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1 - INTRODUCTION.

A peneral method for phaseshift analysis of single channel reactions
is outlined. The purpose of this paper is to give a complete survey of this

1'6), in order to relate the phaseshift ambiguities closely to the

subject
mathematical structure of_the cross section and to allow the quick numeri=-

.cal calculation of all mathematical phaseshifts compatible with input data.
Tﬁe method is outlined for the general case of arbitrary maximum orbital an

gular momentum, and discussed in detail for S, P and D wave analyses.

2 < OUTLINE OF THE METHOD.

The differential cross section for the scattering of neutrons by zero

spin nuclei is given by
(1) K26 (Q) = /ZL(EL/ﬁ) P (cos(@) 2,

+ /Z (B5/20)P] (cos ©)/2,

(x) - Istituto di Fisica dell'Universitd - Padova.
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where
: 53 (4] o
(2a) a = (cos2d, - 1) +isin2d_,
o 1
(2b) a; (L>0) =y = (2L + 1) + i v,
o « CL i oL
(29.) by, = exp (2i JZL+1) - exp (2i $2L-1)’
and
i L L
(3a) u = r'J(L cos2¢:¥21‘,+1 +ﬁL cos2cr2L_l :
:O( i L i L
(3b) vy, L 51n2nr2L+1 +/4L 51n26-2L_1 2

B v . ; § 3 5
‘er is the phaseshift for the interaction in the state of orbital angular mo
mentum J. = L + }; and °(L = Lo#tlg ﬂL = L. Let Lp,x be the maximum orbital
angular momentum involved at the considered scattering energy. Eq. (1) can

be written as

nax
(u) K26 (@) = =, Ay cos © ,
: N=0

where the coefficients Ay, expressed in terms of the real and imaginary part
of ;L and SL' are determined by the least sauare fit of the measured angular
distribution. Using the optical theorem Im f(0°) = «zfuﬁ‘)G'(K), where

£(0°) = ZL('&L/H), and the relation K26~(0°) =[Ref(0°l]2 +[J:.rnf(0°?] 2, :
one obtaiﬁs

& o
(5a) cos 2 Jl & ZL u, = U,

('



o
(5b) sin ZJl + ZLVL = VL’

where in the case of L = L

max
I"max
(6a) up, = & [(2N+1) - 2A2N/(2N+13]’
. max N=0
2L L 1
max max 3
(6b) v, =28 [ ay(Z ay/{an} }2] A
max N=0 N=0
sz being the signum function+)
(7) L2, =+ 1.

Since vLmax is a real quantity, the angular distribution coefficients

must obey the condition

2Lmax Lmax
(8) (S aY- (= a,/faf)r?zo.
= N=0

The following procedure will be entirely based on Egs.(3); the importan
ce of these equations arises from the fact that they allow the determination
of the two phaseshifts corresponding to a given L > 0, provided all other pha

seshifts are known. The solution of Eqs. (3) in compact form may be written as

(9a) cos2or2L+1 = F+(RLf ug, v/l
(9b) sinZ‘fgL+1 = F+(J1L' Vis -uL)/o(La
(3c) cosZJ;‘L‘l = F_(f2, up, v ! AL,
(9d) sin?J.gL_l = F_(L;, VLT -uL)//gL,

(+) - Unless otherwise stated the symbol £ will always be referred to a sgn

function. a
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where

2

(10) F (20, by @ = f{p[(%aD) £ (] - D]
1 -1
s [od B2 - (g2 o2 A2 ] Ef/Q(pzw‘qz)} :

‘Eqs. (9) show that the evident ambiguity implied by Eqgs. (3) is described by
the sgn function .flL. (In the particular case of L=1, this ambiguity corre
sponds, in the neutron-He" scattering, to the normal or inverted doublet,
which is known as the Fermi-Yang ambiguity in the 2r+-proton case).

Since we consider elastic scattering only, the following inequality

must be satisfied, in order to ensure that the |, phaseshifts be real

2 2 2 2/ & o
€11) /uL t vy —O(L -ﬂb/\ 2){LﬂL.

