD| -0 -5 5 10 X/D

Plotsof r and r Y2 (bright solitons) as function of x/D for b>1 . E;=-1, qo=-1, a = 1.
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TABLE 111

e u Q. Soliton’sname
0.7 §!
1F
=] 2 up-shifted
At
2F
-0.7 3
2
1
3 B 2 gray
-2
-3
1 !
0.5}
— - upper-shifted
-0.5 }
1t
(Q.=0)
_1 1 1}
Q08
0.5
06
04 " 5 dark
2 -0.5 b
4 -2 2 4
-1F
(Ql :0)

Plot of solutions u and the nonlinear part of the phase Q, © A, (‘)LE—X) asfunction of x/D for U =1,
X

e== .7withw -V, =5, e=+ 1 which correspondsto u, -V, = 0.
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