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SUMMARY. -

Starting from an exact three-body theory for the nuclear rearra~ 
gement reaction a + (b +c) ~ b + (a + c), we study a generalized distorted 
wave approximation in the momentum-space representation; Using sui­
table kinematic transforma tions we recast this representation in a form 
coinciding with the one obtained by means of the Feynman diagram sum­
mation method. The generalized potential responsible for the transition 
will be written in a compact form involving the resolvent operator for the 
a-b subsystem. 

1. - INTRODUCTION. -

In recent years an increasing interest has been devoted to the 
three-body rearrangement scattering problem in the distorted-wave foE. 
malism. A generalized distorted-wav e approximation (GDW A) has been 
formally derived from the Faddeev-Lovelace integral equations written 
in terms of symmetric transition operators(l, 2). This GDWA involves 
the full interactions in both initial and final channels, not only in one 
channel as .·in the conventi onal DWBA. The occuring generalized trans2 
tion potential contains the contributions of the basic rearrangement m~ 
chanisms which can be described by a polar and a triangular diagram. 

It has been also recognized that the GDW A is equivalent to the 
Feynman-diagram summation method (FDSM) based on the above polar 
and triang!,lar graphs(2, 3). However an explicit GDWA momentum-sp~ 
ce representation to be used as starting point for calculational purposes 
has never been investigated . The aim of the present paper is to study 
this explicit representation. 
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In performing this program one is faced by nontrivial difficulties 
arising from the complicate three-body kinematics. In order to deal with 
manageable formulae we shall use physical momenta and not the norma­
lized ones(4). The compact procedure we follow allows to clarify the ph'y 
sical meaning of the GDWA and to perform a direct comparison with the 
FDSM. 

In Sect. 2 we shall give a general outline of the GDWA in a three­
-body context. Section 3 deals with some kine):natic transformations sui­
table for working in the momentum-space. In Sects. 4 and 5 we shall be 
concerned with the momentum-space representation of the GDWA and we 
shall give a detailed comparison between the GDWA and the FDSM. 

2. - GENERAL FORMALISM.-

In a three-body context a nuclear rearrangeme nt reaction A(a, b)B 
can be represented schematically as 

(2. 1) a + (b + c) -+ b + (a + c), 

where A = b +c, B = a +c and a, b, c, are treated as ine rt entities inter­
acting only via two-body interactions. 

Let us introduce the transition operators UBa(z) from the initial 
channel a to the final one fl, in the symmetric form(5) 

(2.2a) 
:... -1 

Ufla(z) = dflaGa (z) + Vp + Vp G (z) Va 

(2. 2b) 

where dfla= 1 -dBal Vo (15 =a,p) are the channel interactions, GO the 
resolvents of th.§ channel Hamiltonians and G(z) the resolvent of the to­
tal Hamiltonian. These operators are defined as in ref. (6). 

The transition operators (2.2) satisfy the Faddeev-Lovelace-like 
integral equations 

(2. 3 a) 
- -1 

UQa(z) = OQaGo (z) + l: t (z) Go(z) U (z), 
I' I' "YIp "Y "ya 

(2.3b) 

where GO(z) is the resolvent of the free Hamiltonian, ta (z) is the two ­
- body scattering operator for the P-"Y subsystem acting in the three-body 
s pace. 

By iterating eqs. (2. 3) once and omitting the energy parameter z 
for the sake of simplicity, one gets 

. ro 
l~ u 

• 
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(2.4a) 

(2.4b) + ~ 
'Yr a, p 

t + 
'Y 

t + 
'Y 

3. 

The inhomogeneous term of integral equations (2. 4a) or (2. 4b), charac­
terized by a compact kernel, is expressed only in terms of G- 1 and of 
the two-body scattering operators. As far as the process (2. 1~ is con­
cerned, the two simplest terms which appear in the equation for Uba 
give, in the channel state representation, the amplitudes for the polar 
and triangular diagrams, corresponding to-basic rearrangement mech~ 
nisms(2). By using the relation 

(2. 5) 

the above terms can be rewritten in the compact form G -1 G G- 1 
0, c 0 

The integral equations (2.3) with compact squared kernel provide 
a rigorous mathematical basis for a quantitative formulation of the intu~ 
tive physical picture associated with the distorted-wave representation 
of the nuclear rearrangement amplitudes(l, 2). 

