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1. INTRODUCTION.-

The purpose of this paper is to outline a quantitive formulation 
of the mathematical correspondt!nce existing between the R-matrix the£. 
ry of nuclear reactions and the theory of waveguides and resonators. 
This problem is not new: in fact, such a correspondence has been very 
often invoked on the basis of pure intuition from the very beginning of 
the development of the theory of nuclear reactions(l) and more recen
tly in order to stress some analogies between the behaviour of metasta 
ble particles and that of resonant cavities(2). 

Although the correspondence between the two theories has a 
formal character, it is nevertheless remarkable that both of them de
scribe physical effects which are substantially similar; furthermore, 
such a correspondence disci.oses the possibility of an electromagnetic 
simulation of certain particular features of nuclear reactions. 

The qualitative approach to the problem is based on the idea 
that the description of a nuclear reaction in terms of channels and int!O. 
rior region, can be visualized by a waveguide junction formed by a ca
vity connected with one or more guides; the channels correspond to gui 
des and tl;le nuclear interior region to the cavity. An incoming wave in 
the entrance guide is partly reflected because of the geometrical cross 
section limitations of the guide, partly because of the impedance mismatch 
at the entrance of the cavity; the surviving part of the wave enters the 
cavity, and, then, after de-excitation of the cavity, goes out through all 
the open guides. Similarly, an incoming wave in the entrance channel is 
partly reflected becaus e of centrifugal and coulomb barriers in the chan 
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2. 

nel, partly at the entrance of the interior region; the remainder is ab 
sorbed, and then , after de-excitation of the metastable structure, tra
vels into all the open channels. 

In both theories it is assumed that the exterior region (formed 
by the channels or guides) is well understood, while the interior region 
can be described only globally: the behaviour of the interior region in 
proximity of the external one is described by means of the R-matrix or 
the admittance Y -matrix, respectively. 

We shall now outline a quantitative formulation of such a quali
tati ve analogy. 

The general features of the nuclear and junction theories will 
be derived by identical developments based upon the analogous quantities 
which will be put into correspondence. The procedures concerning the 
nuclear case are assumed to be known and the junction theory will be ou..!. 
lined on the basis of analogous arguments. 

2. NUCLEAR CONFIGURATION SPACE AND WAVEGUIDE JUNCTION.-

The assumptions underlying the R-matrix theory(3) or the theo 
ry of waveguide junctions(4) are: -

a) applicability of the stationary Schrl:ldinger equation or of the 
stationary Maxwell equations in a homogeneous, isotropic, source-free 
medium; b) absence or unimportance of the radiative nuclear processes 
or of all processes involving losses through the guides and in the junc
tion; c) existence, for any pair of fragments, of the channel radius, 
beyond which the nuclear interactions are negligible, or existence, for 
any guide of the terminal section, beyond which the evanescent modes 
originating in the cavity are negligible. 

A reaction channel c is represented by the set of quantum num 
bers {-<'1 0(2 (I1 I2)s V, t m} where o(i specifies the nature and energy 
of the fragments(5); a waveguide g by the set of numbers {~, pq} , 
where /3 specifies the shape of the cross section and the nature of the 
dielectric medium and pq the electromagnetic modes(6). 

We shall indicate with q '" 1 and q 0(.2 the sets of internal co
-ordinates of the two fragments a nd with ~o( the relative co-ordinate 
of their center of mass; we shall introduce for the waveguide the co-o!:. 
dinate set x~ y/,> zA with the z(3 -axis parallel to the tubolar surface and 
directed towards the junction. 

