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1. Spin and helical motion - In recent times various different, independent approaches
led to the surprising conclusion that it exists a classical limit of spin (at least in the case
of the electron) and that it is related to a helical motion.

In particular, Barut and Zanghi! considered a classical electron as characterized, be-
sides by the usual pair of conjugate variables (z*,p,), by a second pair of conjugate
classical spinor variables (z,1Z) representing internal degrees of freedom, and used as in-
variant time parameter 7 the proper time of the center of mass. Quantity z was a Dirac
spinor, while 2 = 2f4°. Then, they introduced for a point-like particle the classical
lagrangian [c = 1]

L = 3Xi(zz — 25) + pu(a* — 2v*z) + eAu(z)zv*z (1)

where X has the dimension of an action, 4* are the Dirac matrices, and the particle
velocity is

vt =zt (1)

We are not writing down explicitly the spinorial indices of z and z. Let us consider the
simple case of a free electron (A, = 0). Then:

z(t) = [cosmT + i‘y“% sinmt] z(0) (2a)

zZ(t) = z(0) [cosmT — i‘y“&i sinm7] (2b)
m

2

and p, = constant; p? =m?, H =p,zy*z = p,v*; and finally:

T, = v, = %H + [£,(0) — %H] cos 2mr + ;—:zsin‘ZmT (2¢)

(which in ref.! appeared with two misprints). In connection with this “free” general
solution, let us remark that H is a constant of motion so that we can set H = m.
Solution (2) exhibits the classical analog of the phenomenon known as “zitterbewegung”
(zbw): in fact, the velocity v, = £, contains the (expected) term p,/m plus a term
describing an oscillatory motion with the characteristic frequency w = 2m. The velocity
of the center of mass will be given by W, = p,/m. Notice incidentally that, instead of
adopting the variables z and Z, one can work in terms of the spin variables, i.e. in terms
of the dynamical variables (z,,v,,7,,S5,,), where:

1

Vy =Ty Ty =py—eAy S = Zif[‘)’ua‘h]z 3

so that 5'”1, =m,v, —mu, and 0, =45, 7. In the case of a free electron, by varying



the action corresponding to £ one finds as generator of space-time rotations the conserved
quantity J,, = L,, + S, , where S,, is just the particle spin.#"

Let us explicitly observe that solution (2c) is the equation of a space-time cylindrical
helix, ¢.e. it represents in 3-space a helical motion. Let us also stress that this motion
describes the point-like particle spin at a classical level. In fact, such a classical system
has been shown to describe, after quantization, the Dirac electron. Namely, Barut and
Pavsi¢? started from the classical hamiltonian corresponding to eq.(1):

H = z9"z(p, — eA,) ; (3)

passed to its quantum version, in which the above quantities are regarded as operators;
and considered in the Schroedinger picture the equation

1— = Hep (4)

where ¢ = (7, z,2) is the wave function, and the operators in eq.(3) are p, — —10/dz*
and 1z — —19/0z. The wave function ¢ can be expanded in the z variable, around
z =0, as follows:

(1,2,2) = O(1,2) + Po(r,7)2* + Pap(r,T)2%2° + ...

where «, 3 are spinorial indices. Quantity v = %'4° is the Dirac adjoint spinor, which
a charge € and a mass 7 are attributed to. By disregarding the spin-zero term &(r, z),
and retaining only the second (spin ) term, thus neglecting also the higher-spin terms,
from eq.(4) they then derived the equation

O N
g = (40, + eA by, - (5)
Taking the Dirac adjoint of such an equation, with® &= —e; m = —m, we end up just

with the Dirac equation! This confirms, by the way, that the term 1,z* refers to the spin

% case, i.e. to the case of the electron.#?

#1 Alternatively, Barut and Zanghi,' in order to study the internal dynamics of the considered
(classical) particle, did split z, and v, = z, as follows: z, =X, +Qu; v, =W, + U, (in such a way
that by definition W, = X,‘) In the particular case of a free particle, W,, =0; W, =py/m. One can
now interpret X, and p, as the c.m. coordinates, and @, and P, = mU, as the relative position and
momentum, respectively. For a free particle, then, one finds that the internal variables are coordinates
oscillating with the zbw frequency 2m; and that, again, the total angular momentum Jy,, = Ly, + Sy 1s
a constant of motion, quantities S, being the spin variables.

#2 For the case of higher spins, cf. ref.®.



