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ABSTRACT., -

The energy behaviour of the real part of the empirical optical
potential for nucleons is derived starting from the energy dependence
and the non-locality of the generalized optical potential defined in the
many-body nuclear problem, The energy dependence of this one is
evaluated by means of a dispersion relation and the effect of the non-lo
cality is calculated in terms of a suitable form factor for the non-local
kernel, A good over all agreement with experimental data for neutrons
and protons from 10 MeV to 1 BeV is obtained and an estimate of about
.8 f for the range of non-locality of the generalized optical potential is
indicated.
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1. INTRODUCTION., -

In a previous work(l) a dispersion relation derived by
Feshbach(2, 3) for the energy dependence of the generalized optical po
tential was applied to the empirical optical model under suitable con-
~ditions, It was found that the experimental results derivated from the
dispersion relation indicating a non-local character for the generalized
optical potential,

Starting from this result in the present paper we try to obtain
a formula for the energy dependence of the real part of the empirical
potential and to get an estimate of the above non-locality,

The main idea is to extract from the generalized optical po-
tential a contribution which becomes local as the energy increases and
satisfies the dispersion relation, This is suggested both by the previous
high energy results and by Feshbach's representation. The real part
of the empirical potential can then be expressed as a sum of a local energy
dependent term, which can be calculated from the dispersion relation,
and a Fourier transform of a non-local kernel, This Fourier transform
goes to zero for E-+e, but it is important at low and intermediate
energies where it gives the additional energy dependence of the empiri-
cal potential due to its local character, If we describe the non-local
kernel by a two-parameter form factor, we get a two-parameter formula
for the real part of the empirical potential (a third parameter is brought
by the dispersion relation, which has been used in a subtracted form),
With a value of the non-locality parameter of approximately 0.8 f the ex
perimental results are well reproduced in the whole range from about
10 MeV to 1 BeV, Below 10 MeV the present treatment does not apply
and above some BeV it may become unreliable, Furthermore at these
energies, while a theoretical potential in principle may be defined by
means of an analytical continuation, it is not clear how to define an em
pirical potential to be compared with it,

Attempts of deriving the energy dependence of the empirical
optical potential from properties suggested by the fundamental many-
-body approach have been made in the last few years(4: 10), They are
based on the non-locality of the fundamental potential. But its own energy
dependence and a possible variation of the non-locality with the energy and
the dispersion relation are completely disregarded. This paper tries
to take them all into account as far as the potential depth in the interior
of a heavy nucleus is concerned.

The approach developed in this paper rests on two points, a
theoretical and a phenomenological one, which are at present only sugge
sted but not yet proved in a decisive way.
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The first one concerns the use of the dispersionrelation itself,
This relation is proved in the framework of Feshbach's unified theory
of nuclear reactions and applies also when the exclusion principle is
taken into account(11,1) It follows from a very general causal condition
on the inelastic open channels, As Feshbach's theory is non-relativistie,
the dispersion relation strictly applies to the non-relativistic generali-
zed optical potential and to its analytical continuation., However its cau
sal basis suggests its validity in a more complete theory which could
take into account all the inelastic channels, including those with particle
production. According to this assumption all these channels would con
tribute to the imaginary part within the dispersion integral,

The second point concerns theoptical model analyses in the range
from 500 MeV to 1 BeV, All they are consistent with the dispersion
relation, This result suggests the formula obtained in this paper for
the real part of the empirical potential, Unfortunately these high energy
data mainly concern light nuclei, are very few and have large errors,
so further measurements in this energy range would be important,

2. BASIC CONSIDERATIONS AND OUTLINE OF THE PROCEDURE, -

The amplitude for the elastic scattering of a nucleon by a nucleus
is given by the scattering solution of the equation:

2
(1) —zﬁm—Au(;)+Eu(fg_)=—/d3r'2d(E;nr~,£’)u(£J)

The kernel % (E;r, x') is the well depth of the generalized optical poten
tial(2) and has the following structure:

(2) U(Br, 2)=Vy(x)d (z-x)+V(zr, 2+ V(Ez £

where V_ and V are real, ¢ complex, Vo is the expectation value of
the many-body potential in the ground state of the target nucleus, V is
due to the Pauli principle and Visa consequence of the many-body cha
racter of the interaction. it

Let us consider the case of infinite nuclear matter. Here the
generalized optical potential, eq. (2), takes the form:
(3) U (Ess) =V _Jd (3)+V(s)+ ¥ (B 9)

where
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(4) Sl wip

(2),

and the dispersion relation becomes simply

(5) Re V' (E; s)-—P/Im#E' ) gp

Furthermore in infinite nuclear matter the non-local potential depth
1 (E;s) can be substituted by an "equivalent local potential depth''(4, 5, 6)

”L(E) given by:

(6) ¥ (@) =v_+F )+ F@;K)
where:
ike.