A geometrical representation of Eqs. (5) is shown in Fig. 1, which visually

demonstrates the two doublets.

In order to evaluate the S phaseshift, it has been found convenient to
start from the coefficient A , the general expression for which is found from

Egs. (1), (2), (3).

- . " -
(12) WA = /A /%40 & 124 2(cos2 J; - 1)(Red -1)+2sin2d I A,
<]
where
- i N
(13a) A s 2, 1" Wy T,
N=1
QO
; i N,-2N (2N+ ! =
(13b) W2, (=1 b :
& %0 (N1)?2 Nl

After some length manipulations, using Eqs. (5), (12), the S phaseshift is
still found to obey Eqs. (9a), (9b), where now

—

(U;=2)/2 + Re A,

(1l4a) U,

—

Vi/2 + Im A,

(14b) v
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(1luc) «{ =1,

o
; e e Bt e 42 < <
(14d) A -Z2/z\ /" #[p ) =/by /" + (Ul-li) ReA + V; ImA
2 2 3

_ul+(U1+vl)/umqu+g .
It may be remarked that the sgn function ..ﬂo introduces an ambiguity even for
the S phaseshift, as does ‘QL for higher partial waves.
3 - S AND P WAVE APPROXIMATION.

In the L ., = 1 approximation, Uy = Ul"max and Vl EVLmax are determined

from Eqs. (6), so that Eqs. (14) become

(15a) u, = (U, -2)/2,
(15b) v, =V, /2,
(15¢) L, =1,

. ”~ 2 u =
. _ N |
(154) A, -/%0 (-1) AN/ .

! [+]
A straightforward calculation gives then J-l' by means of Eqs.(9a), (9b),

(10), provided condition (11) is satisfied, which in this case becomes

2 3
(16) Jhiy, = +(A2/a,)/..<_[2 -1V AN] :
N=0

The P doublet is mow immediately found by means of Eqs. (9), (10), since
° o -
u; = Uj-cos2 Jl and vy =V, - sin2 Jl’ are known quantities. The inequality

(11) now reads

o o
(17) /(Ul - c:os?cf-l)2 + (Vl—sinZJ—l) - 5/5 b,

Since the inequality (17) is a condition imposed on the S phaseshift, a pre-

liminary resolution of the 42, ambiguity turns out to be possible in particu-
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lar cases. The problem is now completely solved, i.e. 23 = B mathematical so
lutions are compatible with the input experimental data (3 = number of inde-
pendent sgn functions). The choice of the physical solutions cannot obvious=
sly be made simply on mathematical grounds and additional physical informa-
tion (polarization, continuity prescriptions versus energy, effective range
approach7) etc.) is required for this purpose.

Thg'asove formulas can be geometrically represented by the linkage sy-
stem shown in Fig. 2 where all possible configurations allowed in S and P wa

ve approximation are drawn.

4 - S, P AND D WAVE APPROXIMATION.

In the L = 2 ximation{*?, v, = U d Ve = ¥

n e Lpax approxima s Up 2 Vg, o0 32 Vi 0 are known,
whereas the unknown quantities U; and V, are connected by the following rela
tion .

(18) (U - U, + 332+ (vp = v =4 (1 +/18)A) 2.

2

The geometrical meaning of Eq. (18) is evident: the point Z(Ul, V1J7 , lies
on a circle of center [(Uz - 3, V2] , and radius R=2 //1{4/15) Ay =) x? + y2,

Eq. (18) reduces the mobility of the linkage system to one degree of freedom

only. It follows that all phaseshifts can be parametrized as functions of one
" variable parameter only. An additional condition between all phaseshifts, and

input coefficients is then required in order to "freeze" the system.

(+) - For easy reference, the angular distribution coefficients in the Lpjyx=2
approximation are listed below

WA, = /3/2415,/° + @/Wa,/? - Re(T 7D,

YA) = 2Re(a 3]) - Re(a,a,) + 6 Re (b;by),

bA, = /3 /? - /51/2 - @/2fa,/? + 9/5,/2 + IRe(3,3,),
4Ag = 3Re (3,a,) - 6 Re (B;b)),

uA, = (8/4) /a,/? - 9/B,/2.

