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1 - INTRODUCTION. 

A general method for phaseshift analysis of single char.nel reactions 

is outlined. The purpose of this paper is to Rive a complete survey of this 

subject l - 6l , in order to relate the phaseshift ambiguities closely to the 

mathematical structure of the cross section and to allow the quick numeri-

. cal calculation of all mathematical phaseshifts compatible with input data. 

The method is outlined for the general case of arbitrary maximum orbital a~ 

g.ular momentum, and discussed in detail for S, P and D wave analyses. 

2 ~ OUTLINE OF THE METHOD. 

The differential ' cross section for the scattering of neut rons by ze r o 

spin nuclei is given by 

(1) 
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where 

(2a) 
o 0 

a = C cos 2 J 1 - l) + i sin2 J 
o 1 

C2b) 

C 2c.) = exp (2i J L
2L

+
l

) - exp C2i JL ). 
2L-l 

and 

(3a) 

C3b) 

[L is the phaseshift for the interaction in the state of orbital angular mQ 
2J 

mentum J . = L + ~; and 0( L = L + 1. ;1L = L. Let Lmax be the maximum orbital 

angular momentum involved at the considered scattering energy. Eq . Cl) can 

be wri tien as 

C") 
2Lmax 

" = ~ 
N=O 

where the coefficients AN' expressed in terms of the real and imaRinary part 

of aL and bL' are determined by the least souare fit of the measured angular 

distribution. Using the optical theorem 1m fCOO) = «2/" 1t' ) G" C K). where 

fCOO) = E LCClL /2il. and the relation K2o-(00) = [RefCOo>J2 +[imfCOO>] 2 . 

one obtains 

CSa) 

1 

I 
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(Sb) 

where in the case of L = Lmax 

(6a) 

(6b) 

.n. . h' f . +) V be1ng t e s1gnum unct10n 

(7) 

Since VL is a real quantity, the angular distribution coefficients max 
must obey the condition 

(8) 

The following procedure will be entirely based on Eqs.(3); the importa~ 

c~ of these equations arises from the fact that they allow the determination 

of the two phaseshifts corresponding to a given L ~ 0, provided all other ph~ 

seshifts are known. The solution of Eqs. (3) in compact form may be written as 

(ga) cos2 [L = 
2L+l 

sin2 .r~ = 
L+1 

(9b) 

(9c) cos2d L = 
2L-l 

(9d) sin2 .r~L_l = 

(+) - Unless otherwise stated the 
function. 

F+(..!2 L, uL' vL)/O<L' 

F+(.JlL, vL' -uL)/o( L' 

F_(.12 L, Uv vL)/,AL' 

F_(.llL' vL' -UL)/t1L, 

symbol J2 will always be referred to a sgn 

3~ 
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where 

(0) 

E~s . (9) show that the e vident ambig uity i mplied by Eqs. (3) is described by 

the. sgn funct ion .J1 L' (In the particular case of L=l , thi s ambiguity corr~ 

sponds, in the neut ron-He 4 scattering , to the norma l or inverted doub let, 
-.,.+ 

which is kn o wn as the Fermi-Yang amb i guity in the It -proton case). 

Since we consider elastic scattering only, the following inequa lity 

must be satisfied, in order to ens ure that the L phaseshifts be real 

(11 ) 

A geometrical representat ion of Eqs. (5) is shown in Fi g . I, which visually 

demonstrates the two doublets. 

In order to evaluate the S phaseshift, it has been found convenient to 

start from the coefficient Ao ' the ge neral express ion for which is found from 

Eqs. (1), (2), (3). 

(2) 

where 

(l3a) 

(l3b) 

<>0 

= 2: (_llN r 2N 
N=O 

(2N+l) ! 
(N! ) 2 

After some length man i pulations, using Eqs. (5), (12), the S phaseshift is 

still found to obey Eqs. (9a), (9b), where now 

(l4a) 

(l4b) 

I 
I 



(14c) 

04d) 

- S -

«. = 1, 
o 

It .may be remarked that the sgn function ~o introduces an ambiguity even for 

the S phaseshift, as does J2 L for higher partial waves. 

3 - SAND P WAVE APPROXIMATION. 

In the Lmax = 1 approximation, Ul !. UL and V = V are determined 
max 1 - Lmax 

from Eqs. (6), so that Eqs. (14) become 

OSa) Uo = (U l -2)/2, 

v = Vl /2, 
0 

OSb) 

(lSc) <io = 1, 

- 2 AN) i. A -/2:. (_UN 
N=O 

(lSd) 

A straightforward calculation gives then J"~, by means of Eqs.(9a), (9b), 

(10), provided condition (11) is satisfied, which in this case becomes 

(16 ) 

The P doublet is ro '. immediate ly found · by means of Eqs. (9), (10), since 

ul = Ul-cos2 cf~ and Vl a V l - sin2J~, are known quantities. The inequality 

(11) now reads 

(7) 

Since the inequality (17) is a condition imposed on the S phaseshift, a pre­

liminary resolution of the 410 ambiguity turns out to be possible in pu rticu-

3' 
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l 'ar cases. The problem is now completely solved, i. e. 2 3 : S. ma,t ,hema.tical 5£ 

lutions are compatible with the input experimental data (3 : number of inde-

pendent ' sgn functions). The choice of the physical solutions cannot obviou: 

sly be made simp ly on mathematical grounds and additional physical informa-

·tion (polarization, continuity prescriptions versus energy, effective range 

approach 7 ) etc.) is required for this purpose. 