(7) F(kz) = fv(s)e - §(:13 s

2 ik-8 3
(8) FE:;x)= fME:s)e ™" d"s
(9) P22 Tge o m)

" L

A physical realization of the conditions of isotropy and unifor-
mity belonging to the infinite nuclear matter is expected to be given by
the interior of the heavy nuclei when the wavelength of the incident par
ticle is small if compared with the nuclear dimensions. Furthermore
under these conditions the equivalent local potential (6) can be identi-
fied with the empirical optical model potential(l), So eq. (6) through
eq. (5) contains a very general property of a directly measurable quan
tity. It is worthwhile to discuss the consequences which can be drawn
from it,

If V(s) and 'V'(E;s) were local, then ’ULL(E) itself would satisfy
the dispersion relation, In ref, (1) it has been found that for 80 MeV.£ E
% 600 MeV the experimental Re V'L(E) is in strong disagreement with
that obtained from the subtracted in dispersion relation. On the other
hand it was found that at both lower and higher energies the dispersion
relation gave for Re 'U'L(E) a slope in agreement with the experiment,

In the present paper the previous calculation has been refined
(see sect, 4) and we can conclude that
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i) between 500 MeV and 1 BeV the calculated slope of Re VL(E)
agrees with the empirical one while at intermediate energies (100 MeV
S E <500 MeV) it is in strong disagreement with the experiment, whate
ver absorption mechanism is chosen below 100 MeV, These results de
pend mainly on the dominant features of the absorption at high energies,
i, e, the meson production which in turn determines the nucleon-nucleon
total cross sections;

ii) Below 100 MeV the results for the slope of Re VL(E) strongly
depend on the absorption mechanism chosen at these energies,

Unfortunately between 500 MeV and 1 BeV the empirical ana-
lyses are very few and the errors large (see Fig. 3). Only the analysis
at 725 MeV(lzx concerns heavy nuclei, while those at 625 MeV and at
970 MeV(13) concern C12, On the other hand all these results are very
similar, and so we accept all these data.

Point i) may be interpreted as saying that the additional energy
dependence of Re 'I)‘L(E) due to its local character is confined to ener-
gies smaller than 500 MeV, Furthermore it suggests that the kernel
ME ;8), eq. (8), must contain a term which behaves as local when the
energy increases and satisfies the dispersion relation, This is also in
dicated by Feshbach's representation of the generalized optical potential
as is shown in appendix 1.

These features can be easily expressed in a model suitable for
calculations, We write ’V'(E ; 8) as a superposition of a non-local and a
local potential:

(10) HEss) = g7zz 9 (6 U, @0+ Uy(Es0)

Here 7/' (E;s) is assumed to be regular function of s at any E important
only within a ''range of non-locality''. Even if eq, (10) gives an oversim-
plified model for @L(E ; 8), nevertheless it accounts for the property which
is essential to the present application, i.e, the contribution of a local
term which at high energies gives all the energy dependence of the r.h. s,
in eq. (6). By using eq. (10), eq. (6) now becomes:

- Y 2 . . 2
(11) U (B)=V_+ UL (E)+F) + Z,(E:k)
where:
(12) Vym =0 ms)__ .
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(13) 572(13;1«2): /?J‘z(E;s)e e gl

In the following sections we discuss how eq. (11) may be used
to obtain explicitely the energy dependence of the real part of the empi
rical potential, Let us summarize the steps of the procedure:

a): we discuss the high energy behaviour of the functions F(kz)
and ?Z(E;kz) on the basis of the present data on '”'L(E) and show that
they are expected to vanish as E-=%+o ;

b): this result allows us to calculate, even if with some uncer-
tainty, the real part of 7} (E) by substituting the imaginary part of the
empirical potential ZI"L(E) for the imaginary part of 'V'I(E) in the di-
spersion integral;

c): we construct a two parameter form factor for the non-local
kernel V(s)+Re V. (E;s) which accounts for the discrepancy at interme
diate energies between the quantity V0+Re #I(E) obtained from the
dispersion relation and the experimental Re ?)'L(E),

3. THE HIGH ENERGY BEHAVIOUR OF THE FUNCTIONS F(kz) AND
™

After making the angular integration in egs. (7) and (13) we

have:
k. -ik hd
; T -kos, ik18
Vi %)
(14) F(k2)=2i" . N daaviehe * @ 1
kl “+ k2 -0
o0
k, -ik ~kos ikqs
(15) ?(E;k2)=2.}E . 5 /dss ¥ (E;s)e . e 1
2 i 2 08 2
k]. +k2 - 00