C'N"
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Coosing as variable parameter the abscissa x = Uj-U,+3 of the point
[hl, VL] , relative to the center of the circle, it is immediately found
: . 3,0
ﬂmty-.ﬂyVR-x.

All phaseshifts are now obtainable as functions of x. The D doublet is
determined by taking into account that u, = 3 - x and Vo = = Y. The determi

O(4+ e e 4
nation oftfl( ) is carried out by means of Egs. (15), which now can be writ-

ten as
(19a) u, = (U, = 3)/2 + x,
(19b) ‘ v, = V2/2 + v,
(19¢) o& =1,
: -~ b4 3
< N
. = N i
¢1ed) /. -Z > -1 AN] ;
N=0
Finally the P doublet is calculated using the relations ug = (U2 - 3) +
o
o -
+ X - cos?(fl, vy = V2 ty - 51n2<r1.
Inequality (11) becomes
' 9 i - o 2
(20) /(u2—3 + x-cos2d )% + (Vyty - sin2d )" - 5/< u.
This inequality would allow a preliminary elimination of the o ambiguity

as in the S and P wave: The linkage system for the determination of the pha-
seshifts as functions of x, is shown in Fig. 3.

The "freezing" condition is now provided by either of the two odd an-

(4) It must be stressed that the determination of the interval in which the
parameter x is to be varied, involves timeconsuming procedures which are
more combersome than may first appear. The following restrictive condi-
tions, derived from (11), define, together with the obvious /x/ S R, the
"accessible" intervals of x:

/6x+4-R2/ 12,
2l 2 2,02
1L, 2,/V,/ [VR?-x2-(14 B2+ (R2+8%)-(Up=3)x/ < 2 /3,
where 452 = (U2-3)2+V§. ' A
Inspection of this inequality shows that the domains of existence of pha

seshifts solutions, depend on the twofold ambiguity of the product sgn
function 2 V"Qy "



gular distribution coefficients, for instance by solving the equation
(21) Wix) = =(4/3)Aq
with
. o [}
(22)  W(x) = (x+2) (U =6+x-cos? Jl) + y(V, 4y - sin2 Sl)
¥ 2(cosZJ§ - cos? Ji)(cos? Jg - cos?JZ)

+ 2(sin2 §1-sin2 Jl)(sin2cf2 - sin2d'?).
3 1 5 3
For each value of x, one has in general 25 = 32 sets of phaseshifts,
corresponding to 5 sgn functions; furthermore the effective number of solu;
tions might be different in each case, depending on the possible manifold of
solutions of Eq.(21). It must be said however that in practical cases the va
rious reétrictive conditions required by the procedure outlined in Sec. (3)
and (4) drastically reduce the number of solutions mathematically compatible

with the input data.

5 - NUMERICAL CALCULATION.,

A straightforward analogic determination of the phaseshifts is made pos
sible using the linkapge system described in Figs. 2 and 3. A program for this
"kind of calculations, using digital computers, can be readily written, by fol
lowing previous considerations (Sec. 3 and 4).

Phaseshift analyses are remarkably simplified, both in the L .,=1, and
L = 2 approximations, by using the following symmetry properties: the quan

max

tities U, U2, x, Wix), cos?crgJ are symmetric, and Vq, Vos ¥s sin?cfzJ anti-
symmetric, apainst the simultaneous reversal of all sgn functions. Such a
specular symmetry reduces by half the number of phaseshift solutions to be
calculated. The linkage system, which introduces into the phaseshift analysis
the element of continuous movement, is a useful device for preliminary calcu
lation of those single channel reactions for which the enerpgy dependence of
phaseshifts is not well known. In fact, the linkage system realizes the con-

tinuity prescriptions on the phaseshifts versus energy, which are concealed
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by standard electronic programming. In particular, the use of the linkage sy
stem, the degrees of freedom of which are established by the mathehatical
structure of the cross section, might represent in some cases an additional
criterion for testing the reliability of the experimental data (see condi-
tions (8) and (11)). Of course, once the general trend of the phaseshift be
haviour is known, the electronic computer can be used for a precise calcula
tion, while the phaseshift stability against variation of the data, within
quoted experimental errors, is readily evaluated by small movements of the

analogic system.

