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1. INTRODUCTION -

It is well known that the cross section of nucleons elastical-
ly scattered by light nuclei shows a structure of well resolved resonan-
ces at the low energies. In some cases the average behaviour of the in-
teraction and some broad resonances have been well accounted for using
a single-particle potential model. An example is given by the interaction
of neutrons with the even-even light nuclei 4He, 12C, 160, In these cases
it has been possible to reproduce the behaviour of the non-resonant phase
shifts, and the following single-particle resonances:

- The 3/2% level in the n-160 process (neutron energy in the laboratory
frame E=1 MeV; total width of the level " =106 KeV)(l).

- The 3/2" level in the n-%He process (E=1.3 MeV; I =1440 KeV)(2),
- The 3/2% level in the n-12C process (E=3.67 MeV; " =1200 KeV).

In spite of these results, the model is unsatisfactory, becau-
se many narrow resonances are found by experience, which can not bere
produced by this simple mechanism. We investigate here the possibility
of explaining these narrow resonances by means of the coupled channel
theory(3), which takes into account the internal degrees of freedom of the
target nucleus, Until now this method has been successfully applied to the
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high energy nucleon-nucleus interaction(4): « « (7)_In this paper the me-
thod is applied to the n-12C scattering process in the elastic region,
taking into account the virtual excitation of the first target level, which
is supposed to be collective,

The n-12C process seems to be an ideal case, in order
to check the possibilities of the model. The reasons are as follows:

- The experimental knowledge of the interaction is complete and detai-
led: many measurements of integral and differential cross section,
and polarization, are available in the literature(8,9), From these ex
perimental data, a set of phase shifts has been unambiguously extra-
cted(8)(10), We shall refer throughout to the phase shifts behaviour vs
energy, which summarize coherently all the experimental information
available,

- The collective nature of the 12C low energy spectrum has been already
emphasized in the literature(11),

The analysis has been carried out in three steps, employing
the following interaction potentials: (1) a spherical square well potential;
(2) a deformed square well potential; (3) a deformed potential with a Woods-
-Saxon radial form, This approach gives a complete phenomenological sur
vey of the interaction, and leads to a step by step formulation of the inver
se problem (determination of the potential parameter from experimental
data).

The physical reliability of the model here employed is limi-
ted mainly by the following approximations:

- Only the first 2% excited state is supposed to be effective in the target
nucleus,

- For the low energy states of the target nucleus,harmonic oscillator wa
ve functions are assumed, whereas the realistic states would be more
complicated, as shown in references(11, 12),

In spite of the these limitations, the model seems to work
quite well, as demonstrated "a posteriori' by the good results obtained.

2. SINGLE-PARTICLE MODEL, SPHERICAL SQUARE-WELL POTENTIAL

A single-particle potential taking into account the gpin-orbit
coupling, reads:

(1) Vg(r)=—U0f(r)+USO(-ﬂ.’-g)(]ﬁ/Mnc)z- (1/7)(df/dr),



where U, and Uy, are positive parameters for attractive forces. For a
square well shape, the radial dependence is given by

(2a) f(r)=1 for rsRy
(2b) f(r)=0 for >Ry
(2¢) df/dr=-6(r-Rg).

By inserting eq. (1) into the radial Schrddinger equation
(3) [T£+V(r)—ECM)ujz(r)=0,

one obtains the connection between the phase shift and the unknown para-
meters of the potential:

(4) Pz(ﬂo)cot[6j2+¢£(pu}]=sz.

The expressions introduced in eqs (3) and (4) are defined as follows (for
details see ref.(ls))

el s =[H2/2M](—d2/dr2+£££iil)= kinetic energy
k r2 °. of relative motion,
+
(5b) xj£=ug(FE_1(uo)/F£(uo)]mEnSE%Do)+xj£,
- 2 )2 .
(5¢) X3g==Ugo(2ZH/H2) (H/M c)2(T-E),
(5d) po/Ro=v(2M ECM=externa1 momentum,
(5¢) wo/Ro=V(ZM/RZ)(E,+Ug)=internal momentunm,
(5f) _ e
@2(9g)-arctg(FE(pg)/GE(pg)]- hard-sphere
scattering phase shift
(5g) Pa(pu)=pg[Fi(po)+Gi(oo)]’l=penetrability,
Sﬂ% )=P (pg) |F,(pg)F (pg)+G,(py) -
(5h) 2(P0)=P (o o) (Fy(po)Fy 1 (po)*G, (pg)Cy ;(po))-2=

