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ABSTRACT

The thermal behavior of Nb superconducting resonant cavities cooled by a super
fluid helium bath is simulated by the numerical solution of a mathematical model of
heat generation and transfer in the cavity wall, The simulations results are compar-
ed with experimental data reported in the literature and a good agreement is foundfor
cavities working above nearly 4 GHz. How the maximum attainable surface magnetic
field and general features of the thermal behavior depend on some cavity parameters
in the simulations results is also discussed.

1, - INTRODUCTION

Thermal breakdown is one of the phenomena limiting the field strength achieva-
ble in superconducting resonant cavities, It takes place when by increasing the field
a critical temperature is reached because of dissipation for which the superconduct-
ing material comes back to its normal state, Even though other phenomena (i. e. mul

tipacting and non resonant electron loading) can limit the field strength at a lower lev
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el, thermal breakdown seems to be the main problem in superconducting cavities work
ing at frequencies above some GHz (4 GHz typically). Hence the growing interest in
the models for the thermal behavior of superconducting cavities,

In the present paper we confine ourselves to the most favourable case of cavities
with defect free internal surface (i. e, with uniform residual resistance); thus our
computed values of the maximum surface magnetic field attainable have to be regard
ed as upper bounds since the practical values can be lower because of possible surfa
ce defects, The more our hypothesié of uniform residual resistance will be satisfied,
the more the practical value will be close to the theoretical upper bound,

In Section 2 of this paper we propose a model for cavities thermal behavior; the
model above is used in Section 3 to discuss how thermal behavior itself depends on so

me parameters and results following from it are checked in Section 4 for agreement

with the experimental data reported in the literature.

2. - THE MODEL

Models for the thermal behavior of defect free superconducting cavities have been

(1,2, 9). Most of them however do not take into ac-

already reported in the literature
count neither the frequency dependence of the surface resistance nor the temperature
dependence of the thermal conductivity ; moreover the Kapitza resistance is often

1) or partially(z) neglected. On the contrary in our model all the afore-

either fully!
mentioned phenomena are completely taken into account whereas the lateral heat flow
has been still neglected as before, Although in reference (9) a similarly complete mo
del for the defect free case is proposed only a few results are reported for that case
as that paper is mostly devoted to defects behavior. Below we describe in full details

our model,

2.1, - Heat generation at the cavity internal surface

The surface resistance Rg of Nb is

- 1
Rg = Rics " Rpes (1)

where R,.g is a2 temperature independent term referred to as residual resistance and

s
Rpcg is the temperature dependent term explained by BCS theory of superconductivity,

R is computed from the low field unloaded quality factor Q})f under the hypothesis

res
of uniform residual resistance (i, e. defect free surface) as



G
Rres = o1 - BBCS (2)
(o)

where G is the geometrical factor of the cavity

The BCS term is given by

a T
R =A£——exp(- 4 €O

BCS TI KBTCO TI

where TI is the internal surface temperature, f is the cavity frequency and, follow-

) (3)

ing Halbritter(B), we use the Nb typical values below

Q°k A

a 3
Hz KBTCO

A =4,01x10"23 =1,85, T_ _ =9,250K

cO
a =2 below 5 GHz, a=1,6 above 12 GHz, 1.6<a <2 (linearly interpolated) between
5 and 12 GHz,

Equation (3) holds until TI stays below the critical temperature T, which we

take as

T =T 1 - — (4)

where B is the surface magnetic field strength and B, = 2000 G. When T, is exce-
eded breakdown takes place, From the surface resistance the heat flow density at the

internal surface qj is computed as

q, = L
1 2
24

2
RS(TI)B (5)

where u, is the permeability of vacuum,

2. 2. - Heat conduction in the cavity wall

From a strict view-point the problem of the heat conduction in the cavity wall
should be solved in three dimensions (or two if cylindrical symmetry holds) because
B and thus qx change from point to point along the internal surface, However we are
only interested in the region of the surface where the maximum value of B occurs as
it is the behavior of that region which ultimately sets the limit to the cavity perfor-

mances. Thus, since as a general rule B changes weakly near its greatest value, we



do small errors if we solve the problem as one-dimensional by taking into account
the normal heat flow only(x).