An alternative approach leading to a classical description of particles with spin is the
one by Pav3i¢,>® who made recourse to the (extrinsic) curvature of the particle world-line
in Minkowski space; so that his starting, classical lagrangian [a, = constants]

— ) _ ~2). Bo= 1 i z*

L = Vi (a ﬁh)’j{_\/ﬁdr(\/ﬁ) (6)
contained the extra (kinematical) term Bv/2? K2. The conserved generator of rotations,
belonging to lagrangian (6), is once more J,, = L,, + S, , where now, however,
Sy = &,p? — z,p?, while p? = dL/0i* = 2B%,/Vi? is the second-order canonical
momentum, conjugated to #. The equations of motion, which correspond to eq.(6) for
constant K2, do again admit as solution®® the helical motion with the zbw frequency
w = 2m. For a suitable choice of the constant K2, and when the affine parameter 7 is
the c.m. proper-time, the equations of motion result to be [v, = z,]

s P V. — 1
v, = 4S,p"; S, = T, — T,

i.e., they are the same (for the free case: A, = 0) as in the Barut-Zanghi (BZ) model.
Moreover, the constraint due to reparametrization invariance can be written as p,v* —
m = 0, which reminds us of the Dirac equation; and Poisson brackets are obtained which
obey the same algebra as the Dirac v matrices.#*® After quantization, the Dirac equation
was actually derived in refs.>®.

Let us finally mention that the same classical equations of motion (and the same
Poisson-bracket algebra) have been found also in a third approach, which consists in
adding to the ordinary lagrangian an extra term containing Grassmann variables.® Even
in this case, the Dirac equation was gotten after quantization.

2. About the electron structure — Considering the interest of the previous results (which
suggest in particular that helical motion as the classical limit of spin), we purpose to
explore their physical meaning more deeply, by the very natural —and powerful— lan-

#3 This conclusion, referring to a half-integer spin, has been criticized in refs.” by noticing a seeming
analogy with the case of the ordinary orbital angular momentum (which admits integer spin values only).
We believe such arguments to not apply to the present situation, where spin is the orbital momentum
in the ¢* = &* variables space; since the corresponding, canonically conjugate momentum pg“)) I1s never
a constant of motion. [Namely, when we consider a congruence of world-lines which are solutions of the
equations of motion, one finds a non-zero curl of the field pg‘z)(q), so that the phase fpg)dq" is not
a single-valued function. Thus, a basis of single-valued wave functions does not exist, nor the operator

representation pEf) —— —10/dq¢*; and the ordinary arguments about orbital angular momentum do no
longer apply].



guage of the Clifford algebras:®'® in particular of the “space-time algebra (STA)” IR .

First of all, let us preliminarily clarify why Barut and Zanghi had to introduce the Dirac
spinors z in their lagrangian, by recalling that the classical world-line o of a spinning
point-like particle must be individuated —besides by the ordinary coordinates z* (and
the conjugate momenta p,)— by the Frenet tetrad

e. = RyR = Aly,; ALell (7)

where eg is parallel to the particle velocity v (even more, eg = v when we use as parameter
T the particle proper-time); the tilde represents the reversion®*!; and R = R(7) is a
“Lorentz rotation” [more precisely, R € Spin,(1,3), and a Lorentz transform of quantity
a is given by o’ = RaR]. Moreover RR = RR = 1. The Clifford STA fundamental
unit-vectors v, should not be confused with the Dirac matrices v,. Let us also recall
that, while the orthonormal vectors v, = 0/0z* constitute a global tetrad in Minkowski
space-time (associated with a given inertial observer), on the contrary the Frenet tetrad
e, is defined only along o, in such a way that eg is tangent to 0. At last, it is: +* = 9,
and 75 = 70717273

Notice that R(7) does contain all the essential information carried by a Dirac spinor.
In fact, out of R, a “Dirac-Hestenes” (DH) spinor'? py can be constructed as follows:

Ypu = pief’R (8)

where p is a normalization factor; and ef/2 = 41 for the electron (and —1 for the
positron); while, if € is a primitive idempotent of the STA, any Dirac spinor #p can be
represented in our STA as:'3

Yp = tpre. (9)

For instance, the Dirac spinor z introduced by BZ is obtained from the DH spinor*® by the
choice ¢ = %(1 + 7). Incidentally, the Frenet frame can also write pe, = %bDH’)’uTZ’DH-

Let us stress that, to specify how does the Frenet tetrad rotate as 7 varies, one has
to single out a particular R(7), and therefore a DH spinor ¥py , and eventually a Dirac
spinor ¥p. This makes intuitively clear why the BZ Dirac-spinor z provides a good
description of the “spin motion” of a classical (point-like) particle.

Let us now repeat what precedes on a more formal ground. In the following, unless
differently stated, we shall indicate the DH spinors ¥py simply by .

#4 The main anti-automorphism in IR; 3 (called reversion), denoted by the tilde, i1s such that
AB = BA, and A = A when A is a scalar or a vector, while F = —F when F is a 2-vector.