We shall call "nuclear interior region" , the configuration space 
defined as I;,{ « a"" for all 0<. or "cavity", the junction with the waveguide 
portions defined as z~.,. aA for all ;;, where act is the channel radius and 
aJS the longitudinal co-ordinate of the terminal section. The boundary 
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surface defined through the condition roe. = ao( or z/l = a~ separates the 
interior region from the exterior one, The latter is formed by all the 
cylinders representing the channels in configuration space or the gui
des for z~ < a~, An element of the boundary surface is given by dSo( = 

= a~ d.ao(dq 0( 1 dqol2 or dS/l = dxA dYt1 ' 

3, THE WAVE EQUATION AND ITS SOLUTION IN A CHANNEL AND IN 
A WAVEGUIDE,-

" Using standard techniques, we can separate in the Schrodinger 
equation for a channel the internal and angular variables from the radial 
one, and in the Maxwell equations for a waveguide the transverse varia 
bles from the longitudinal one(7). -

Solvi ng the equations for the internal and angular wave functions 
or for the electromagnetic field depending on transverse variables, it is 
readily established that the quantum numbers to<.. s V , e m 1 originate like 
the guide parameters tpq} , 

It is convenient to single out the "nuclear surface factor" ksv,I.,.,,(x), 
embodying the dependence on all the co-ordinates except the radial one 
r c ' from the radial factor uc(rc }, satisfying the Schrgdinger equation 

(la) 
r 

c 

2 
+k -

c 
l. (,i +1)1u (r ) = 0 

2 ) c c ' 
r 

c -2.r to single out the "guide cross-section factors" HTpq (Xg, ygl, 
E Tpq (xg , y l (the T-index represents transverse components) from the 
longitudinaf ones Ipq(zg}, V pq(Zg}, which are called current and tension 
of the mode pq, because they satisfy equations identical to those called 
in engineering language generalized telegraphist equations, 

d 2V 
_~p:..::qL.. + (AJ2£.f<. _k2 ) V (z) = 0, 

dz2 Tpq pq g 

(1 b) 
g 

(x) - The factor l' - .e coincides 
ddb .,(s\> , m 

e y r c' 
with the one in ref. 5, when divi-
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2 2 2 
where kT = eu E.A -kzgpq is the square of the transverse wave number 
and eu 2£),qthe total one. The asymptotic behaviour of the nuclear radial 
wave function and its first derivative, and the solutions of Eqs. (1 b) read 

(2a) 

(2b) 

1 -i(k r -
u '" v - T (C e c c 

1.71/2) i(kcrc- e7T/2) 

c c c 

du 1 -i(k r -
__ c IV -ik v - 2 (C e c c 
dr c c c 

c 

I =A e 
g g 

-D e ), 
c 

lTT/2) i(kcrc- ~71/2 
+D e ); 

c 

x g being the impedance of the waveguide g. The comparison of Eq. (2a) 
ana (2b) shows that the radial factor uc(r c) and the waveguide current 
Ig(zg) as well as duc/dr c and the tension V g(Zg) are mathematically an~ 
logous: it should be noted that, apart from a numerical factor, the rela
tion 

(3) V .c (dI /dz ) 
g g g 

holds (see ref. 7, Chapter 4, page 76). The analogous role played by the 
centrifugal and coulomb potential and by shape of the guide geometrical 
cross-£ection and the dielectric nature is evident, from Eqs. (la), (lb). 

4. THE WAVEFUNCTION AND ELECTROMAGNETIC FIELD IN THE EX 
TERIOR REGION.-

The nuclear surface functions 1> for all channels corresponding c -'>-'> 
to the fragmentation 0( and the guide cross-section field HTg' ETg for 
all modes in the guide of fixed shape j3 form a complete set(x). 

Therefore, we can express the wavefunction for the fragmentation 
/b as a superposition of all its channel functions ¢ cuc or the electroma-

(x) - In the following we shall call "material guide" a guide of fixed shape 
and dielectric medium nature (J. 
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gnetic field for the material guide!3 as a superposition of all its modes - .... IgHTg' VgETg, 

Owing to the absence of spatial overlap between the configuration 
spaces corresponding to the various fragmentations or between the va
rious material guides, the most general form of the total wavefunction or 
transverse field in the exterior region is 

(4a) 

(4b) 

.... --H = \ I H 
T , ext L g Tg 

g 

... l"" E - V Text- g~g , g 

The energy dependence of the external wavefunction is contained in the 
radial factors and the frequency dependence of the external field in the 
currents or tensions, while the "nuclear surface factors" like the "guide 
cross -section factors" are independent, 