Following the procedure of ref. (2), taking account of eq. (2. 5) 
and neglecting the coupling terms between elastic and rearrangement 
channels in the equations expressing Uaa and Ubb in terms of Uba' one 
obtains 

(2. 6a) 

(2 . 6b) U = t + t Got GoD ; aa c c a aa 

(2. 7a) 

(2 . 7b) 

By analogy with the arguments of ref. (2), one can derive from eqs. (2. 6a) 
and (2. 7b) or (2. 6b) and (2. 7a) the following compact expression for Uba 
on-the -energy-shell 

(2 . 8) 

In eq. (2. 8) va denotes the interaction between p and 'Y (a f P f 'Y) • 
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If the channel resolvent operators G a (a =a, b) are approximated 
by their dominant separable part 11JIa > ga < 1JIa I, which corresponds 
to the c hannel bound state 11JI a> and appears in their spectral represe~ 
tation, one obtains the generalized distorted-wave approximation 

T
GDWA 

= <<P I uGDWA 
\ <P ) = ba b ba a 

(2. 9) 

Ineq.(2.9) I<pa> =\Pama>\'tJla> are the c hannel states, Pa (pI) 
the initial (final) channel linear momentum, rna the z-component of ~he 
spin sa of the particle a. All operators are evaluated for z = Ea + is = 
= Eb + is . The total channel energy E a is given by (~. = 1) 

p2 
a (2. 10) 

2 va 

where sa is the binding energy of the bound state in the channel a and 
va is the reduced mass for the system consisting of a and {J+-y (at-
o t- -yl. 

The quantities 

(2. 11) 

are the optical scattering operators acting on the plane-wave states 
I Pa m a>· They are constructed as expectation values of the actual sca~ 
tering operators Uaa in the subspace of the channel bound states. Then, 
the wave-operators 1 + ga uaa operating on t Pa m a,> give the effective 
two-body distorted-wave states(1). In eq. (2 . D) the operator 
(1JI b IVbGc v a 11JI a')' acting on channel distorted -wave states, has the 
meaning of a generalized transition potential. Its compact form explicitly 
exhibits the role of the two -body resolvent operator G~:t) . 

The generalized distorted-wave approximation (2. 9) can be for­
mulated in the language of the nonrelativistic Feynman diagrams. If the 
initial and final channel interact'ions are described by graphs involving 
the half-off-energy-shell optical scattering amplitudes 

one obtains the FDSM based on the polar and triangular diagram rearra~ 
gement mechanisms. We shall give a detailed and complete account of 
the GDWA-FDSM equivalence, by using complete sets of intermediate 
states and by resorting t o the Feynman-diagram rules. The eq.uivalence 

l ''' ') iv,;. 
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of the two methods has been already noticed in ref. (8) for a particular 
triangular graph amplitude. 

The transition amplitudes Tba introduced by US in the distorted­
-wave (Sect. 4) and Feynman diagram formalisms (Sect. 5) are related 
to the differential cross sections by the formula 

(2.12) 

, 
4 Pb 

= (21T) 11 11
b

-
a Pa 

1 

3. - KINEMATIC CONSIDERATIONS. -

As is well known, the three-body problem involves great compJi 
cations arising from the number of kinematic variables. Then, it seems 
useful to give some kinematic transformations suitable for representing 
the GDWA in the momentum-space. Throughout this paper we shall use 
physical momenta, not the normalized ones as in ref. (4). 

