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The application of polology methods to direct nuclear reactions 
has proved useful in the analysis of the transfer of a single particle by a 
system of particles (e. g. nucleon-nucleus interactions)(l). This new ap
proach provides additional insight into the limitations of the usual approx2 
mation schemes (e. g. the tlutler stripping theory, the Distorted- Wave 
Born Approximation) and has sugge sted new calculation schemes and exp~ 
riments. Recently, attempts have been made to reformulate the usual di
rect interaction theories for rearrangement scattering of nuclei by nu
clei (2, 3), but the results so far obtained are not always satisfactory. 

Our purpose is to extend the Feyntnan diagram techniques, which 
are successful in the nucleon-nucleus case, to the transfer reactions bet
ween two complex nuclei. 
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The triangular graph de
scription of a rearrangement pro
cess with a neutron transfer repre
sented in Fig. 1 is a very reasona
ble physical way of representing the 
well known tunnelling process(2J. 

The rearrangement pro-
cess 

(1) a + (b + c) - b + (a + c) 

8 FIG. 1 - Graphical representation is assumed for the reaction A(a, b)B: 
of a tunnelling process. the reaction proceeds by the tunnel-
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ling of the particle c from the bound state b + c to the other a + c, whi 
Ie the "cores" a and b scatter via the Coulomb potential. In the si~ 
plest formulation of this process(2), the particle c is a neutron and the 
low energy case is considered, so that the scattering effects of all po
tentials except the Coulomb interaction can be neglected. Therefore, in 
our approach the nuclear amplitude vertex parts (form factors) descri
bing the virtual decay of the nucleus A and the virtual synthesis of the 
nucleus" B are assumed constant (zero range interaction). 

According to the Feynman diagram rules, the amplitude Mfi 
of the process represented in Fig. 1 has the form 

(2 ) 

and is connected with the differential cross section in the centre of 
mass system by the relation 

(3 ) 4 "'"i L<f Pc -v ~-
- (27i:)· Pi 
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where si denote spins, Mi their z - components, mi the masses, ~i 

the reduced mas·ses, ki and Ei the moments and energies, Pi and Pf the 
moments in the initial and final channel, V the normalizing volume. The 
vertex amplitudes Mjf, calculated in the usual one-particle model with 
the assumed zero-range interactions, are the following constant quanti
ties 

(4) 'ti {~II 2 . (.jk P/2 
LL 3/2 2' i'-Jk 1 J 
r·jk V 

where e:jf is the binding energy of the j or k particle in the nucleus 
j and r i the reduced vertex part, a quantity related to the spectrose2. 
pic factor of the nucleus i . 

It is convenient to introduce the Coulomb potential scattering 
amplitude f (kIa' k

2b
, E) connected to the M-amplitude by the relation 

(5) 

kia and k2b being the relative moments before and after the core-co
re scattering, and E the centre of mass kinetic energy for the scatte 
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ring process. The Coulomb amplitude f satisfies the following integral 
equations 

(Sa) 
2.<. bZ Zbe2 

k - a a 
I( la,k2b,E) = -,_ _ \2 
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(6 b) 
2 ~ - - -Z. Zbe f(k ,k, E)dk 
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If the particles "1" and "2" were on the mass shell (i. e., the moments 
would be connected with the kinetic energies by the relations Ei = kr I 
12m), one obtains the well-known on-energy-shell (kIa = k~b) (2,AabE) e~ 
pression for the Coulomb amplitude. The exact off-energy-shell solu
tion of Eqs. (5) can be written in terms of complicated hypergeometric 
functions(4). 