The above formulas can be geometrically re prese nted by the linkage sy­

stem shown in Fig. 2 where all possible configurations allowed in Sand P w~ 

ve approximation are drawn. 

4 - S, P AND D WAVE APPROXIMATION. 

In the Lmax : 2 approximation(+), U2 ~ U
Lmax 

and V2 ~ V
Lmax 

are known, 

whereas the unknown quantities Ul and Vl are connected by the following rel~ 

tion 

The geometrical meaning of Eq. (lB) is evident: the point ~Ul' Vl } lies 

on a circle of center I.(U 2 - 3), V2}, and radius R:2 fl{4/l5) A4 : y x 2 + y2. 

Eq. OB)· reduces the mobi li ty of the linkage system to one degree of freedom 

only. It follows that all phaseshifts can be parametrized as functions of one 

variable parameter only. An additional condition between all phaseshifts, and 

input coefficients is then required in order to "freeze" the system. 

(+.) - For easy reference, the angular distribution coefficients in the Lmax:2 
approximation are listed below 

4Ao : la.o /
2+/01 /

2 
+ o..ltljla/ 2 

4Al 
- -v - -4 : 2Re(a

o
a

l
) - Re(a

l
a

2
) + 6 

4A2 : la 12 
1 - 10/ 2 - (312)fa/2 

- - .. - -4 
4A3 : 3Re ( a

l
a

2
) - 6 Re (b l b

2
), 

4A4 ) - 2 : (9/4 la 21 - 9/hZl 2 

Re( a. oa.;) , 

Re 

+ 

- -* (b l b 2 ), 

9/h212 

':{ " u ~. 

+ - -'" 3Re(aoa
2
), 
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Coosin~ as variable parameter the abscissa x = Ul -U 2+3 of the point 

IU1' Vl] , relative to the center of the circle, it is immediately found 

that y = .f2 y Y R2_x 2 • 

All phaseshifts are now obtainable as functions of x. The D doublet is 

determined by taking into account that u2 = 3 - x and v 2 = - y. The determi 

nation of J
O

(+) is carried out by means of Eqs. (15), which now can be writ-
1 

ten as 

(19a) 

(19b) 

(19c) 

Uo = (U 2 - 3)/2 + x, 

01. = 1, 
° 

Finally the P doublet is calculated using the relations u l = (U 2 - 3) + 
° 

+ X - cos 2 J ~, v 1 = V 2 + Y - sin 2 J" 1 • 

Inequality (11) becomes 

This inequality would allow a preliminary elimination of the ° ambigui1:y 

as in the Sand P wave. The linkar,e system for the determination of the pha­

seshifts as functions of x, is shown in Fig. 3. 

The "freezing" condition is now provided by either of the two odd iln-

(+) It must be stressed that the determination of the interval in which the 
parameter x is to be varied, involves tir:leconsuminf! procedures whicll oJre 
more combersome than may first appear. The following restrictive c0ndi­
tions, derived from OU, define, together with the obviollS Ixl .::. R, the 
"accessible" intervals of x: 

16x+'I-R 21 ~ 12, 

l..fl..
v

.I2.
y

IV
2

1 t/rR-:"2-_x-2""_O+ ;1~)+(R2+s2)_(U2-3)xl ~ 2 ~o' 

where 4S 2 = (U2-3)2+V~. 
Inspection of this inequality shows that the domains of existence of pha 
seshifts solutions, depend on the twofold ambiguity of the product sgn -
function../2.. v~?y. 



gular distribution coefficients, for instance by solving the equation 

(21 ) 

with 

sin2 S:) 

+ 

For each value of x, one has in general 25 = 32 sets of phaseshifts, 

corresponding to 5 sgn functions; furthermore the effective number of solu-

tions might be different in each case, depending on the possible manifold of 

solutions of Eq.(21). It must be said however that in practical cases the va 

rious restrictive conditions required by the procedure outlined in Sec. (3) 

and (4) drastically reduce the number of solutions mathematically compatible 

with the input data. 

5 - NUMERICAL CALCULATION. 

A straightforward analogic determination of the Dhaseshifts is made PQs 

sible using the linkage system described in Figs. 2 and 3. A program for this 

' kind of calculations, using digital computers, can be r eadily written , by fol 

lowing previous considerations (Sec. 3 and 4). 