Let us denote by Pa the momentum of particle a in the total .... . 
center of mass system and by ka the relative momentum between the 
particles fl and")'. By definition 

..... k __ M ·/·fl - Mil f\, 
(3. 1) 

a Mfl + M")' 

with Ma the mass of particle a and (a, fl ' ")') a cyclic permutation of 
(a, b, C). As is well known, in the total center of mass system only two 

. . - - - - -..... . . of the SIX variables ka' kb' kc' Pa' Pb' Pc are lInearly llldependent. 
Then, one can choose a pair ~a, Pa) as independent momenta for ch~ 
racterizing a three-particle state. 

-4 .... ~ 

In order to pass from any pair (k a , Pa) to any other pair (kel ' 
Pel) (el = fl,")')' one may use eq. (3. 1) and the relation 

(3. 2) 

One gets 

Ma MM 
-+ -+ ")' -+ 
kfl = ka 

Ma +M (Ma +M)(Mfl+M) Pa 
")' ")' ")' 

(3 , 3a) 
Mfl ..... -# -+ 

Pfl = ka Pa 
Mfl +M 

")' 
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4. - THE MOMENTUM-SPACE REPRESENTATION OF THE GDWA.-

By inserting in eq. (2. 9) intermediate momentum integrations 
and magnetic sums over the complete sets of three-particle states 

one gets 

(4. 1) 

with 

(4. 2) 

(4. 3) 

(4.4) 

(4 . 5) 

I 
......... 
k" pit mil mil m" > 

a a abc 
and \ klll~1I1 mIll mill mitt) 

b b abc 

T
GDWA 

= 
ba 

x 

m "'m 11 
b a 

(+) -+ ....... 
X.... (pOI mil ) dplll dpOl 
pm aa b · a 

a a 

x 

.... -T (p' p m'm ) = o b ' a b a J ........ ... -
F(k'km'm'mm)dk'dk, 

baacbc ba 

~ .. 
F(k'k m'm'm m ) = 

baacbc 
*­f(k ' m'm') 
b b a c 

x 

x < k'p'm'm'm'lG Ikp m m m,> f (k mbm ) 
bbabc c aaabc aa c 

(a IP ,"rl . 

From the definition of ga it follows 

(4~ 6) -1 ,.... > + i e) p~ m~ . 

Then, the channel distorted-wave states can be rewritten, in the momen 
tum-spac·e representation, in the explicit form 

'. 

.. \ 
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(4. 7) 

Equation (4.5) gives the usual two-body form factors corresponding to 
the channel bound states l1JJa>. By means of standard angular momeg 
tum expansions(6, 9, 10) , one may give an explicit momentum-space re­
presentation of fa' involving spectroscopic factors and single-particle 
or single-cluster reduced widths. 

In order to simplify the expression (4.2) for TO' let us consider 
the relations (3 .8) and change the integration variables kb and ita in p~ 
and Pc, respectively (see eq. (3 . 4a) with (a, p, 1') = (b, c, a) and eq. 
(3. 4b) with (a, p ,1') = (a, b, c)). Taking account of the property (3. 9) -for the matrix elements of Gc and performing the integration over pI:, 
one gets 

T(p'pm'm) = :I jr*(q. m'm) x 
Obaba , bbac 

m mbm a c 
(4. 8) 

< -+ I" 1- ") -+ .... x q'm'm
b
' G(S+i6)qmm

b 
f(qmbm)dp, 

ca cc ca aa c c 

where 

(4. 9) S = E 
c a 

and Ii , q , qb' q' stand for the momenta ka' kc' kb' k' respectively, 
a G. _, c~ T f c. . evaluated tor p = Pc' here ore they are connected to the integration 

variables by theC relations 

M 
(4. lOa) 

-+ c ~ -+ 
q = Pa - Pc a Mb+Mc 

M - c ... -+ 
q' = p' + P 

b M +M b c 
(4 . lOb) 

a c 

"-
By expressing G 

. c 
hat notatlOn), one gets 

,.. 
in terms of t 

c 

1 ..., 1'"1 
j; tJ • 

M 
-+ a -. +-+ 
qc = Pc M +M Pa 

a b 

Mb 
~, -+ -, 
qc = M +M Pc - Pb . 