The total energy in the channel c is the sum of the internal e
nergy Eo( and the energy in the center-of-mass system E c ' and the total 
wave number in the guide g is the sum of the transverse and longitudinal 
ones: k2 

= k~g + k~g' Open (Ec> 0) and closed (Ec < 0) channels correspond 
to open1k~g > 0) and closed (k~g< 0) waveguides, In the latter cases we 
have exponentially decaying waves or evanescent regressive modes, The 
transverse dimensions of the material guide determine the minimum value 
allowed for k~g' so that for k2 < k~g minimum the guide refuses to tran-
smit (high-pass filter behavioflr), ' 

The relation Ec + E ... = Ec ' + E 0(' between the energies in the cha!!. 
nels c and c' in the center-of-mas:\, system can be transferred to the two 
guides g and g': k;g + k~g = k;g' + kTg" We define as Q-value from the 

guide g to g' the quantity: Qgg, = k~g - k~g" by analogy with the nuclear 

case, namely Qcc ' = E.,( - E <>(': there is propagation in g' or c' provided 
that k~g ~ -Qgg' or Ec ~ - Qcc " 

The probability fluxes and transferred powers in the entrance 
channel or respectively in the entrance guide are defined as 

(5a) j xL'" .. 2 N = - Re ('If . V If- ) , nr 0 d Jl. , ,m 
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( 5b) 

where the notation is conventional. Assuming Apq = 1, '7pq = Bpq {cfr. 
(2a) 1, it is found that 

(6b) W = +- '5 ~ (1- I ~ 1\ pq pq pq 

This formula corresponds to the well know relation 

(6a) 

used in the nuclear case. The analogy between Nand W is more clearly 
shown by writting Eqs. (5) in the following form 

(7a) 

(7a) W=+ ~ 
pq 

du.t } 
dr 

Re 5I
X 

V 1.. 1 pq pq \ 

From Eq. (6) it is seen that the transferred probability integral fluxes, 
relative to the various partial waves, are mutually independent like the 
transferred powers relative to the various guide modes. 

The similar role played by u,e and I ,du..t, / dr, and V pq' brings 
out the correspondence between the absorptioIbqtotal cross section (inte
gral over entrance channel cross-section of the current vector) and total 
power transferred into the junction (integral over guide cross-section of 
the Poynting vector). In conclusion, Eqs. (5) disclose the following corr~ 
spondence 

(8 ) 

5. BOUNDARY BEHAVIOUR OF THE INTERIOR WAVEFUNCTION OR 
FIELD AND DISPERSION FORMULA. -

The nuclear and junction scattering matrices express the outgoing 
(regressive) wave amplitudes as linear combinations of incoming (progrel?. 
sive) ones. It follows that the correspondence . 

(9 ) u ...,. I 
c· g 

du 
--:---,c,-- ~ V 
dr g 

c 
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ensures in a straightforward way the correspondence between the R-m~ 
trix and junction admitta'nce Y -matrix: the former expresses the radial 
factors on the boundary surface S as linear combinations of their deriva 
tives on S(8), the latter the currents as linear combinations of the ten-
sions on the guide terminals(4). It has to be noted that the corres~ondence 
exists also between the nuclear diagonal matrices Land..P..c = e- 21 c re
presenting the external interaction and the diagonal characteristic imp~ 
dance matrix::t: and the matrix Jlg = e- 21 -Pgi in the latter case .,bg is the 
phaseshift corresponding to the guide g with open terminal at Zg = all:' 
whereas in the former one 1>c is the scattering phaseshift by a hard
-sphere of radius a c . 