=shift factor

e



4,

with M, = pion mass, M=reduced mass of the nucleon-nucléus system,
Fy ahd Gy, regular and irregular solutions of the Schrodinger equation

for positive-energy channels.
We assume that the depth of the central and spin-orbit part of

the potential, are slow varying linear functions of E (neutron energy in
the laboratory frame):

(6a) Uezu$ P+u§ Ve,
1 (0) 1
(6b) U o= +ul Ve,

Ne%lecting the two narrow 3/2+ and 5/2+ resonances, the
parameters Ug 0) and UO(I) havebeen evaluated for a particular value of
the square well radius Ry from the S - wave behaviour and from the exi
stence of the 1/2% bound state at -4,14 MeV, respectively.

(0) (1)

The parameters Ug, and Ug, are calculated from the energy
and the: width of the 3.67 MeV, 3/2% level.

The nuclear radius is assumed to be defined by the well known
relation Ro=r0A1/3, A being the target nucleus mass number.

The relation between the potential parameters and the energy
ET and total width ' of a resonance are obtained by inserting a Breit -
Wigner one level formula in eq. (4):

r b S r
(7a) -P,(E")tgo , (E )-ij(E )
- idx.z
(7b) r.,==2P, (E )/[——1—
] dE E=ET

It can be easily seen that ¢, for £>1 can be neglected in calcu
lations, in the energy range here considered, In this approximation eq.
(’7a)becomes

r =
(8) XjB(E )=0

The parameters so obtained are listed in Table II, 1), for two
different values of the parameter rg,, while the calculated phase shifts a-
re shown in fig, 1, In Table I, 1) the calculated parameters of the level a
re compared with experience, The agreement is in this case complete._

The choice of the radius is not crytical, No appreciable diffe



rence exists between the phase shifts calculated by parameters of Table
11, 1a) and II, 1b). The very well known approximate relation RgUOS:’ con
stant, is seen to be satisfied.
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FIG. 1 - Phase shifts calculated by parameters of table II, 1), compared with
experlments Experimental points are taken from refs (8) and (10),
The 5/2 level and the first 3/2% level have been dropped. The pha-
se shifts of the P doublet, both theoretical and experimental, are indistin
distinguishable in the figure.

We may conclude that the square well spherical potentialis abletore-
produce all the features of the interaction, if one neglects the two narrow levels,
By changing the radial shape of the potential, one can only modify energy and
width of the level already obtained, without reproducing new levels,

It can be pointed out finally that the values obtained for the Uo(l)
and Ugy parameters, are very small. In the next paragraph these parame-
ters are dropped, and U, and Ug, @are taken constant in energy.



TABLE 1

Level Parameters

. Exprrimental Calculated values
values
E' (MeV) T (KeV) | 1) Square well 2) Square well deformed 3) Woods-Saxson
central potential potential deformed potential
i
a) r0=1.25fand a) r.0= 1.3 £ b) ry = 1.4 f Ty * 1.5 £
b) ry=151
E'Mev) | T (KeV) | EN(MeV) | T (Kev) | ET(MeV) | T (Kev)| Ef(Mev)| ™ (Kev)
5/2" 2.08 7.9 2.14 0.7 2.03 3 3.09 1
3/27 ||  2.95 90 2.95 39 2.97 114 2.90 212
3/27 || 3.67 1200 3,67 1200 3.69 130 3.65 178 3,70 1395
5/2° e 3.05 0.01 3.37 11 o )
TABLE II
Potential parameters
3) Woods-
1) Square-well central potential A) Squere-well de- Saxon deformed
formed potential -
potential
(a) (b) (a) (b)
rg (f) 1.25 1.50 1.30 1.40 1.50
U, (MeV) 65.58-0.818E (MeV) 46.91-0.458E (MeV) 61.91 53.25 44,60
Uso (MeV) 11.89-0.140E (MeV) 17.06+0.223E (MeV) 18.30 18.50 10. 00
A = - 0.041 0.065 0. 080
a (f) - - - - 0.5