To deal with the local shape of the wall at the point where B takes its maximum
value we transform the heat flow equation E(KET) = 0 to suitable coordinates sys-

tems before reducing it to one-dimensional, This process leads us to the equation

d dT
K ) =0 o

for a plane wall and to the equation

—d-(K dT)+E dT

= 0
dr dr r dr (7)

for a cylindrical wall, For a more general shape besides the curvature due to the
cylindrical symmetry as in equation (7) we take into account also the local slope and
curvature along the cavity axis; this yields more complex equations that we do not
report,

For the thermal conductivity we use experimental data concerning our niobium(ls).
This makes nonlinear all the equations above and rules out closed form solutions for
them, The thermal conductivity curve of our niobium (RRR = 62) is shown in Fig, 1.
Notice that this curve agrees very well with the general shape predicted by the Wiede

(10)

mann-Franz law and with the curves reported in the literature for niobium with

similar RRR.,
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2. 3, - Kapitza resistance and He II film boiling

To deal with the Kapitza resistance which develops at the Nb/He II interface we

compute the temperature TE of the cavity external surface as

4 3
Ty = (TB + 4RKqETB)

1/4
/ (8)
where RK is the Kapitza resistance, dg the heat flow at the external surface and ']33
the He II bath temperature. Equation (8) is the same as the more customary writing

_ 34T | AT 3, 1 AT
RI(qE_AT[:l+2TB+(TB)+4( )1 (9)

(where AT = TE - TB) with all its terms kept, For Kapitza resistance value Mittag(4)

reports

+
R; = (0,020710.003)x 104 T(4‘65' 0.28) __ W _ (10)

m20K
for chemically polished, annealed and again chemically polished Nb and

_ +
RK1 = (0.0177F0,002)x 10% T(3-62-0.32) ;’V

m 9K

(11)

for machined Nb. We always use equation (10) except for cavities that underwent a
very poor surface treatment like a light chemical polishing (10-30um) after machin
ing without any heat treatment,

Equation (8) holds below a critical heat flux at which He II film boiling starts and
thus the heat transfer coefficient sharply decreases by approximately one order of ma
gnitude, When this happens breakdown immediately follows. Experimental data for the
He II critical heat flux show a rather large scattering and are influenced by the geo-
metry and the submersion depth of the specimen and by the temperature and the sub-
cooling of the He II; so we have preferred that the film boiling was not simulated in
the computer implementation of the model and thus the results have to be discussed
taking into account this fact, To this purpose, in agreement with the rather scarce da

(5,6,7)

ta for large specimens (not thin wires) in near saturated He II we assume a

critical heat flux somewhere in the range 2-4 W/cmz. The often assumed value of

1 W/cm2

refers to He II constrained in a long tube and is in our.opinion too conser-
vative, Our estimation could still be a conservative one because critical fluxes above

6 W/cm? have been observed!8),



2, 4. - The mathematical problem

By putting together the above equations a two point boundary value problem is ob

tained that, to be specific, we write for the case of the cylindrical wall:

~d dT K(T) dT _
dr (K(T) dr ) r dr 0 (12)
dT _
¢ - K(TI) Tjr—r=r1 = ¢(TI, B) (13)
~ dT
\ Ty = ’lP(-K(TE) pre r=rI) (14)

where r; and rg are respectively the internal and the external radius of the wall,

T; = T(ry), Ty = T(rg),

2 a T
B f A c
P(T,B) = —5 (Rpeg + & 75 expl- 7=~ =) (15)
2u B c
o
and
_ ot 3,1/4
Y(q) = (TB + 4RKqTB) . (16)

We do not report here about the numerical method used by us to solve this problem as
we have published it elsewhere(S). By solving the above problem for several values of
B we obtain a few interesting curves (e. g. TI versus B) and the greatest B value
attainable before reaching the superconductivity break down for a given set of physic
al cavity parameters (R,eg, wall thickness, operating temperature, thermal conduc

tiVItY, veese )