a b 

" and GO (see eq. (2 . 5) in the 
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(4.11) 

where 

(4 . 12) 

_ I A , ..... < q'm'm' G (S +is ) q m m '> 
cab cc cab 

= 

= 

(+) ..... -1J! (q'q m'm'm m ; S +is) 
c ccabab c 

S 
c 

+ is 

(+) ~-'> 
1J! (q'q m'n1'm m ;S +is) 

c ccabab c 

+ 
<. q' m' mb'lt (S +isJl q m m b) c a c c c;: a 

is the mementum-space representatien ef the twe -bedy scattering stat e 
fer the a-b subsystem. Recalling the abeve kinematic transfermatiens 
and the prec edure fellewed in deriving eqs. (4. 8), ene may write 

(4 . 13) 

Then frem (3. 7a) it fellews 

(4.14) S 
c 

S 
c 

I Ii't '> =Iq,p,)· c c b b 

= E -
b 

By inserting in (4 . 1) the expressiens (4. 8) and (4.11) with a co!: 
rect number ef primes fer the intermediate mementum and magn etic 
variables, ene ebtains an explicit mementum-space representatien ef 
the GDW A in terms ef two. different types of tW? -body scattering waves: 
the initial and final channel distorted -waves X +) and the intermediate 
scattering wavefunction 1J! (+) . a 

· c 
From e qs . (4 . 1) , (4.11), (4.12) and (4.14) it is immediatel y seen 

that, ewing to. the presence of the half -off -energy-shell optical s c attering 
amplitudes (p~ f Pa' Pb (Pb), the GDWA amplitude has in Pb2 (o r in 

p~) two three -particle c uts running to the right of the normal three-paE. 
ticle thresheld (p!})O = 2 'IIbs b (or (p~)O = 2'11 a sa J. 

If only the plane-wave term Q\p'a-Pa) 15, is retained in 
mama 

the expression (4.7) for the disterted-waves X+, eq. (4. 1) reduces to. 
a 

t -, fl. 
~ <J v 

• 

• 
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the generalized plane-wave approximation (GPWA) 

(4.15) 
GPWA ~-T =T(p'pm'm) 

ababa' 

where now the variables p , p', m , m' are channel physical varia_ 
ble»,not the intermediate s1atebones~ In Phis particular case the three­
-particle cuts disappear and, in virtue of eqs. (2.10), (4.14), one gets 

T
GPWA 

= 

(4.16) 

J
fl~'m'rn )'tJ!(-t:!(;;,-; m'rn'rn m ;8 +ie)f «j m m ) 
bbac c t:t:abab c a'a b c 

~ 2 
mmm' qb 
bca E + __ 

b 2f! 
b 

Taking account of eq. (4. 12) one may split the GPWA amplitude 
(4. 16) in the following form 

(4. 17) 

with 

(4. 18) 

(4.19) 
= 

x.... .. 
fb("'m m ) f (x m'm ) 

bacaabc 

j f:1
b

-;'rn'rn ) < cr'rn'rn'/t (8+i )ICimmy f (timm ) 
b act: a b c c t: a b a 'a b c d"'> 

~ 2 2 Pc 
mmm' q' q 

b cab a 
(Eb+-)(E +-.-) 

2 f!b a 2+'-a 

. PWA(o). 
The amphtude T arises from the plane-wave term of eq. (4. 12). 

... ....., -tIo ...... , 

In eq. (4. 18) lc a -!n1"b stand for the momenta qa and qb' respectively, 
evaluated for q =q' . They are given in terms of the channel physical 

c· c 
momenta by the relations 

(4.20) 

From (4. 14) it follows for qc = q~ 

-, 
Ie: = 

b 
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(4.21) 

,2 
"b 

= € +-­
b 2f1.b 

. . PWA(o) PWA(t) . . 
ObvlOusly the amphtudes T and T can be dlrectly obtamed 
by starting from the formal expressions < <P bIG;/ I <P a '> and 

< <P b Pc I <P a>' respectively. 