3. CHANNEL COUPLING MODEL -

+
Let us consider now the coupling between the 0 ground state and
the first 21 collective state of 12C (energy of the level g9 =4.43 MeV),

For details on the model see references(5,6,7),

In this case the hamiltonian, for the neutron-nucleus interaction
in the centre-of -mass system, reads:

(9) H=Tg(r)+Ht(E)+V(F,£)

where ?(s r, 0,4 ) is the coordinate of the relative motion:?stands for the
angular coordinates of the target; Hi(¥) is the target hamiltonian. The in-
teraction potential V(r,¥), for weak deformations, can be developed as fol
lows:

(10) V(F,£)=V0(r)-vz(r)BRo/MwIS-Zq(-l)qY;q(B,¢)T3(€)-

Vo(r) is defined by eq. (1), while
(11) Va(r)==Ug(df/dr) .

/5 is the deformation parameter and Td is a II rank spherical tensor. The
definition of A and TY requires the specification of the rotational or vibra-
tional character of the model.

In the rotational case the surface of the nucleus is assumed to
be permanently deformed, and /4 is defined by R(0,¢)=R (1+/5Yg(0,¢') :

In the vibrational case the nuclear surface exibits small instan
taneous deformations expressed bv the collective variables .
Ok R(6,¢) = Ro[I + I_a_Y1(0,¢)|, In this case / is a dynamical defor
mation parameter defined by the reaction:

A= (01z | %l®l0),

Let us expand now the total wave function V’JM(—r’,'f) as follows:

JM, + B J JM
(12) VR, e =/ 5 uTs, (0TS (0,0,8),
where
JM 2 a
¢Ij£(e,¢,£)= Z. C (jm Imp; FIJM) -
(13) m ,m ,m
I {5 S mI " mgﬂ ms
C (em smgy fsjm) ¥ (8) {17Y “(6¢)} -+ y
L I A s
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is obtained _l_)'_y coupling the neutron spin § with the angular momentum of rela
tive motion £ , and the resultant ] with the target spin I

Then, introducing the excitation energies of the target levels, &y,
which are supposed to be known

(14) (Hp (&)= )V} jai! £

one obtains, from the hamiltonian (9), the following system of coupled differen
tial equations:

(15) szz((T£+eI- ECM)GI,Iﬁj,j6£,z
JM JM =
+<°I'j'£' IV|¢Ij£>)UIj£-O|
The calculation of the matrix elements <4> o VH: > in eq.
elolar'get wa

(15) requires the specification of theIl rank tensor Tq(‘f} and of th
ve function YMi(¢ ), Therefore the result, given bglow depends on the vibra
tional or rotational nature of the target level:

J J .
(16) <¢I,j,z,|V|¢Ijz>-vo(r)—V2(r)BngI,j.2.;Iji-
U\i'j'ﬂ,"ljﬂ is given, for the rotational and the vibrational case respectively, by
(17a) jHjr-I+g+s(2-2"

1
((22+1)(22"+1)(2341) (23" +1)(21"+1))Z2
C(I'0203I'2I0)C(L'0%032'220)

WO I JEgd2IMeriet4s82),

wI'j'E';ij.(Vlbr'):wI'j'ﬂ';IjQ(rOt')(l-GI'I)'

(17b)



9.

The C(jlmljzmz; j1i 9 m) and W(abcd;ef) of eq.(17a) are the
Clebsch Gordan coefficients and Racah coefficients(14).

The phase shifts <§\J-Q‘ are then calculated from the asymptotic
behaviour of the elastic channel radial function

248,

~tt Jet
(18) uoji"ll(pg)-e 0,(po),
where
19 *oa s
(19a) I,%6,=iF,
and
19b tig 2
(19b) 0,26, +iF,

are the ingoing and outgoing waves.(13),

3. 1. - Deformed square well potential, - As far as we consider the coupling

between the ground state (I=0) and the
first collective level (I=2) of an even-even target nucleus, the number of cou-
pled channels to be considered, taking into account the total momentum and
parity conservation,is N £6, including the elastic channel. Let us classify the
se channels by an index A =(Ij&) (A=1 standing for the elastic channel), Then
by solving the system (17) under the assumption that the 2% level is virtually
excited, and that the radial dependence of the potential is a square well €d.