3. - QUALITATIVE RESULTS BY THE MODEL

The curves TI(B), RS

GHz, 2 mm thick) with three different values of R

(B) and qE(B) obtained by simulating the same cavity (4.5
res (e 3x1076 0, 10760 and
2.5x 10"7 Q) are shown in Figs, 2-4, These curves do not account for the possible
getting over of either the critical heat flux or the critical temperature but the limits
beyond of which they no longer make sense are drawn in the same figures. The (a),
(b) and (c) curves are representative of the typical qualitatively different thermal be
haviors which may occur at frequencies above some GHz. The (a) curves show a

smooth decreasing of the cavity performances (thermal run-away) which makes it

already unusable before the breakdown takes place because critical temperature or
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heat flux are exceeded, the real limitations being the power available and that which
the refrigeration system allows to dissipate. The B value at which the thermal run-
-away begins is not sharply defined but can be fairly easily found on the RS(B) curve
(roughly 500 G in our case),

In the (b) and (c) cases there is a critical value Bzh of the magnetic field at
which the temperature rises sharply (thermal instability) and the cavity quality fac
tor greatly degradates, If in the new point of thermal equilibrium that the cavity would
reach after the thermal instability either the critical heat flux or the critical tempera
ture are exceeded, the breakdown takes place and our curves no longer make sense;
otherwise the cavity still keeps superconducting though at higher temperature and dis
sipation, It is difficult to connect the simulation results for the steady-state thermal
behavior directly to the observed RF signals, but this sudden quality factor degrada-~
tion without breakdown seems to be qualitatively consistent with transmitted power
signals as in Fig, 5a whilst breakdown seems consistent with signals as in Fig, 5h.

However in cases like (b) and (c) both if breakdown takes or does not take place it
is the thermal instability which sets the limit for the practically achievable magnetic
field. In principle there could be also the case in which T; reaches T, giving rise
to the breakdown before thermal instability or run-away occur but this does not hap-
pen above some GHz for practical values of parameters (e.g. Ryog ® 3x 107.Q or
Qg 109). On the contrary this is the usual case at lower frequencies where, however,
the model does not fit experimental data as we will say in the next Section. In the re-
ported example the thermal instability causes the breakdown in the (c) case whereas
in the (b) case does not produce it; this is a quite typical case but there are also ca-
ses of (c) type in which the thermal instability does not trigger breakdown.

The reason for the previously described thermal instability can be found in the
highly nonlinear temperature dependences of the surface and the Kapitza resistances
which allow for the possibility that the heat produced at the cavity internal surface
grows with the temperature more strongly than the heat conducted away to the helium
bath, When, depending on parameters values, this happens the thermal instability ta-
kes place. The temperature dependence of the conductivity of the niobium plays a mi-
nor role as the thermal instability follows from the model also in cases for which a
constant conductivity was assumed,

- . t
From our simulations we obtained also the following results concerning BCh a-

th

¢ also the not sharply defined value of

bove some GHz (below we will indicate by B

the (a) case):



- An increase of the wall thickness always reduce Bzh (see Fig. 6), changes the ther
mal behavior from (a) to (c) cases and increases the hysteresis amplitude in the (c)
case.

- An increase of R,..g always reduces th (see Fig. 6), decreases the hysteresis
amplitude in the (¢) case and changes the thermal behavior from (c) to (a) case,

- R acts in a similar ways as R, but with less marked effects.

s
- There is a temperature of He II bath which gives the greatest th. This temperatu
re decreases if we increase the wall thickness or Rig and shows a nearly insensible

increasing with R (see Fig, 7).
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4, - COMPARISON BETWEEN RESULTS BY THE MODEL AND EXPERIMENTAL
DATA

We have checked our model by using it to calculate the maximum B value in ca-
vities for which experimental data are reported in the literature. The results are sum
marized below and their discussion follows,