6 - AMBIGUITIES.

It may be useful to relate the well-known ambiguities in single chan-
néi reactions to the sgn functions A2 ,

It is immediately established that the symmetry properties of coscfé'J
and antisymmetry properties of sincf;J with respect to a symultaneous rever
sal of all sgn functions, is equivalent to the obvious property that the
.eross section is invariant with respect to the change of sign of all phase-
shifts.

The P wave ambiguity, arising when D waves are absent, is brought a-
bout by sign reversal of Jll (L2 and Ilv being fixed). It follows that the

well-known relation holds

i | + i I + 1 1 -
23 d7 o’y cLremdly a2y -4 .
(23) , (o Jl 4 olle JS Q.l

Eq. (23) is no longer valid when D waves are switched on. In the general ca-
se, there still exists a D wave ambiguity, the nature of which is somewhat
more complicated than the well-known P ambiguity. This fact is brought a-
bout by the function W(x), which does not possess definite symmetry proper-
ties under the reversal of one sgn function only. It follows that =ach com-

ponent of the D doublet is associated with a different S and P wave set of

phaseshifts,



= Jo =

For the sake of completeness, it should be stressed that the sgn func=-
tion 110 gives rise to an S wave ambiguity. This ambiguity turns out to be
eliminated, in the ﬁf’— proton scattering, because one of the two solutions
is .forbidden by condition (20), and in the neutron-Heu scattering, because
one of the two solutions is physically unacceptable.

The S wave ambiguity is also implied in the Minami ambiguityg), accor
ding to which the cross section is invariant with respect to the iﬁterchange
of all phaseshifts belonging to the same J and different parity. In the ve-
ry special case, where all phaseshifts with J2> 3/2 are zero, it can be easi-
1? demonstrated that the Minami ambiguity corresponds to changing.ﬁL: into
L7, and viceversa.

As an example, Fipgs. 2 and 4 show the properties of the mathematical
ambiguities, in a practical case of byax = 1 (neutron-He' scattering at
2.87 MeVa)) and Lmax = 2 analyses (/47 - proton scattering at 310 MeVlO)) re-

spectively. By inspection of Fig. 4, the Minami ambiguity is seen to be still

connected with an S arm inversion.

The author is very indebted to Professor Villi, for helpful discussions

and suggestions,
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FIGURE CAPTIONS.

Fig. 1 = Linkape system allowing the calculation of the dL doublet, if all
other phaseshifts are known. The ), ambiguity is evident.

Fig. 2 - Linkape system for phaseshift calculation in the L ..=1 approxima-
tion. The confipuration refers to neutron-He" elastic scattering at
the neutron energy of 2.87 MeV8), where the D waves contribution has
been found neglipgible. The systen, completely "frozen", shows that
all mathematical ambiguities, includinpg the S wave one, are allowed
here, because condition (17) is satisfied. "Physical" phaseshifts a-
re explicitely shown. '

Fig. 3 - Linkape system for phaseshift analysis in the Lpax=2 approximation.
Points signed by open circles are fixed, according to the experimen-
tal Ay coefficients. The system is seen to have one degree of free-

dom.

Fig. 4 = E*-p{8¥on scattering at 310 MeV, analized in the Lp,4=2 approxima- -
tion . '

a) Only one S wave is allowed for each of the three solutions.

b) "Fermi" and "Yang" solutions show an inversion in P arms only:
and belong to slightly different values, since small D waves con
tributions are present.

c) It has to be stressed that a Minami-like ambipuity is here possi-
ble, without resorting to F waves, owing to the smallness of the
D phaseshift; of course the correspondence

L sy o L+l . .
52L+1(Fermﬂ xf2L+1(H1nam1)
is only approximately satisfied.

d) The "Minami" solution, compared to the "Fermi" one, shows an in-
version in the S, P and D arms.
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