(2) , the following expression for the th phase shift is obtained:

1L L
(20) pncp(,)cot(ajﬁwltpo)):l)?’ JoE vy

where D‘]Q' is a symmetric determinant of order N

x1+u11 012 a3 — 1N
a2 Xptay, 03 2N
38
(21) Dl e 013 a3 Xztasgy 3N
1N a2N a3N taun




10,

and D']Q' is the determinant obtained by dropping the first row and the first
column in DI¢,

The function x4 =X i is defined by eq. (5b), while for the inela
stic channels ( A > 1), the follovaing expression must be used-

(=)
(22) xk(hl):xzjE=u2(F2_l(u2)/F£(u2)]-L-SL (92)+){j2,
where
(23a) pZ/Ro=v’22M7BZch-ECMbexternal momentum for

coupled channels

up/Rg=v(2M/%?) (Eqy*Uo-e2)=internal momentum

(23b) for coupled channels,
and S‘(c;) is the shift factor for negative energy channels.

The coefficients °§,\h are given by the evaluation of the angular

. J g

part of the matrix element <¢I'j' IY {v) ‘blj Q>

They are related to the Wyr) ydefined in eqs (17); as follows:

- o 2 2 h

(24) o) 1y Eeprsg ;Ijg‘BUORO(ZM/H )wI'j PARSETE

When A equals zero, eq. (20) reduces to eq. (4) as expected.

In the vibrational case all. matrix elements between inelastic chan
nels vanish (see eq. 17b), and the phase shift equation (20) assumes the very
simple form

N
- 2 2
(25) P,(po)cot(s,, +o (pg))=x1-8 ;zz(uii) Py 5
where
(26) g e Ui

It is interesting to note that, as expected, the phase shift (25)
depends on the square of the coupling constant /4, while in the rotational
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case (see eq. 20) an explicit dependence on the sign of /A, (i.e. on the pro-
late or oblate form of the ellipsoidic target nucleus) is observed.

Let us extend now the calculations of %2, under the assumption
that the 2% excited state of 12C is a vibrational level,

The energy and width of a resonance, in the approximation ¢£ << 1,
are immediately calculated from eq. (25):

N

(27a) x (EF) = g% § (a' )/x (ED),
A=2 1 A
dx
(27b) r = - 2PE<EI‘) {[—l] +
dE =gl
N dx -1
80 1 (a2 [-—-l} /%2 (ETY) .
A=2 1A dE A

For small deformations, a firsi approach to calculations can be gi-
ven by investigating the behaviour of eqs (25) and (27) in the limit /A-»0, It
can be easily recognized that, for /3 sufficiently small, the spectrum is com
posed by single-particle resonances at the energies satisfying eq. (8), whose
widths are given by eq. (7Tb), and by ''collective'' resonances with ™0, whe
never the equation

(28) - 4% (E)=0

is satisfied, In other words, as A approaches to zero, the ''collective' reso

nances become infinitely narrow, and tend to definite energy positions, which
depend on the parameters of the central potential, This very peculiar situation
is a consequence of the '"non perturbative'' nature of the method, Since every
inelastic channel (I1=2, j, %) is coupled in general with more than one entrance
channel (I=0, j,L ), we have some degeneracies, which are listed in Table III,
As A increases, the levels en large and the degeneracies are removed.

We start our calculations from the parameters of the spherical po-
tential (Table II, 1), assuming a very small deformation. In this way the spec
tra of Table IV are obtained, It can be immediately recognized that the model
is able to generate, at the energies considered:

- one single-particle 3/2+ level,

- one "collective'' 3/2% level,

- two "collective'" 5/2+ levels,

- other "collective'" levels with j »5/2.

At the low energies considered by us, the levels with very high

) 6 !
Y I
7 .
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TABLE III

Structure of the ""collective' spectrum foreseen by the square well defor-
med potential in the limit 4> 0

Lj.?,(x) JF (x)

2,1/2,0 3/2%, 5/2"

2,1/2,1 3/27, 5/27

2,3/2,1 1/27; 312, 5/2 1/
2.3/2.2 1/2+, 3/z+, 5/2+, 7/z+
2,5/2,2 1,2%, 3/2", 5/2°, \7/z+, 9/2"
2,5/2,3 1/27, 3/27, 5/27, 1/27, 9/2”
2,7/2,3 3/27, s/27, 1/27, 9/27, 11f2"
2,7/2,4 a/2”, 52", 172", 972", 11727
2,9/2,4 5/2+, 7/2+, 9/z+, 11/z+, 13/2+

(x) - The quantum numbers of the first column refer to the channel fun-

TABLE IV

ction xp;5 . At the energies where x1jp =0, resonances of quantum
numbers J® (listed in the second column) are observed.