The common mathematical background of the Rand Y matrices, 
the deduction of which differs in several details, can be brought into view 
by comparing the results obtained using the Green scalar theorem for 
reactions and the Green vector theorem for junctions, namely (S= ~ Sc) 

Equations (lOa) and (lOb) Show
2 

that .s ~milar role is played by the gra
dient and the curl operator, V and Vx V, and by products between sca
lars and dot-products between vectors; this comparison suggests the cor 
respondence on the boundary surface expressed by Eq. (8). The corre-
spondence (8) unifies the derivation and the development of the R-matrix 
and Y -matrix theory; for instance, the Lane-Thomas reactions theory(3) 
can be readily translated into the language of the junction theory, and vi 
ceversa. 

Because of the continuity conditions on the boundary surface, the . ........ ~ . ..... .... 
mternal flelds HTint' ETint can be developed m the hTg, eTg sets, just 
as the nuclear wave function 1'- int is usually written in ierms of the 
""c,s(3). It follows that from (lOb) the Green vector theorem is obtained 

in the form 

(Ub) 

which corresponds to the relation 

32 3 
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(lla) 
! x - £ {x du lc du2c x} 

(E2-El )J"2 V-ldT= [2m u 2c dr -ulc (dr ) r =a 
c c c c c c 

In order to find a set of interior modes and express the Y -matrix in terms ..... 
of them, let us impose on the wave equation for Hint the boundary con-
dition that the tension for each guide vanishes on the terminal section. 
This is analogous to the nuclear condition that the derivative of each ra 
dial factor vanishes on S(x). It is easy to identify this condition with th; 
usual one assumed for junctions(4) . These boundary problems generate --a set of eigenvalues E>I or k). and orthonormal eigenfunctions 1), or b). • 

...... 
The internal wave function :{int(E) and the field Hint(k) can be 

expanded in terms of the sets 1,\ and b", respectively; the expansion coel 
ficients are then determined by applying the Green scalar and vector theo 
rem. On the basis of the correspondence previously outlined, one rea
dily obtains from well known expression of the nuclear R-matrix elements, 

(l2a) 

where 

(13a) 

R , 
cc 

the dispersion formula for the Y -matrix, namely 

(l2b) 

where 

(13b) 

Y 
gg' 

= ik o/j L 
,\ 

J .-+ -'> rt \ = I \ (a) = HT • b X dS 
"g "g g l.g g 

The quantities "Xc are the coupling coefficients between the waves in the 
channels and the internal eigenstates X~, whereas the quantities ~A 
are the coupling coefficients between the guide and cavity modes; th/se 
coefficients are independent of the erergy E or the wave number k respe~ 
tively. 

6. COMMON MATHEMATICAL PROPERTIES AND THE PHYSICAL CON
TENT OF THE R-MATRIX AND Y-MATRIX THEORIES.-

It is well known that the unitarity property of the nuclear or jun~ 
tion scattering matrices is a consequence of the conservation principle of 

(x) - This is the simplest kind of boundary condition assumed(S). 
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the probability and respectively energy flux(9). In the nuclear case this 
property is usually established by applying the Green scalar theorem, 
which contains implicitly the conservation principle: it follows that the 
vector Green theorem must be used in order to establish the same pr~ 
perty for the junctions case. 

The symmetry property of the nuclear scattering matrix is de 
rived from the time-reversibility principle, by imposing that the time
-reversed wavefunction be obtained from the general expression for the 
wavefunction(8). The same argument applied to the time-reversed field 
(where the progressive and regressive waves are mutually exchanged) 
gives the symmetry property for the junction case. 

The symmetry property for the 'R and Y matrices is implicit 
in their resonant formulas, but it can be also established by using the 
Green theorems (9). 

The fundamental connection between the nuclear scattering and 
R- matrix or junction scattering and Y -matrix follows at once in both c~ 
ses simply by handling in a convenient way the R or Y matrix, and is 
expressed in matrix notation by the relations 

1 1 
(14a) U = (ka)20- 1(1_RL)-1(1_RLx)I(ka,-2 

(14b) 

where L-matrix and ::t -matrix play the same role(x) 

The power transferred from one guide to another is proportional 
to the square of the corresponding scattering element as well as the cross 
section from one channel to another, and can be calculated following the 
procedures used in the nuclear case owing to the analogy between Poyn
ting vector and the probability current vector: so one obtains 

(15) w = ~ I \2 
gg' ;( g S g' g • 

Finally, by using the Eqs. (15), the cross sections can be formal 
ly expressed in terms of the R-matrix elements and the transferred po
wers in terms of the Y -matrix elements . 