It is worthwhile noticing that in the amplitudes (4. 8), (4. 16), 
(4.18) and (4.19) there are no mass-dependent moltiplicative factors, 
because we have used physical momenta and not the normalized ones 
(see, on the contrary, formula (3.19) or ref. (4». 

5. - THE GDW A IN THE FEYNMAN DIAGRAM LANGUAGE . -

The FDSM amplitude, based on the polar and triangular diagrams, 
can be written schematically as(3) 

(5 . 1) 

where TO is the sum of the basic contributions (the polar and triangular 
amplitudes), T Oa (T bO) involves the initial (final) channel interactions, 
besides the basic contributions, and T bOa involves both the initial and 
the final channel interactions (s ee Fig. 2 of ref. (10) with Mfi replaced 

by T FDSM ) ba . 

In order to derive transition amplitudes which are directly com­
parable with those of Sect. 4, we start from nonrelativistic Feynman-dia 
gram rules written in a form slightly different from the usual one{1l). -
We shall introduce the following facto rs: 

a) a factor - 2Mai(p~ - 2Ma e a - is )-1 1: for each virtual particle 
ma 

characterized by the four-momentum (Pa , e a ), (a =a, b, c, A, B); 

b) a vertex amplitude Tv for each vertex v; 

c) an integration Jdp~ det for each independent four-momentum (p~ ,e~); 
d). a general moltiplicative factor (_I)n i n+l(21T)-1 where n is the number 

of vertices and 1 the number of independent four-momenta. 

(5. 2) 

By using these rules one gets the following expression for T (xx) 
bOa 

x 1: 
m'"mll 

b a 

x 

J ... -+ --A(p '" e "'p" e" m '"m") dp '"de'" dp "de" bbaaba bbaa' 

I 
. , . 

J: ' .. 

• 

• 
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with 

(5. 3) 

.. ~ 

A(plllelllpllellmn'mn) = 
b b a a b a 

-+-4> ... -+ ~ ...... 
u (p' plllm' mlll)T (p'"'e "'p"e"m"'m")u (p"p m"m ) 

bb b b b bOb b a a b a aa a a a a 
=--~~~~~~~~~~~~-=-=~~~~-----

(plll2_2M elll-iE) (plll2_2M e -ie) (p" 2_2M e - iE) (p,,2_ 2M e -iE) 

(5. 4) 

b . 0 b b B B a AA a a a 

en 
a 

- e III b . 

13 . 

According to the notation of Sect. 4, we have denoted by uaa' ubb and TO 
the three four-ray vertex amplitudes appearing in the two-loop graph 
described by TbOa ' 

The integration over e~ and eb' in (5.2) can be performed in the 
complex e~ - and el','-plane. By writing explicitly the )amplitude TO in 
terms of polar and triangular amplitudes, one can see that TO has no 
singularities in the lower half-plane of variables e~ and et;'. Then, by 
means of the residue method and of some straightforward manipulations 
one obtains 

(5, 5) 

x 

x 

j u (p'p"'m'm"")T (p"p"m""mll)u (pi'p m"m ) 
bb b b b bOb a b a aa a a a a 

,2 11,2 2 112 
Pb Pb Pa p 

(-- _ --- +iE) (- __ a_ +iE) 
2~ 2~ 2~ 2~ 

... ... 
dp IIIdp II 

b a 

..,. ~ ~ -~ 

where T (plllp"mlllm") stands for T (plllelll'p"e"m'"m") evaluated for 
Obaba Obbaaba 

en = pn 2/2M and e'" = plll2/2M 
a a a b b b' 

Let us now consider the amplitude TO appearing in (5,5). By de­
finition it can be written in the form 

(5, 6) 

with 

(5. 7) 

.... -+ (0)-''''' (t)-+-
T (p' p m'm ) = T (p' p m'm ) + T (p' p m' m ) 
Obaba baba baba 

