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INTRODUCTION. -

Different argum e nts suppo rting the interest of (p, 0<. ) reac
tions have been already given in a previous paper(l) in which (p, 0<.) 
reactions on light nuclei at 38 MeV incident energy h ave been stu
died. 

The analysis has been done in PWBA taking into account 
four possible direct r eaction mechanisms(2). Given the results 
obtained , the necessity of taking i nto account the interferential 
term s has been suggested. H ere we will outline how th e inte rfe
rence has been evaluated starting f rom simple models. 

In Section I the expressions of the (p, 0< ) differ ential cro ss 
sections for th e pick-up (PU). knock-out (KO), and h eavy particle 
pick-up (HPPU) mechanisms will be explicitely developed as an 
extension of a form alis m already known( 3 , 4,5). 

Moreover the expression of th e differential cross section for 
the h eavy particle knock -out (HPKO) mechanism will be given. 

On the ground that the four mechanisms take a part at the s~ 
me time in the reaction, th e differential cross section will be estl 
mated taking into account also the possible interferential terms. 

In section II the basical assumptions a nd approximations will 
be discussed. 

(x) - Now at Istituto di Fisica del Politecnico di Milano.' 

3D 1 



2. 

In Section III computational details of the method used will 
be given. 

In Section IV the results will be repo r ted. 

SECTION 1. -

We report a t first a list of th e symbols adopted in the fo r 
mulas: 

x particle mass , 

reduced masses of th e system in the initial and fina l 
state s , 

momenta of the incident and emitted particles, 

reduced mass of the pair xy (x and y indicate a pa rticle ) 

binding e nergy of x + Y 

( 2 M.. B loft 2 ) 1/2 
/ xy xy 

reduced width in Teichman Wigner units 

spins of t arget , resi dual nucleus and core, with z com

ponents mT' mR' mC ' 

Ip' I t , 10( orbital angular momenta , with z components m p ' mt , m 0( ' 

j p, it total angular mom e nta with z components /'-p , A t ' 

)ip ' 'Y t z com ponents of intrinsic spins , 

Rp ' Rt , Reo< cut-off radii , 

0t'0D< overlap integrals 
.... 
rx CM coordinates of parti cle x 

-+ 

relative coordinates of x and y particles 

coordinates of the light particles with respect to the cen
t ers of mass of T and R , 

angular coordinates of 
system , 

... 
r with respect to the reference 

l' N i nternal coordinates of nucleus N 

N-'> If! x (r x ) inte rnal wave function of cluster x in the nucleus N. 
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I. 1. - PU differential cross-section. 

The reaction proceeds as 

T+p = (R+t) +p = R+(p+t) = R+ 0( 

T consist s of a nucleus R bound to a triton considered as a particle 
of mass 3. charge 1 and spin 1/2 without internal structure. 

The effective interaction acts between the proton and the tri 
ton. 

The differential cross- section is given by: 

(1) 
d S- Ai p. f 
--= 
d Sl.. (2 lt1'i2 )2 

1 
2 

PU 
where TvpmTmR is the transition matrix element 

"f f is the final state wave functi on ; 'f;. is the initi a l s t ate wave 
fun ction; V( t'p -i~) is the effective inter~ction potential. 

In plane wave approximation one may write : 

'f = 
f -~ ik or. If = e p 1 
i 

p,,- (;~ -~) is the internal wave function of the 0( particle conside 
r ed :Ps a triton plus a proton. 

From the position vector diagram 

t one gets - - .. -rpt r . = (MR/MT)rtR + rpt 1 

/. -P 
ri .... 

(Mp/ Mo()7pt + ~R r
f 

= -r pR R 
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Th e target nucleus wave function may be written: 

PT(~R--;t) is the wave function of the target nucleus considered as 
a triton bound to the r esidual nucleus. 

If the interaction between the triton and th e residual nucleus 
i s represented with a trirectangular potential well (the Coulomb 
interaction is neglected), having assumed a jj spin coupling on e 
writes : 

x 

3 1/2 
x (-) 9

1 R 3 t 
t 

Then the transition matrix element may be written 

where 0t is the degree of overlapping between the internal wave 
functions of the triton when bound in the 0( particle and in the tar
get nucleus. 