Levels calculated by the potential parameters of Table II, 1a and II, 1b in the limit

A0
a)r.=1.25f b)r. =150 f
0 0
I L(x) ch(x) e .
L EfMev) | Fkev) | EN(Mev) | P (Kev)
0,3/2,2 | 3/2" 3.67 1200 3.67 1200
+ +
2,1/2,0 | 3/27, 5/2 5.40™) 0 4.16 0
+ + + + +
2,9/2,4 | 5/2,17/2,9/2,11/2 ", 13/2 = = 4,32 0

(x) - See footnote on Table 11I

(x) - This value has been obtained by exirapolation
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angular momentum (L =4,6) can be disregarded. Then the problem is only
to increase A and vary slightly the phenomenological parameters, in or-
der to reach the best agreement with experimental energies and widths of
the resonances, But, since two possible 5/2% levels are foreseen by the
model, while one only 5/2% resonance has been till now experimentally
found, the problem arises to identify the 5/2% experimental resonance at
E=2.08 MeV:(i) either with the level 5/2% (2,1/2,0), (ii) or with the level
5/2% (2,9/2,4) of Table IV(X),

Let us consider in detail these two cases:

+ +
(i) As A increases, the degeneracy of the states 5/2 (2,1/2,0) and 3/2
(2,1/2,0) is removed, but the two levels cannot be separeted in energy
as much the experience indicates. The calculations show that, under the
hypothesis (i) the three levels cannot be reproduced simultaneously at
the observed energies;

(ii) Under the second hypothesis the positions of the three levels can be re
produced exactly, if one assumes rpo ranging between ~ 1.3 and ~1.4f,
Table 11,2) gives the potential parameterﬁi\ghich reproduce correctly the
resonance energies, and Table 1,2) showsYwidths calculated from these
parameters, The best agreement with experience is given by the value
ro=1.4 f. The phase shifts calculated by means of these parameters (Ta-
ble II,2b) are shown in fig, 2. An obvious extension of the model is then
the introduction of a deformed potential with a more realistic diffuse ra
dial shape. In the next paragraph, the influence of the diffuseness on the
"collective'' levels will be widely investigated, with particular reference
to the behaviour of the 5/2+ (2,1/2,0) and 5/2+ (2,9/2,4) resonances.

3.2. - Deformed potential with a diffuse radial shape.

The usual Woods-Saxon form
(29) f(r)={1+exp((r-Rg)/a)}"!,
is introduced into the radial part of the interaction potential (10), through

eqs (1) and (11).

The coupled equations (15) are then integrated numerically, by
means of the 7094 IBM Computer, and the phase shifts are obtained from
eq. (18).

(x) - Now and in the following, when necessary, the levels will be indicated
by the symbol 7= {r, i, € ), with explicit reference to the quantum num-
bers of the channel which generates that level in the limit /A->0,

36 ¢
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Since the square well can be considered as a Woods-Saxon well
in the limit a -+ 0,we have calculated first the effect of a very small diffu
seness on the levels, starting from the parameters of Table 11,2b. The re
sults are shown in Table V, The levels 3/2% (0,3/2,2), 3/2% (2,1/2,0) and
5/2% (2,1/2,0) remain practically unchanged, while the level 5/2% (2,9/2,4)
is dropped by the introduction of a very small diffuseness (a=10-2f), This
can be explained since this level, being generated by a coupled channel with
L =4, is highly influenced by small surface effects! XSY Owing to the impossi
bility of improving the data of Table II,2b) by the introduction of a diffuse-
ness a#0, we have undertaken an independent paramenter analysis of the
experimental data following the procedure here outlined:

+
Assuming rg=1.5f and a =0,65 f( ), the parameters Up, Ugg and /5 have

TABLE V

Effect of a small diffuseness a on the spectra calculated by the square well deformed po-
tehtial (the parameters are those of Table II, 2b).

a(f) J.’E- ([l j: "2 )