Let us consider the integral 

(7 ) 

and express the moments k13' k23' k1a, k2b of the relative motion of 
particles "1" and "3", "2" and "3", etc., and the energy E in terms 
of the integration variables k3' E3 and the channel moments Pi, Pf 
(c. m. system) 

(8a) 

(8b) 
_ _ mb 
k --p k3 2b - f - m +m 

a b 

(8c) 

The integration over E3 can easily be performed by considering only the 
on-energy-shell contribution to Coulomb amplitude. By using the residue 
method and trivial kinematic relations, one obtains 
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(9) 

• 
( 2 + ,- 13) 2 £ 23 
k13 2m13 c.. A (k23 + 2m23 A) 

Therefore, the amplitude Mfi in the on-energy-shell approximation takes 
the form 

(10) M =-
fi 

wherect=(-2Jr V2;«- .kE-jk )1/2.c:::s
k

s.,M
k

M.1 s.M .) andthemomentum 
J 1 J J 1 1 

tr~nsf:.r inJ:he £2re-core scattering is ~xpr.!'ssed as \ kla - k2b \ = k3 + 
+ Pi + Pf = k3 - A. The amplitude f( I k3 - [:.\) is the usual Coulomb am
plitude. It is assumed rnA>'> m3, mB '» m3 (the particle "3" is a neutron). 
"The amplitude of the triangle graph in Fig. 1 expressed on-energy-shell 
by Eq. (10) corresponds to the amplitude obtained by Greider (Ref. (2) for
mula (33)) in the T-matrix formalism; the integral (10) can be evaluated 
in the same way': 

The on-energy-shell approximation is supported by the satisfa£ 
tory results so far achieved by the Greider method. However, it is wortQ. 
whil e to look for a rigorous justification of this approximation and provi
de a mathematical estimation of the off-energy-shell contributions. Now 
we attempt to carry out such an investigation, by taking into account the 
exact expressions (6) for the Coulomb amplitude in the integral (7). 

The success of the description based on the triangle graph of 
the Fig. 1 points out the dominance of this mechanism with respect to the 
pole graph corresponding to a simple neutron transfer, without Coulomb 
scattering. The predominant role of the triangle graph is mainly due to 
th e large contribution of the four-ray Coulomb vertex amplitude. It occurs 
in spite of the considerable remoteness of the triangle singularity in co~ 
parison with the pole from the physical region boundary and shows that 
the relative role of different mechanisms is determined not only by the 
position of the singularities, but also by the magnitude of the vertex fun£ 
tions. 

This preliminary attempt to calculate the direct heavy-ion am 
plitudes by using the Feynman diagrams points out the possibility of ap
plying the general dispersion relation methods to the new field of research 
concerning the complex nuclei interactions, which has been opened by 
Tandem accelerators. 



5. 

ACKNOWLEDGMENTS. -

The authors are deeply indebted to Prof. C. Villi, for discussions 
and for his continuous stimulating interest in the subject of this work. We 
would also like to thank Prof. D. A. Bromley for useful communications 
and for his illuminating suggestions. 

REFERENCES. -

(1) - 1. S. Shapiro, in Selected Topics in Nuclear Theory (F. Janouch, 
1. A. E. A., Vienna, 1963), p. 85; L. D. Blokhintsev, E. 1. Dolinsky and 
V. S. Popov, Nuclear Phys. 40, 117 (1963)i H. J. Schnitzer, Rev. Mod. 
Phys. 37 , 666 (1965); 1. S. Shapiro and S. F. Timashev, Nuclear Phys. 
79, 46 (1966). 

(2) - K. R. Greider, Phys. Rev. 133B, 1483 (1964). 
(3) - K. R. Greider, Ann. Rev. Nuclear Sci. ~, 251 (1965); 

D. A. Bromley, in Recent Progre ss in Nuclear Physics with Tandems 
(W. Hering, Heidelberg, 1966); A. Dar, ibid.; D. A. Bromley, in Nu
clear Structure and Nuclear Reactions (Inte rnational School of Physics 
Enrico Fermi, XL Course, Varenna 1967). 

(4) - L. Hostler, J. Math Phys. ~, 591 (1964), ~, 1235 (1964). 
J. Schwinger, J. Math Phys., 5, 1606 (1964). 

If: 79 