Phaseshift analyses are remarkably simplified, both in the Lmax=l, and 

Lmax = 2 approximations, by using the following 

tities Ub U2 , x, W(x), cos2 J~J are symmetric, 

symmetry properties: the qu~n 

, - L 
and VI' V2 , y, s1n2 cl anti-

2J 
symmetric, against the simultaneous reversal of all sgn f unctions. Such a 

specular symmetry reduces by h a lf the number of phaseshift solutions to be 

calculated. The linkage system, which introduces into the phaseshift analys is 

the element of continuous movement, is a useful device for preliminary ca lc~ 

lation of those single channel reactions for which,the enerr,y dependence of 

phaseshifts is not well known. In fact, the linkage system r eali zes the con­

tinuity prescriptions on the phaseshifts versus encrp,y, which are concealed 
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by standard electronic programming. In particular, the use of the linkage sy 

stem, the degrees of freedom of which are established by the mathemat~cal 

structure of the cross section, might represent in some cases an additional 

criterion for testing the reliability of the experimental dat a (see condi-

tions (8) and (11». Of course, once the general trend of the phaseshi ft b~ 

ha~iour is known, the electronic computer can be used for a precise calcu].~ 

tion, while the phaseshift stability against variation of the data, within 

quoted experimental errors, is readily evaluated by small movements of the 

analogic system. 

6 - AMBIGUITIES. 

It may be useful to relate the well-known ambiguities in single chan­

nel reactions to the sgn functions J2 . 

It is immediately established that the symmetry rroperties of cos J~J 

and antisymmetry properties of sin<f~J with respect to a symultaneous reve£ 

sal of all sgn functions, is equivalent to the obvious property that the 

.cross section is invariant with respect to the change of sign of all phase-

shifts. 

The P wave ambiguity, arising when D waves are absent, is brought a­

bout by sign reversal of 121 (.12
0 

and SlV being fixed). It follows that the 

well-known relation holds 

( 23) 

Eq. (23) is no longer valid when D waves are switched on. In the reneral C~-

se, there still exists a D wave ambiguity, the nature of '"hich is somewhat 

more complicated than the well-known P ambiguity. This fact is brought a-

bout by the function W(x), which does not possess definite symmetry pro"cr-

ties under the reversal of one sgn function only. It follows that e ach com-

ponent of the D doublet is associated with p different Sand P wave set of 

phaseshifts. 
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For the sake of completeness, it should be stressed that the sgn func­

tion 11 gives rise to an S wave ambiguity. This ambiguity turns out to be 
o 

eliminated, in the Ji:+ - proton scattering, because one of the two solutions 

is ,fvrbidden by cond ition (20), 
. 4. 

and 1n the neutron-He scatterlng , because 

one of the two solutions is physically unacceptnble. 

The S .wave ambiguity i s also implied in the Minami ambiguity9), acco~ 

ding to which the cross section i s invariant with respect to the interchang e 

of all phaseshifts belonging to the same J and different parity. In the ve-

ry special case, where all phaseshifts with J ~ 3/2 are zero, it can be easi­
+ 

iy demonstrated that the Minami ambiguity corresponds to changing,~ into 
o 

12- and viceversa. 
0' 

As an example, Figs. 2 and 4 sh ow the properties of the mathematical 

ambiguities, in a pr acti cal case of Lmax = 1 ( neutron-He 4 scattering at 

2.S7 MeV'S » and L = 2 analyses (i~+- proton scattering at 310 Mev
lO

» 
max 

re-

spectively. By inspection of Fig. 4, the Minami ambiguity is seen to be still 

connected with an S arm inversion. 

The author is very indebted to Profess.or Villi, for helpful discussions 

and suggestions. 

• 
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FIGURE CAPTIONS. 

Fig. 1 -

Fig. 2 -

Fig. 3 -

Link age system allowing the calculation of the J L doublet, 
other phaseshifts are known. The ~L ambip,uity is evident. 

if all 

Linkage system for phaseshift calculation in the L ax=l approxima­
tion. The configuration refers to neutron-He 4 eJas~,c scattering at 
the neutron energy of 2.87 MeV8), where the D waves contribution has 
been found negligible. The systeJ,l, completely" rrozen", shows that 
all mathematical ambiguities, including the S wave one, are allowed 
here, because condition (17) is satisfied. "Physical" phaseshifts a­
re explicitely shown. 

Linkar,e system for phas eshift analysis in the Lmax =2 approximation. 
Points signed by open circles are fixed, accordinp. to the experimen­
tal AN coefficients. The system is seen to have one de gree of free­
dom. 

Fig. 4 - X:-prston scattering at 310 MeV, analized in the Lmax =2 approxima­
tlon l ). 
a) Only one S wave is allowed for each of the three solutions. 
b) "Fermi" and t'YanR" solutions show an inversion in P arms only; 

and belong to slightly different "alues, 3incc small D waves con 
tributions are present. -

c) It has to be stressed that a Minami-like ambir,uity is here oossi­
ble, without resorting to F waves, owing to the smallness of the 
D phaseshift; of course the correspondence 

JL (Fermi) = JL+l (Minami) 
2L+l 2L+l 

is only approximately satisfied. 
d) The "Minami 11 solution, compared to the "Fermi" one, shows an in­

version in the S, P and D arms. 
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