Here V(s) and ?Z(E;s) have been defined for negative s as even func-
tions and k; and k, are the real and imaginary parts of k. As this
one depends on 'U'L%E), which is taken from relativistic analyses, it is
more appropriate to use, when

(16) E»\#(E)I,
L
the relativistic expression:

2 1 2

2
(17) k = 2 2 (Et—m
K e

4
c + ZEt V‘L(E))
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which at non-relativistic energies gives back eq. (9). Here Etis the total
energy. Then:

1 2 24 e 2
= —— - +
kl Ho [(Et m c +2EtRe L)
(18)
1/4 2E, Im U'L
+(2E m U )] cos — arctg 5 4 P
Et-m c +2EtRe I,
1 [ 2 24 7 |2
e - +
k2 He (Et m ¢ +2EtRe L)
(19)
ql/4 2E, Im U‘L
+(2Et1m?/"L) sena arctg 2 4 n
Et-m c +2EtRe I
The asymptotic behaviour of kl and k, for large E is:
1/2
2 2 4 = d
20 k ~ L E -m c 0 T
(20) P ik ) X
Im ?/‘L(E)
(21) k2’V T— ;

if Re 7-}']_‘ and Im '?)'L can be neglected with respect to E,
This is suggested by the high energy empirical data and by the extra-
polation formulae(14

3 & ‘
(22) Im ff’L(E) 5 B ( ‘?n 6‘pn+ §p epp) (protons)

(23) Im V‘L(E) = -—;-— " ( 9n Gnn+ 9p an) (neutrons)

Here the ¢'s are the neutron and proton densities, the §'s the nucleon-

nucleon cross sections and ¥ is the velocity of the incident nucleon in
the laboratory. The asymptotic behaviour of the nucleon-nucleon total
cross section is an open question(15), If we assume as an upper bound
the value indicated by all the recent measurements(15) between 5 and

363



25 BeV (§ ¥ 40 mb), then eqgs, (22) and (23) give an upper bound for
Im ¥} as E goes to infinity,

From eqs, (20) and (21) it follows that:

Jim FlY) = Titn F(EESY = 0
(24) 4
E - oo E > o0
2 ; i ikis _ ... .
This would be an obvious result if the factors of e within

the integrals in eqgs. (14) and (15) did not depend on the energy. However
it can be proved that eqs. (24) hold if the integrals (14) and (15) exist
and under some very reasonable additional hypotheses on the energy
dependence of V'Z(E;s), which, on the other hand, are implied by the
dispersion relation, We refer to appendix 2 for a more detailed discus
sion,

Eqs. (24) suggest then that if the energy is large enough:

(25) Im ’V‘L(E) ~ Im ’”'I(E)
9 Re ' (E) dRe U (E)
(26) L Py 1
JE °FE

The result discussed in sect, 2 about the slope of Re 'U'L(E)
given by the dispersion relation can be interpreted as an indication
that egs. (25) and (26) apply for E % 500 MeV,

4, THE USE OF THE DISPERSION RELATION, -

We now assume that ’V‘l(E) given by eqgs. (12), (10), satisfies
the dispersion relation (5). We shall use this relation written in the sub
tracted form:

O
Im U (E')
_ E-Ego 1 1
(27) Re ’(/;(E)-Re ’ULI(EO) - W.O/(E'—E)(E'—Eo) il

to calculate the real part of ”l(E) in terms of the imaginary part.

Of course it is impossible to obtain an explicit expression for
Im 'U'I(E) from any present theory, The best we can do is to identify, as
suggested by eq. (25), Im ’V'l(E) with Im 'U"L(E) at high energies, and
to take this one from the experiment. At lower energies we can give so
me general prescriptions on the behavior of Im f/E(E), so that it is pos
sible to use the dispersion relation to evaluate Re 1)'1(E) - Re ‘U‘l(Eo) with

P
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an uncertainty which can be estimated,

To show this procedure in more detail we first consider the
energy behaviour of the imaginary part of the empirical potential.

