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on prime numbers

A. De Angelis', F. Gonella?, and M. Penzo®

Abstract

Two conjectures on prime numbers, due to N.L. Gilbreath and C.
Goldbach, have been verified up to 2°! and 2 10° respectively.
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fntroduction

The veriﬁcatio.n of some conjectures on primes up to very large numbers
requires both high computing speed and effectiveness in addressing huge
vectors

Apol.lo workstation DN10000, based on new R.ISC architecture PRISM
(Parallel Reduced Instruction Set Multiprocessor), fulfills these require-
ments, toupling a speed of 25 MIPS/CPU to the capability of addressing
directly up to 4 GB in virtual memory. During performance tests of this
workstation, we extended the verification of two conjectures on prime num-

bers:

the Gilbreath's conjecture and the Goldbach’s conjecture.

* Gilbreath's conjecture

If py is the sequence of prime numbers, define d; by d; = p;y,
where p; is the i-th prime number.

Define then d* by

— Piy

dn = dn
dH-I._ 1. " h1

(thai is, the successive absolute d.lﬁ'crcnccs of the sequence of primes,
See Flg ﬂ

N.L. Gilbreath conjectured that d* = 1 for all k. The conjecture had
been verified by Killgrove and Ralston for all primes < Ng = 792,722

(.

Goldbach’s conjecture

Goldbach’s conjecture, perhaps the most famous one about primes,

states that every even number greater than 4 can be expressed as the
sum of two odd primes.

The conjecture had been verified for even numbers < 10® by Stein
and Stein and by Light, Forrest, Hammond and Roe [2].
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2 The CPU
The system can support up to four independent 64 bit PRISM CPUs each
one with its own RISC Floating Point Processor, RISC integer unit and
separate data and instruction caches (64 KB and 128 KB respectively).
Each CPU can view up to 128 MB of 16-way interleaved main memory.
Communication from CPU to main memory and other processors is over a
high speed 150 MB/s 64-bit bus.

Effective data flow techniques used in the compllcts allow to take full
advantage of local parallelism in the hardware.

Aigorii:iims and results

The § dequence p,, needed for both verifications, Has been produced using a
sieve algorithm up to 2%,

¢ Gilbreath’s conjecture

The sequence d,, has been calculated from Pn and mapped in virtual
memory. Thcn the successive absolute differences between the vector
d, and the same vector shifted by one position on the right have
been calculated; the process was iterated k times, until the maximum
of the sequence d* was equal to 2. This fact clearly constrains the
elements d* (for every k # 1) to be either 0 or 2, and thus verifies the
conjecture.

The j-th step verifies the conjecture up to the (i + j — 1)-th prime
number, where i is the location of the first element d] greater than 2.
The sequence of the values assumed by the quantity (i +7 —1) is thus
an indicator of the rate of convergence of the algorithm, and trace of
this quantity has been kept during the calculation.

The sequence d2™® has been found to have 2 as maximum value, thus
verifying ihe conjecture up to 2*' (i.e. for the first 105,097,565 prime
numbcrs) The rate of approach to the result can be seen in Fig.2,
where the quantity (i +j 1) defined in the previous section is plotted
versus the iteration number.
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¢ Goldbach’s conjecture

in a first step, the 98,222,286 odd prime numbers < 2 10° were
summed to the first 100 odd prime numbers p3...p10;. The resulting
sums if<2 10°, were kept out of the successive search. At the end
of this step, a set of V; = 180,648 even numbers> 4 and < 2 10
were left to be tested.

For each even number E; in this last su'i::set, in & second step the
&uccessive differences b;; = E; — pj, j > 101 were calculated, until §;
was prime.

This mei'[:o.ci allowed to verify Goldbach's conjecture for all even num-
bers < 2 10° with j never exceeding the value of 1,000.

LR »
Performance

The performance of the workstation has been measured during the test of
Gilbreath’s conjecture.

The verification required 39,642 s of single-CPU time, for doing

N~ x(2¥)-216~3 10"

sequences each one composed by one subtraction, one operation of absolute
value, and one arithmetical test, keeping in virtual memory = 0.2 GB.
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.Figure captions

1. Successive absolute differences of the sequence of primes.

4. Rate of convergence of the verification of Gilbreath’s conjecture (see
fexi).
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