(0) ... -+ 
T (p'p m' m ) = 

b a b a 

= -2M ~ c 

* ~ -fb(xb'm m )f (k mb'm ) a c a a c 
2 ,2 

2 p Pb 
( ... -') M (E a ) 
Pa+Pb 2 c a- 2Ma - 2Mb - iE 
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(5. 8) 

(5. 9) 

(5.10) 

(t) ~ ~ 
T (p' p m'm ) = 

b a b a 

=_4iMMM 1: jB(p'pepm'mmm'm)dPde 
1T a~b c , bcca bb c a a c c 

mmm 
b c a 

... ~ ~ 
B(p' pep m'm m m'm ) = 

bccabbcaa 

X~ ~~ ~ 
f (q'm'm )t (q'q m'm'm m ;E+i€)f (q m m ) 
bbaccccabab aabc 

= 

[ (;'+p)2 -2M e _i~(p2_2M e -i€r(p +p)2 -2Me
b

- i;t 
'b c aa:J c cc L' a c b :1 

2 

E E 
Pc 

= e 
a c 2(M

a 
+ M

b
) 

,2 2 

E 
Pb 

e = E 
Pa 

e = - e e 
a b 2Mb c b a 2M 

a c 

In eqs. (5. 9) and (5.7) t stands for the four-ray vertex amplitude and 
fa' f*b are the two threeC_ray vertex functions appearing in the bEtsic 

~ -"Ii 4'-' 
diagrams. The relative momenta .at the vertices x ,xb' and q , q , 

... ..... . a ~ ~ a-+ c 
qb', q' are given in terms of the intermediate momenta p , p , Pb' by c a c 
relations formally identical to (4.20) and (4.10), respectively. 

By passing from the form (3. 7b) to the form (3. 7a) for the total 
kinetic energy expressed in terms of ;- and p-type variables, one gets 

(5.111 
*~ -f ("b'm m )f ()C mb'm ) 
b a c a a c 

Since for it = "ii' the relations (4.14) coincide, the propagator in (5,11) 

can also be cwrit~en in the form [Eb - (iCb 2/ 2f1b) - Pb
2

/ 2v
b 

+ i€ ] -I, 

After suitable kinematic transformations the denominator D in 
eq, (5, 9) takes the form .' 



(5.12) 
x 

2M (M + M
b

) 
c a 

fic 

15. 

x 

with S defined by (4 . 9). By changing in eq. (5. 8) the e nergy integration 
variable from e c to E, we may perform the integration over E in the 
upper half-plane by means of the method used in ref. (10). Notice that 
the bound state poles of the amplitude tc lie on the lower half -plane. 
Then, taking account of the kinematic relations (4. 14), we obtain 

(5.13) 

T(t)( ... ' .... m'm ) = 
PbPa b a 1: 

m m m' 
b c a 

x 

By summing up the amplitudes (5.11) and (5.13) and taking into account 
... d·' ........, .... ~ that qa an qb .reduce to "a and "b' respectively, for qc =~, one 

gets eq. (4. 8) wlth (4. 11), \4.12) and (4.14). 

If the variables Pa , Pb' rna' mb are interpreted as channels 
physical variables, the propagators appealling in (5. 11) and (5 . 13) sim­
plify. In this case eqs. (5.11) and (5.13) reduce to (4.18) and (4.19) r!:: 
spectively; they give the polar and triangular amplitudes without chan­
nel interactions . By summing them one gets the first term in (5. 1). 

The terms TO and TbO can be evaluated in a similar way. Per 
forminl the sum <-5 . If and taking account of (4.7), one obtains just the 

T~~W amplitude considered in Sect. 4. Therefore 

(5 . 14) T
FDSM = 
ba 

T
GDWA 
ba 

In conclusion, the results of Sect~. 4 and 5 explicitly exhibit the 
equivalence between the FDSM based on the polar and triangular diagram 
mechanisms and the GDWA momentum-space representation. 

The authors are indebted to Prof. C. Villi for helpful discussions 
and for his stimulating interest in the subject of this work. 
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