In zero range approximation the followi ng quantity is usually 
introduced(6) : 

so that 

-



(2) 

when f3
tR 

is real, 

(3 ) 

with 

;(1 is given by 
t 

3 1/2 "-I 
(-3) 91 °t .; 1 

R t · t 
t 

y (n) dt = 
1m r 
t t 

5. 

x 

j)(X) are spherical Bessel functions of order 1 and hi 
1 

)( x ) are sph~ 
rical Hankel functions of the first kind and order 1.. 

I.2.-KO differential cross - section. 

The reaction scheme is 

T+p = (C+ot)+p= (C+p)+o( =R+o( 

that is the target nucleus consists of a core bound to an 0( particle 
considered as a single particle of mass 4 , charge 2 and spin 0 wit
hout internal structure. 

The residual nucleus consists of a proton bound to the same 
core. 

x 

~) . 
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SECTION III. -

Taking into account the four mechanisms , the differential 
cross- section has the following expre ssion : 

with 

db' 
dJ1. 

= K / , ] N1 (TPU+THPKO) +N2(TKO+THPPU ) \2 

'VpmTmR . 

K = 
)<. i Af k f 

(2 1C 112) 2 ki 

1 

Th e quantities T are the matrix elements (2). (8), (11), (12 ), 
N 1 and N2 are coefficients proportional to Glt 0t and Gl Gl~ 0.,( 
respectively. Th e se quantities depend only on the assum~d nuclear 
structure so that Glt 0t is the same for TpU and THPKO a n d 

Glp Gl "" O~. is the same for TKO and THPPU ' 

The fou r matrix elements are indipendently calculated as 
functions of the cut-off radii with Glt , 0t' .Gl ' Gl o<. ' 0,,(. equal to 
uni~. p 

The calculations start with the parameters Vo set roughly 
equal to values already given. 

To m ake the best-fit analysis one defines th e merit func t ion: 

i 

1 
2 

P (G.) 
1 

S-\Gi) and SS(Gi ) are respectively the calculated and experimen
t a l differential cross-sections, p (G i ) is a we ighting factor which 
normally is set equal to 6" s( Gi ) : in this way th e contribution of eac~ 
term to :t 2 is independe nt f r om the absolute v a lue of the cross
section. If one wants to s t r e s's -the importance of some pa rt of the 
angular distribution one may change the p( Gi ). 

with 

The calculated cross-se ction is 

a . = 
1 

T
HPKO 

12 + 2 Re (T
PU 

T
HPKO*)} 

-
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b
i 

= .> \! {I TKO I2 + ITHppU12+ 2 Re(TKOTHPPU")} 

VpmTmR . 

c
i 

= L-.. f Re(TPUTKO*)+Re(TPUTHPPU*) + 

VpmTmR 1 . 

* " 1 + Re (T
HPKO 

TKO ) + Re (T
HPKO 

T
HPPU 

) J 
Then 

having set 

·T.s 
= 

1 

The fitting procedure must minimize X 2 wit h respect to 
the parameters N 1! N2 ! and the cut-off radii for e;1ch m echanism. 

All the possible combinations of the four cut-off radii are 
taken into account and for each of them the best value of X. 2 is 
determined. 

The first step is to solve th e following equation with respect 
to N2 giving to N 1 a set of values in a given range 

+ 2 3 s s} _ 3a.c.N
1

N
2 

+ b.c.N
1 

- b.N 2T. - c.N1T. - 0 
11 11 1 1 1 1 

A set of coupled values of N 1 and N is obtained: one chooses 
the values giving the smalle st X2. With t5.is value of N2 one solves 
the following equation 

o . 

40 7 
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In the same way as before. one determines the new coupl e d 
values N 1 a nd N2 . This procedure is carr ied on until in t wo succ~ 
sive iterations , th e relative :t 2 differ by an amount less than a 
fixe d E value (generally we set E. = O. 01). 

For each combination of t h e 4 cut-off radii the X 2 is deter
mined and among these values the smallest one is choosen. 

The Vo values are not really fitting paramete rs but th e code 
p rovides the possibility to modify the m through some scale factors 
introdu ced in the input data. 

To save compu tational time we proceded in the following way. 
At first we examined the combinations of only two processes , more 
precisely PU + HPPU. This was done fo r a large r ange of r a dii and 
we took the r esults a s an indication to li mit t h e values of the radii 
t o b e handled. 