The results from the optical model analyses are shown in Fi-
gure 1, Below 100 MeV there is a strong ambiguity due to the assump-
tion of volume or surface absorption. At high energies we use for both
proton and neutrons(14);

L =
(28) Im t/‘L(E)— 2 Hv 796
with
(29) .?=25°n=29p
(30) F-lie st ig +6
2 nn np 2 PP pn

and 7 is the Goldberger's factor(16), Formula (28) fits well into the
results from the direct optical model analyses above 300 MeV, Diffe-
ring from ref, (1), we here take into account the spatial dependence of
® by assuming for it the distribution of the nuclear charge suggested
by Hofstadter(17):

L3
(31) $ir)= 2

NRCENE
with the parameters:

= 1,07 A1/3x10’13 cm

(32) r =
o
(33) a = 5.46::10'14 cm
and normalization:
(34) f.P (r) dVv = A

The parameter r, changes from 5,10 f to 6.65 f in passing from Ag
to U and we have chosen the arithmetic average, At the centre of the
nucleus the eq, (31) gives:

(35) ¥ o) = 1. T8 x107® e 0
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A ImU (MeV)
ao-J - 80
b o) -70
60 - 60
504 - 50
40- - 40
30- - 30
20: -20
104 -10
. — T.....‘.O 7#;,0—;0r\—m-:‘-:)— e ..,.-.‘,03 — .;....‘.0‘ ; ,-.—.,,.,',OSE(M:)

FIG. 1 - Curve (a): Im U'L(E) from eq. (36), case (a).
Curve (b): Im‘U“L(E) from eq, (36), case (b).

Experimental points from refs, (26), (25),(12),(13),(18), (15).

+ neutrons

® protons

O protons, non-relativistic analyses

¥ protons, relativistic analyses

¥ from the nucleon-nucleon cross sections,
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The nucleon-nucleon total cross sections at intermediate ener
gies have been taken from refs, (18) and between 5 and 25 BeV from
ref, (15). For the asymptotic behaviour the constant value of 40 mb,
as suggested by the high energy measurements, had been assumed.
Deviations from this assumption(15’ 19) are expected to be unimportant
in applying the dispersion relation in the subtracted form up to 1 BeV,

The curves (a) and (b) in Fig.1 describe two possible beha-
viours of Im VLL(E) in the interior of a nucleus according to egs. (28)
and (35). Curve (a) corresponds to an "extreme surface absorption',
curve (b) to an "extreme volume absorption''. The appropriate behaviour
of Im 'V"L(E) lies between these curves, curve (a) probably being the
more realistic one, The two curves coincide at about 400 MeV where
both show a rapid rise due to mesonic effects,

For the energy behaviour of Im VI(E), eq. (27), we can give
the following prescriptions:

i) For E%»~Im U'I(E) has the same asymptotic behaviour as Im V‘L(E)
(eq. 25);
ii) Im 'ULl(E) is a monotonic increasing function of the energy from zero
at E=0;
iii) As the increase of Im V‘I(E) is due to the threshold for inelastic pro
cesses which open at increasing energy, a rapid rise has to be expe
cted when the meson production becomes important,

These prescriptions, together with the dispersion relation re-
sult for [ @ReV'[ (E)/®E, suggest to identify Im ¥ (E) with Im ¥ (E)
for energies higher than 400+ 500 MeV, At lower energies the above
prescriptions leave Im f}']L(E) uncertain to some extent, Below 100 MeV
Im ‘V'L(E) itself is very ambiguous. It seems reasonable to assume that
Im ¥ (E) lies between curves (a) and (b) of Fig.1. This causes an un

certainty in Re V1(E) which can be estimated from the change of the di
spersion integral when Im ’Vl(E) changes from the shape (a) to (b).

Shapes (a) and (b) are described by the functions:

A (i)
J

(36) W(i) = W0+ Z (i = a,b)

3 )

(1) (i
1+ e(E—Bj )/Cj

with (all quantities in MeV)

(37) W = 67.2
o

067
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(a) _ (a)
A = 92,4 A’ =0
(38) B(la) = 250
(a)
c,” =256
(b) _ (b)
A =59.8 Ay =15.0
(b) _ (b)
(39) B, =400 B, = 15.0
(b) _ (b)
¢, =201 c, =17.50

By using the functions (36) in the dispersion relation (27) we obtain:

(40) Re 4/1(”(1::) - Re ‘Vl(i)(Eo) g E) - g(i)(Eo) (i=a,b)
where:
- A(i) .
(41) Mim) = - = In E - 'JZ—_,E_— G;” (é(::;)—)
'm(i)

. t )
(42) clily) = f:’/—J— dx

j ) x-y

. (1)
(43) £ = et ity By

1+ ex—/tj Cgl)

The functions g(l)(E) are plotted in Figs, 2a and 2, b, where
they are also analyzed in the contributions co 1ng from the various
terms on the r.h.s. of eq. (41). The term (A /IZ)G( )(E/C&b)) is
completely negligible except at low energy. On the contrary, the terms
(AS1 /IC)G(l)(E/C&l)) are important not only at low and intermediate
energies, but also play an essential role at high energies in giving the
slope of gli)l(E) from 500 MeV to 1 BeV. This slope is essentially de-
termined by the fact that the above terms get their maximum around
500 MeV, and this is in turn a consequence of the step rise of Im VLL(E)
between 400 MeV and 1 BeV due to mesonic effects,