In reference (11) experimental results for 4.5 GHz door-bell cavities were re-

ported; for the best of them the quality factor at low field was 2.24x 10% and the
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breakdown occurred for a peak surface magnetic field of 1040 G, In the simulation

with the same Q})f (R =9,2x 10-8 ) the breakdown takes place, following a ther-

res
mal instability, at a field level of 1360 G,

In reference (12) we reported experimental data for other 4.5 GHz door-bell ca
vities chiefly differing from the previous ones for the thickness of the niobium wall,
the formers being 1 mm thick, the latters 2mm, Two qualitatively different behav~
iors were observed in these 2 mm thick cavities: thermal run-away at about 300-350
G for Qg ~ 108 or sudden degradation of cavity performances at about 500-550 G
(for Qo ¥ 3x 108). In this latter case the transmitted power signals were as in Fig,
5a. The corresponding results of simulations are thermal run-away at about 500 G
=3x10°0 Q) and thermal instability not followed by
=106 Q),

The highest surface magnetic field obtained in 8.6 GHz muffin-in cavities for

for the lowest Q, value (Rres

breakdown at about 750 G for the highest Qg value (Rres
which experimental results are reported in reference (13) was 1600 G, Our model
gives a breakdown due to thermal instability at field levels about 1700-1800 G, Since
quoted reference does not report the precise Qg value for this single cell best case
the low field R,gg values for the several simulations performed were estimated on
the basis of a set of experimental @, values reported in the same reference for a
multicell cavity.

In reference (14) Pfister reports the measured Qo values of a 9,5 GHz anodized
TEp11 resonator as a function of the magnetic field. In order to utilize our model for
anodized cavities we must take into account that two different values of A/KBTCO
should be used in equation (3) for different ranges of temperature(S). Thus we have
fitted lower and higher field Pfister's data by using A/KBTCO = 1,55 for TI<1.55°K,
A4/KgTeo = 1.79 for Ty>1,70°K together with suitable Ryog values. The resulting
QO(B) curves are shown in Fig, 8; another curve obtained by trying to fit the whole
set of experimental points by a single intermediate A/KBTCO value is also shown in
the same figure,

The peak surface magnetic field given by the model when the parameters are
chosen to fit the higher field experimental points is 1600 G; the experimental one
for the cavity to which Pfister's QO(B) graph refers was about 1500 G but also a va
lue of 1590 G is reported for another cavity of the same type,

As a first comment on the comparisons of the previous paragraphs let us notice
that the model always gives peak surface magnetic field values higher than the experi
mental ones as it should be (see Section 1), Moreover these values are not too much

higher than measured ones and the better the surface treatment a cavity received, the
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netic field experimental data by Pfister(14).

lesser is the difference between the measured peak field and its theoretical upper
bound., This latter fact is not surprising since the better surface treatment, the more
the hypothesis of uniform residual resistance is satisfied, The cavities of reference
(12), in which a rather lower magnetic field was measured than the upper bound by the
model, indeed received a very simple surface treatment allowing for a fairly variable
residual resistance. On the other hand for the TE011 resonators of reference (14),
which underwent a very careful surface treatment, experimental and computed values
of maximum achievable B field are much closer and moreover a very good agreement
is observed between measured and computed QO(B) values from low field strengths to
the thermal instability.

Finally let us say that any attempt to obtain useful results below 3 GHz proved un
successful as the field values by the model were always too much higher than the ex-
perimental ones, This fact was not completely unexpected as several reasons can be
given for it, First of all at these frequencies the main problem is the electron loading
and even if a thermal breakdown ultimately occurs the heat produced at the internal
surface of the cavity by the impinging electrons plays a major role, Moreover the hy-
pothesis of uniform residual resistance is not so good as at higher frequencies since
(a) the aforesaid impinging electrons can also cause surface damages thus producing

local defects of high R (b) a larger internal surface entails a greater probability

res’

of surface defects and (c) the greater is the cavity the harder is to achieve an uniform

surface treatment, which still implies an increasing of surface defects probability.
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5. - CONCLUSIONS

In this paper we proposed a model of the thermal behavior of superfluid helium

cooled niobium cavities with defect free internal surface. This model was checked by

comparison with experimental data and a good agreement was obtained above nearly

4 GHz especially for cavities which underwent careful surface treatments producing

a very uniform surface resistance. The qualitative results of Section 3 and numeri-

cal solutions of the model in particular cases should prove useful in designing super

conducting cavities working above 4 GHz.
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