With a limited set of radii for PU and HPPU and with the com 
pl ete set of radii for KO we starte d again the b e st-fit procedu r e. At 
this point we changed, if necessary , t h e scale factor for the VlfO 
value. T h e n limiting very strictly the number of KO radii too , we 
i ntrodu ced the complete set of HPKO cases changing, if necessary, 
th e s cale factor for the V6"PKO value. . 

It i s evident t hat this proccdure may in a sense limit or in
flu ence the result, but for th ese preliminary calculations we did 
not deem necessary a greater effort. 

SECTION IV. -

_ Some (p, r:J.. ) reactions on li ght nuclei at 38 MeV incide nt ener-
gy( 1) h ave b een analyzed with th e criterion exposed. 

T h e r esults are shown in Figs. 4, 5 , 6 for the nuclei gB e , 
ll B 160. , 

An extensive search was not m ade : the fitting was performed 
un til sufficiently good fits were obtained , to s ee the possibility of 
u sing such procedure. 

To point out the importance of the interf erence term , that 
has been often disregarded, in Fig. 7 one case is shown as an ex
ample. T h e interference contribution is not at all negligeable and 
may substantially change the angular distribution. 

The results of a fitting procedure are not unique in the sense 
that more than one group of free parameters (cut-off radii) can give 
acceptable curves. A s the cut - off radii cannot be directly correlated 
with known properties of nuclei, it is difficult to fix a priori their 
ran ge of variability. One would need some criterion to choose at 
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FIG. 4 - 9B e(p,o()6Li at E p =38 MeV from ref. (1); 
the curve is the result of a fit with the following 
cut-off radii: RpU =5.4 fm, RHPKO =4.2 fm; 
RKO =5.4 fm; RHPPU=4. 8 fm. N1 =0.17, N 2 =0.16. 
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FIG. 5 - llB(p,o<.)8Be at E p =38 MeV from ref. (1); 
the curve is the result of a fit with the following 
cut- off radii : RpU =3. 2 fm; ~PKO=3. 4 fm; 
~O=4 . 3 fm; RHPPU =3.4 fm. N 1 =O. 27, N 2 =0.25. 
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FIG. 6 - 160 (p ,oq13 N at E p =38MeV from ref. (1); 
the curve is the r esult of a fit with the followi ng 
cu t - off radii : RpU = 3. 8 fm; RHPKO = 4.6 fm; 
RKO =3. 6 fm; RH PPU=4.4 fm. N1 =0.25, N 2 =0 . 14. 
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FIG. 7 - The solid curve is the s a me as in 
fig. 5 for llB(p, o<)8Be ; the dashed cu rve is 
a plot of the interference term . 

N 
o 



21. 

least roughly these values. 

P robably this woul d be possible from the analysis of experi
mental results at various energies and for neighbouring nuclei. 

For th e cases here examined we did not follow any particular 
criterion to choose the cut-off radii : we l et th em vary from about 
3 to about 7 fe rmi s. 

The coefficients N1 and N2 obtained a re of the same order 
for gBe and llB while for 160 N2 is smaller than N . This 
seems to be contradictory wi th what one would expect 1rom the 
hypothesis on the cJ.. cluster structure of this nucleus. 

T o be sure that such r esu lt could not be due to the particular 
procedure adopted, the fitting was repeated starting with the two 
m ech anisms KO + HPKO~ adding then PU and HPPU. 

The results practically coincide; th is means that they are 
indipendent from the way followed for the fitting procedure. 

Th e cases here exa mined are too l imited , moreover it is 
b eyond th e scope of this work to try to give physical signific ance 
to the numbers obtained. 

CONCLUSIONS. -

The type of considerations here exposed do not claim to be 
conclusive, neither do they give definite results. 

Starti ng on the hypothesis that the use of PWBA may be acc~J? 
t able at least as tentative and that different reaction mechanism s 
pa rte cipate to this kind of reactions we have tried to see the impoE, 
tance of the interference term s. 

Th e exact evaluation of these terms is strictly bound to the 
relative precision with which the matrix elements for the different 
processes are calculated. With the used approximations the inter
fe rence te rm s are therefore only indicative , but they seem to have 
a noticeable importance. 

Certainly a greater number of experimental results, toghether 
with a de epening of the theoretical bases, should allow to extract 
useful informations on nuclear structure and on nuclear wave func
tions from the analysis of (p, "'-. ) angular distributions. 
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