HETRY
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It is convenient to make the subtraction at high energy where
the functions F(kz) and ?Z(E;kz) in eq. (11) can be neglected. So
eq. (11) gives, together with eq. (40):
(i)
£

® -gE ) +re ¥ (5,

s
(44) V0+Re?/'1 (E) = T

For Eo we have chosen:
(45) EO =970 MeV

Unfortunately the optical model analysis at this energy concerns C
and has a rather large error:

(46) Re ‘VL(EO) = - 22,3 MeV+4,3 MeV,

The curves (1) in Figs, 3a and 3b are the plots of the func-
tion (44) for cases (a) and (b) respectively, It must be noted that for
both cases this function fits well into the experimental values of Re v (E)
in the energy range from about 400-500 MeV to E , as is implied by
the present treatment. So we find that, after improving the function
Im V- (E) within the dispersion integral, the feature of the result found
in ref, (1) suggesting egs. (10) and (11) is confirmed and exiended to
somewhat lower energies. We observe also that cases (a) and (b) mar-
kedly differ at low and intermediate energies as was to be expected.
However in this range both are in definite strong disagreement with
the experiment,

5. A FORMULA FOR THE REAL PART OF THE EMPIRICAL POTENTIAL, -

The result obtained below 400+ 500 MeV implies an impor-
tant non-local effect described by the functions F(kz) and ?Z(E;kz) in
the r.h.s. of eq. (11). The difference between cases (a) and (b) reflects
itself only in the detailed behaviour of these functions,

An explicit expression for F(kz) and 5»‘ (E; K2 ) can be obtained
in terms of a suitable model for the non local kernels V(s) and U (E 8).

Within the integrals in eqs. (14) and (15) for E €500 MeV the
factor e-%¥25 can be put equal to one, because in this range ko, doesn't
exceed 0.2 f-! and the kernels are assumed to go rapidly to zero for
s >1f. If we further neglect in eqs. (14) and (15) k, with respect to ky,
as is suggested by egs, (18) and (19), we obtain:

(47) Re [F(k2)+ ?2(E;k2)] = %;C_ / ds s [V(s)+Re Vz(E;s)] senkls
-0
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504

404

304

204

104
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-104

'20‘

-30-

10 o 0 Emevs 10 100 0° E (MeV)
) 1+(2) . (b)

FIG. 3a - Curve (1): V +Re (E) from eq, (44), FIG. 3b - Curve (1): Vog+Re ¥ (E) from eq. (44),
Curves from (2) to (5): Re 'U'L(lE) from eq. (51), case (b), Curves from (2) to (5): Re U'L(E) from
case (a). (2):/8=.5¢; (3):/4=.81; (4)A=1.0f1; eq. (51), case (b), (2):/=,3f; (3)/4=.5f; (4) =
(5)3=1.2f, Experimental points from refs, (26), =.7f; (5)/3=1.01.

(25), (12), (13), (20).

+ neutrons, volume absorption; ¥ nautrons, surface absorption; ® protrons, volume absorption; O protons, surface
absorption; O protons, non relativistic analyses; ¥V protons, relativistic analyses; ¥ average for neutrons and
protons from ref, (20),

=
[%2]
-



16.

So only a model for the quantity V(s)+Re V'Z(E;s) is needed here,

This form factor must contain at least two parameters: one
for its spatial extension, and the other for its normalization., We ma
ke an oversimplified model by neglecting the energy dependence of
V'Z(E;S). So we write:

(48) V(s)+ Re %(E;s) N f(s)

(49) / f(s) d°s 1
The function f(s) must be such that the integrals (14) and (15)
exist (see appendix 2), This condition is fulfilled by a Gaussian:

el 2
(50) f(s) = _Tl—_'S/-é“q e 8 //"'
Vet A
We obtain then from eqgs. (11), (14), (15) (after neglecting k
in these last ones) a two-parameter formula for the real part of the
empirical potential:

2 12
-k 4
(51) Re VL(E) = V_+Re 1/‘1(E)+Ne 1/5 /

The parameter N can be determined as a function of Ve by matching
Re V‘L(E) given by eq. (51) to the accurate low energy data. The most
recent systematic analyses are those by Rosen et al, (20 . As we are
concerned in this work with a wide energy range and so have been
obliged to keep neutron and proton data together, we have chosen here
the average between neutron and proton results by Rosen et al, at 'E =
=20 MeV:

(52) Re ffL(E) = 45,0 MeV for E = 20 MeV

The agreement with the experimental data at any energy must
then be obtained with the aid of the parameter 4 only. The curves from
(2) to (5) in Figs. 3a and 3b show the results for cases (a) and (b) and
for various choices of /&, The data at intermediate energies are not so
sharp as to allow for an unambigous determination of this parameter,
even if the results are quite sensitive to its value, Possible choices of
A which lead to a good over all agreement with the data for 10 MeV %
% E&£1 BeV are the following:

(53 a) case (a) B=8¢ (which implies N=96 MeV)

e e}
o 4§~
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(53 b) case (b) AB=.77¢ (which implies N=61 MeV)

6. CONCLUDING REMARKS. -

Eq. (561) makes g clear distinction between the two sources
of the energy dependence of the real part of the empirical potential,

i, e, the energy dependence of the generalized optical potential itself
and the non-local effect., The first one, which is dominant at high ener
gies, is given by the term V +Re 1)“1 and can be calculated by the di
spersion relation, eq. (44)., The second one, which is important at low
and intermediate energies, is given by the term F(k2)+ c?z(E;kz) and
can be obtained from a suitable form factor for the non-local kernels,
Of course this description is oversimplified, nevertheless it may ex-
presse the essential and general features 6f the energy dependence of
the empirical potential, The values of the parameters /% and N have
only a semi-quantitative meaning.

Eq. (51) does not apply at low energies (i.e, of some MeV)
mainly because there the optical model potential is a quantity quite
different from the generalized optical potential and furthermore because
the approximations used in writing the dispersion relation in simple
form and in deriving the equivalent local potential may not apply.

Also at very high energies (i.e, E®10 BeV) eq. (51) must
be considered with caution. First of all at these energies the signifi
cance of the quantities involved in the dispersion relation should be
carefully discussed. A way for defining a potential could be the disper
sion relation itself, after defining the imaginary part in terms of the
nucleon-nucleon cross sections, eqs. (22), (23). But then it'is not clear
how to define an empirical potential to be compared with this one,
Furthermore the asymptotic behaviour:

4» Yo
(54) Re L(E) ~n o s In E + constant

indicated by the eq, (51) may be incorrect, because it follows from

the asymptotic behaviour assumed for Im V-, which is very uncer-
tain, As the nucleon-nucleon total cross sections have been explored
only up to about 25 BeV, we feel that the above results on Re U}'_’(E)
may be reliable only up to some BeV, Measurements of proton scat-
tering at 3 BeV/c on carbon indicate a repulsive interaction(21), in
agreeement with eq. (51). A similar indication comes from recent mea
surements and analyses of differential and total cross sections of 19, 3 BeV
protons by a range of nuclei(22,23,24) 1t must be noted, however, that
the value of|Re V'Llobtained from the analysis at 19.3 BeV(24) is mich
lower than that obtained by extrapolating'the present dispersion relation.

(X
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result and does not suggest any logarithmic divergence,

Therefore we think that eq. (51) may be used in the range from
about 10 MeV to some BeV, Here it can resolve some optical model
analysis ambiguities. An example is given by the analysis by Roos and
Wal1(25) at 160 MeV. The lower values for Re ] (E) are suggested
by the present calculation, Another example is shown by the systema
tic discrepancy above 100 MeV between the relativistic and non-relati
vistic analyses 26), Only the first ones are consistent with the dispersion
relation.

Finally let us compare eq. (51) with other formulae proposed
to describe the energy dependence of the real part of the empirical po
tential, There are empirical formulae which apply in narrow energy
ranges(zs). Furthermore several attempts have been made to derive
the energy dependence of the empirical potential from an energy-inde
pendent non-local model., This procedure has been applied at low ener
gies by Perey and Buck(4) and then by various authors 8,9), Very re-
cently it has been extended to a wider energy range by Engelbrecht
and Fiedeldey(lo), The model developed by the latter authors gives a
very accurate description of the energy behaviour of the real part of
the empirical potential between zero and 160 MeV, All the energy de
pendence comes from the relation connecting the non-local (energy-
-independent) potential with the equivalent local potential, As this model
specifically concerns neutrons, it gives:

(55) Re ULL(E) = 39.7 MeV for E = 20 MeV

instead of eq. (52). If the parameter N in eq, (51) is determined accor
ding to eq. (55), the values obtained for Re ’V'L(E) fit in with those
given by Engelbrecht and Fiedeldey up to 200 MeV both for cases (a)
and (b) and with A=8fand A=.7¢ respectively., At higher ener-
gies Re VL(E) given by eq. (51) assumes lower values and changes

its sign at about 400 MeV (v, Fig. 4). On the other hand, the model
by Engelbrecht and Fiedeldey claims its validity up to about 160 MeV
and cannot give any change in sign,