+ + + +

5/2 (2,9/2,4) 3/2(2,1/2,0) 5/2 (2,1/2,0) 3/2 (0,3/2,2)
E (Mev) [T (Kev) | B (MeV) | (Kev) | R (MeV)] I (Kev) | 25 (Mev)| I (KeV)

0 2.03 3 2.97 114 3.37 1 3.65 178
0.01 : - 3 382 3.5 S 867 407
0.015 = - 3.05 423 3.6 ) 395 445
0.02 . - 3.07 460 3.35 X 380 319

(x) - These very small widths have not been evaluated because too long compultation ti-
mes were necessary

(x) - To obtain deeper information on the mechanism of the model, we ha-
ve calculated the spectra obtained by the parameters of Table II,2b)
(square well deformed potential), assuming the 2% excited state of the
target to be a rotational level. The results are that the levels 3/2%
(0,3/2,2), 3/2% (2,1/2,0) and 5/2% (2,1/2,0) remain practically unchan
ged in position and width (so that the rotational or vibrational nature of
the target could not be decided on the ground of these results only),
while the 5/2% (2,9/2,4) level ig shifted in energy by an amount of 1.5
MeV, toward the high (/A < 0)or the low (/2> 0) energies, This is a fur
ther indication of the high instability of that level,

(6)

(+) - This is the value assumed for high energy scattering calculations
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been varied, until the double resonant 3/2+ phase shift has been well repro
duced, The values Up =43 MeV, Ugg =10 MeV, /3 =0,08 have been so obtai
ned, Differences of 5% in Uy, and of 20% in Ug, and 4 were sufficient to
change completely the phase shifts behaviour,

Then, by slight variations of all parameters, with the exception of
Iy, fit of both the 1/2+ and 3/2% phase shifts behaviour was obtained. The
potential paramaters are listed in Table 11,3), The corresponding phase shifts
and level parameters are reported in fig, 3 and Table 1,3) respectively™/.

Since the energy position of the 5/2"' level is not correct, we have
analyzed the dependence of this level on the parameters rp, U, Ugo, /A and
a, around the values of Table II,3). The conclusion was that in no way the e-
nergy position of this level can be reproduced, This means that even the per
turbation introduced by the diffuseness is insufficient to remove completely
the degeneracy of the levels 3/2% (2,1/2,0) and 5/2% (2,1/2,0), which was
found in the limit /A -0 and a0,

+
We are able now to draw the final conclusions on the two 5/2 "

lective' levels:

co_l_

The assumption (ii) seems to give the best agreement with experien
ce in the square well approximation (a — 0), but the 5/2% (2,9/2,4) level is
too sensitive to small variations of the potential parameters.

In particular it is completely cancelled out by the introduction of a
very small diffuseness, Furthermore, under the assumption (ii) the second
level 5/2% (2,1/2,0) is still present between ~ 3 and ~ 3.5 MeV.

The assumption (i) gives rise to a much more stable resonance,
although the level 5/2% (2,1/2,0) could not be placed exactly at the experimen
tal energy, This discrepancy could be ascribed to the limitations of the mo-
del, which considers the excitation of only one collective state in the 12¢ nu
cleus,

As a final remark, it can be pointed out that the values found here
for the Woods-Saxon potential parameters (rb, Ugs Uggs a) are in good agree-
ment with values reported in literature, as obtained from analyses of bound
single particle states(15) and scattering reactions(6),

4. SUMMARY AND CONCLUSION -

The n-12C elastic scattering process has been analyzed employing
a single-particle model and a channel coupling model, The spherical poten-

(x) - The uncertitudes in the parameters of Table 11,3) are: AUy /Ug " 0,01;
AUSO/USO ~ Aafa ~0.05, AA/A ~ 0.1,
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tial is able to reproduce the behaviour of the non-resonant phase shifts, and
the broad single-particle resonances., The introduction of a deformed poten
tial gives rise to new possibilities of excitation of the n-12¢C system, becau-
se the internal degrees of freedom of the target nucleus are taken into account,
The complete experimental spectrum is so reproduced, and a rather satisfac
rory agreement with the experimental phase shifts is obtained, in spite of the
simplifying assumption introduced.

Investigations on the behaviour of the model when the deformation
/4 approaches to zero give useful information about the mechanism of gene-
ration of the ''collective'' resonances.
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