(x) - I and 0 are diagonal matrices corresponding to the incoming and 
outgoing waves (see ref. 8, Chap. 16, page 487). 
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7. CONCLUDlNG REMARKS.-

It has been shown that the formulation of the R-theory of nuclear 
reactions and the Y -theory of waveguides and resonators are based on 
a common mathematical ground. A fundamental role is played by the Green 
theorem in deriving the resonant expressions of the Rand Y matrices, 
and the unitarity and symmetry properties in the framework of the conse!:. 
vation of probability or energy flux, time reversibility and the causality 
prescri ptions. 

As an illustrative example of application of the general correspo!!. 
dence, we shall compare the S-wave elastic scattering and the wave pr~ 
pagation in a guide short-circuited at one end, and we shall mention the 
analogy between resonance widths and reciprocals of the quality-factors, 
life-times of the metastable nuclear states and delay-times of a wave into 
a resonant cavity. 

We consider the S-wave elastic scattering of neutral spinless 
particles by a square potential well and the propagation of the dominant
-mode in a waveguide formed by two regions with different dielectric and 
short-circuited at one end by a metal plate. The results for the nuclear 
case are surveyed in the Lane-Thomas review article(3). The tension and 
current in the guide propagate as sinusoidal waves in quadrature. There 
fore, the impedance has the form 

2=-i ,2:'tgK a=-i.:2:'k a l.. 
z z 0), 

2 

where ~, and K are the interior characteristic impedance and wave num 
ber, respectivel~. If we put into correspondence the radial function u and 
the tension, (du/dr) and current, we can see that the R-quantity(3) 

R = tgKa = l. 
Ka 0 >-

2 

coincides with 2 Ii ::J:.'Kza. By connecting 
S = e 2i So one obtains, respectively, 

R with u=e2idO 

.5'0 + ka = arctg (~ tgKa) 

, and 2 with 

where k, kz' ~ are the exterior wave numbers and characteristic im
pedance, respectively, and K the interior wave number. We have seen 
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that ;;z: (~') corresponds to the nuclear L(L') quantity. In our case we 
have L/L' =k/K. The considered waveguide is equivalent to a transmis
sion lossless line, short-circuited in z=O and with the characteristic 
impedance discontinuous at z=a. It is well known(6) that the circuit equ!. 
valent to a transmission line portion of characteristic impedance.;(:', and, 
therefore to a cavity £.', jJ-', is a ladder network with as many antir!C 
sonant circuits LX C>. (where LA is in parallel to C>-, and L)", Cx are 
determined by~') in series among them as the transmission line or ca
vity modes are. In this way we have obtained the electrical circuit equi. 
valent to our scattering problem: the nuclear potential determines the 
quantity L' =aK and, thus, the circuit characteristics. 

Now we mention the analogy between resonance widths and re
ciprocals of the quality factors. We know that the lack of energy defi
nition of metastable structure level is expressed quantitatively by the 
resonance width IX, relative to that level. The indetermination in the 
frequency definition of a cavity pro~r I!!.0de can be expressed quantit~ 
tively by the -.9uality-factor Q).. = W>. w).. Ip).. , where w). is the resonant 
frequency, W).. the total time-average energy stored in the cavity for 
W = W,,-__ ~n£ Px the time-average power lost through the guides(4). The 
ratio_W Ip represents the retaining -time 1:" of a pulse into the cavity(9) 
and W reaches a maximum in correspondence to each resonance fre
quency(10). Therefore, the retaining-time becomes maximum at the r!C 
sonance frequency. Thus, for fIJ = WA, 1: = '.I. =Q X Iw.I. represents the ca
vity de-excitation-time relative to its ).. -mode, as well as 'rj.lf)., repr!C 
sents the life-time of the A -state of the metastable structure. 
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