All the models published up to now which derive all the ener-
gy dependence of the empirical potential from a non-local energy-in-
dependent potential cannot account for a transition from an attractive
to a repulsive interaction around 400 MeV, which seems to be indicated
by the experiment,

9 B A
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FIG, 4 - Unbroken line : Re ¥ (E) from ref. (10)
Dotted line: Re ‘U“L(E) from eq. (51) normalized
at 39.7 MeV for E=20 MeV, (Case (a), b=.8 f).
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APPENDIX 1 - A local contribution to the generalized optical potential, -

We start from the Feshbach's expression for the generalized
optical potential when antysimmetrization is neglected:

g A i
-5 SRS BN

L)

3 4 .
o /P" dE! I E'F’\/ Eis VAEURN
¥ \/ B! -(E+i-7) \/ disk \%i}tQ‘§ 7\ lﬁﬂ- o/

= (7-»0*)

where )00 describes the ground state of the target,'}e is the hamil-
tonian of the system of the target and the extra particle, Q is the pro
jection operator on the inelastic channels, £€ the inelastic threshold,
in and @ X are the eigenstates of the operator Q®Q belonging to
the discrete and continuum spectrum respectively, The suffix «{ descri
bes the degeneration of the continuum eigenstates with respect to the
energy. The proper account of the antisymmetrization does not change
the essential character of the following discussion,

Let us consider the quantity

(A1.2) /doﬂ. <y | %al §ENEET aw )Py

appearing in eq. (Al.1). The eigenfunction %E’d‘ describes a state
of the system of A+1 particles which contains at least two fragments
with any amount of relative kinetic energy E_ ., allowed by the total
energy E of the state., The suffix A describes, then, the various pos
sible partitions of the system of A+1 particles at the given energy E
and also the quantum numbers for any partition,

Among the states described by 3 E,%& there are those where
a free fragment is the incident particle itself, Let us refer to the sy-
stem of the other A nucleons as to the ''residual nucleus''. If we ne-
glect long range interactions the wave function for the relative motion
can be assumed to be a plane wave

(.A].. 3) vjrel = ellcv 'l'b]‘::.

where r is the coordinate of the incident particle relative to the centre
of mass of the ''residual nucleus" and k is the wave number of the
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relative motion, This description of the relative motion can be assu-
med to be correct everywhere if the relative energy is large enough,
i.,e., much larger than the potential experienced by the incident par-
ticle from possible bound systems of other nucleons,

Let us now consider in particular those states §E"L where
the energy of the 'residual nucleus' itself belongs to the continuum,
These states exist if the total energy E is large enough. The summa
tion over these states, which is implied by the integration over ol in
(A1, 2) gives rise to the integration over the vector k , eq. (Al, 3),
within a sphere Z. whose radius k is the maximum wave number allowed
for the relative motion at a given total energy E, Of course the wave
number k goes to infinite with E, We are interested in the contribu-
tion of such states to the expression (Al.2). Let us write for these
states:

FEL _pE0p B> o)

(1. 4) L grewe x

where the function f describes the state of the ''residual nucleus', /A
denotes its guantum numbers besides the energy and E'(k) its energy.

The contribution of these states to the quantity (Al.2) can be
written as:

1 ilk(r - ')
(a1.9) <,10Q) Jatg™ P @rryn iz get Ty

“1= A
where
gEl(k)(gi...gAgl...ﬁA)=
(A1, 6)
B'(k) |y B (k)
Al L BN T e B )

The expression (Al,5) has been obtained after observing that, for the
states (Al,4):

i 1 3
(A1.7) fdo( -p-gfdﬂ}&dErel ?(Erel) = %—3‘(2]‘.) E‘/‘d k

where § (E,.;) is the number of final states for the unit energy inter-
val and unit solid angle in the relative motion, i, e, :

B mk
(A1.8) P " o
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To write the quantity (Al.5) more explicitely, we use a defi
nite expression for the projection operator Q:

(A1.9) Q=2 |9,><el

120
where "f'i) , i>o0, describe the excited states of the target. Strinctly
speaking, this expression is correct only if the rearrangement colli-
sions can be neglected, Even if eq. (Al,9) does not give the more gene
ral expression for Q, it is to be expected that the present considerations
will retain their validity in a more general approach, From the repre-
sentation (A1, 9) it follows that the quantity (Al.5) contains terms like:

, 3 , ike (. - &)
(A1,10) Voi (‘}_‘_)sz(’gﬁ_ ) 5:/ dk aij (E'(k)) e
where:
a, (B'(1) =
(A1.11)

= 1 ! E'(k) ] 1
- <)‘;(51,..£A)|g (51’--3:A'£1~-£A’"f’j&‘:r--é”AD

The expression (Al, 10) has been obtained after writing:

(A1.12) R =T +H, FVIE, £ gooee B

A mA)

where T is the kinetic energy operator for the extra particle, H
the hamﬁtonian of the target, V the interaction energy between the
target and the extra particle, and:

(A1.13) ACIERS R AR A ERC Mk 2k P

For E = v , the sphere Z in (Al,10) covers all the momentum
space, Furthermore when in the integrand k goes to infinity the energy
E'(k) of the system of the "'residual nucleus'' goes to the threshold for
its continuum, i, e, to the separation energy S of a nucleon, If the quan-
tity ai-(E'), eq. (A1,10), calculated for E'=S doesn't vanish, the expres
sion (A1, 10) contains, in the limit for E —» ¢, a Fourier transform of
a function which goes to a non zero limit for k going to infinite, i,e, a
delta function 9 (5 - r.'). Furthermore, the contribution (A1,10) to the
quantity (A1, 2) satisfies itself the dispersion relation, as it is evident
from (A1,2) and (Al1l.1).

cﬁ
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It must be remarked that, as this discussion concerns the
generalized optical potential as derived from a non-relativistic theory,
the non-relativistic kinematics has been used throughout. By using
the relativistic kinematics, into the integrand on the last side in eq.
(A1.7) the factor 1/VH2c%k2+m2c? appeared, thus preventing the
above conclusion,

We think, however, that the use of the relativistic kinematics
in the framework of a full non-relativistic theory would be quite incon
sistent and would lead to deceptive conclusions, A relativistic genera
lization cannot concern the kinematics only, This is intuitively seen
in the present case by observing that a relativistic theory must account
for the particle production, and so more and more new states, which
may play the role of those discussed above, would enter as the energy
increases,

2 2
APPENDIX 2 - The functions F(k ) and ?é(E;k ). -

To discuss the high energy behaviour of the functions F(kz)
and %(E;kz) defined in eqgs.(14) and (15) we must consider an inte-
gral of the type:

o

(A2,1) I(E) = f ds sf(E;_s.)ca'iks
-

where f(E;s) is an even function of s and k is given by eqs. (18), (19),
(20), (21). Here the relativistic expression for k is used, because now
the quantity to be discussed is determined by the empirical quantity
U/~ (E) which would contain all the physical effects, First of all, the
integral I(E) exists if

(A2, 2) lim ——W =0
S=>Q e

where ko is' the upper bound for the absolute value of ky, eq. (19).

The egs. (19) and (21) for k,, together with the experiment values for

V1 .(E) and the extrapolation formulae (22) and (23), show that this bound
exists, So the condition (A2, 2) can be satisfied by suitable shapes of the
function f(E;s), A gaussian function of s is allowed, while a rational
function, such as a laurentzian, is ruled out, Exponentials and Yukawa
functions can be used only if they goto zero for s—= o according to

eq. (A2,2), As for Kz“l a value of some fermis is indicated, i.e, a
value not much larger than the expected non-locality, these last func-
tions would be emploied with care,
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We discuss now the high energy behaviour of the integral
I(E), eq. (A2.1). As the integrand contains the oscillating factor elkls
with k; > o0 as E, (see eq. (20)), if the other terms are not dependent
on E the limit of I(E) for E %o would be zero according to the Riemann-
-Lebesgue lemma,

Under very reasonable conditions on the kernel f(E;s) such
result applies also in this case, Let us assume that the function f(E, s)
has derivatives of any order with respect to s which vanish for s=>+
+ oo, Then after partial integration we obtain:

n

n = p-1

(2. 3) ey = S 5 Pk, 1P
(ik,) p=0 °
with
> ko s ikq s

(A2, 4) 1P (g - f (k,s+p)e 2" bl oy 6 . d

- 00

Here n is an arbitrarily large integer and £(n) (E, s) is the n-th deriva
tive of f(E, s) with respect to s. The integrals I(np)(E) exist if the
eq. (A2, 2) is satisfied. From egs. (A2, 3), (22), (23) it follows that

I(E)

(A2.5) lim =0

E=>o

provided that the integrals I(™P)(E) have a limit for E->co and don't
diverge faster than ET,

If, for example, we assume for the kernel f(E, s) a separable
model:

(A2. 6) f(E;s) = Y(B) X (s)

where Re Y(E) and Im ¥Y(E) have a limit for E—m, the above condition
requires that these functions do not go to infinity, for E-» oo, faster
than any power, On the other hand, if this condition is not satisfied,

it would be impossible to write for Y (E) a dispersion relation with a fi
nite number of subtractions,
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