#5 The DH spinors can be regarded as the parent spinors, since all the other spinors of common use
among physicists are got from them by operating as in eq.(9). We might call them “the fundamental

spinors”.



Let us translate the BZ lagrangian into the Clifford language.

In eq.(1) quantity zT = (21 2z =23 =24) is a Dirac spinor 7 — z(7), and z = zf~0.
To perform our translation, we need a matrix representation of the Clifford space-time
algebra; this can be implemented by representing the fundamental Clifford vectors (vo,
Y1, Y2, ¥3) by the ordinary Dirac matrices . Choosing:

_ 1 0 _ 0 —0;
Yo > Yo = 0 —1 3 Y = a; 0 )

the representative in IR; 3 of Barut-Zanghi’s quantity z is
z— U =ve; e=35(14+) (10)

where v, and 1, are represented by

Z1 —Zy zZ3 2z —21 Zy —z3 —2
N I I R -

23 Z4 2z —Z —Z3 —34 % —2Z

2y —Z3 23 7 -z 3 2 oz

The translation of the various terms in eq.(1) is then:

yi(zz — 22) — (Y mnmo i

pule* = 272) — (b3 — vr0i)ho

eA,zy" 2 — e (Avyot)o,
where ( )o means “the scalar part” of the Clifford product. Thus, the lagrangian £ in
the Clifford formalism is

L = (dymr + p(& —Prd) + eAbyd)o (12)

which is analogous, incidentally, to Kriiger’s lagrangian'* (apart from a missprint).
As we are going to see, by “quantizing” it, also in the present formalism it is possible
(and, actually, quite easy) to derive from £ the Dirac-Hestenes equation:#®

IP(z) 1172 + mp(z) v + eA(z)Y(z) = 0, (13)

which is nothing but the ordinary Dirac equation written down in the Clifford
formalism.?!? Quantity @ = v*0, is the Dirac operator. Let us notice that p in eq.(12)

#6 Observe that in eq.(12) it is ¥ = ¥(7), while in eq.(13) we have ¥ = ¥(z) with ¢¥(z) such that
its restriction to the world-line ¢ coincides with (7). Below, we shall meet the same situation, for
instance, when passing from eq.(14a) to egs.(16)-(16’).



can be regarded as a Lagrange multiplier, when the velocity v = & is represented by Pyor).
The dynamical variables are then (¢,,z,p), and the Euler-Lagrange equations yield a
system of three independent equations:

Y172+ Ty = 0 (14a)
T = Py (14b)
T = el -z (14c)

where F = O A A is the electromagnetic field (a bivector, in Hestenes’ language) and
7 = p—eA is the kinetic momentum. [Notice incidentally, from eq.(14b), that £* = p(7)
so that the parameter 7 cannot be the proper time of the considered particle, unless
p(7) = 1. On the contrary, 7 can be the c.m. proper-time].

At this point, let us consider a velocity vector field V' (z) together with its integral lines
(or stream-lines). Be o the stream-line along which a particle moves (i.e., the particle
world-line). Then, V is required to be such that its restriction to the world-line o is the
ordinary velocity v = v(7) of the considered particle.

If we moreover recall!®!® that any Lorentz “rotation” R can be written R = e”, where
F is a bivector, then along any stream-line ¢ we shall have:3

R = %-?- = %UMQ#R = %QR, (15)
with 9,R = Q,R/2, where Q, = 20,F, and where ) = v}, is the angular-velocity
bivector (also known, in differential geometry, as the “Darboux bivector”). Therefore,
for the tangent vector along any line o we obtain the relevant relation:

d
o= v, = v-0

The [total derivative] equation (14a) thus becomes:#®

v-Opmya + 1P = 0, (16)

which is a non-linear [partial derivative] equation, as it is easily seen by using eq.(14b)
and rewriting it in the noticeable form

($70%) - Omy2 + T30 = 0. (16')
Equation (16’) constitutes a new non-linear Dirac-like equation.
Let us pass now to the free case (A, = 0), when eq.(14a) may be written
Yy72+ pve = 0, (14’a)

and admits some simple solutions. Actually, in this case p is constant [cf. eq.(14c)] and
one can choose the 7, frame so that p = m+, is a constant vector in the direction ~o.



Since z = 1&7015, it follows that

v=—upp; L= yleg (17)

m

The mean value of v over a zitterbewegung period is then given by the remarcable relation

(V)abw = d’_lm]’_l (18)

which resembles the ordinary quantum-mechanical mean value for the wave-function ¢!
(recall that in Clifford algebra any % has its inverse).

Let us explicitly stress that, due to the first one [z — t¢] of eqs.(10), the results
found by BZ for z are valid as well for 3 in our formalism. For instance, for BZ [cf.
eq.(1)] it was v* = Z¥*z = vpy, while in the Clifford formalism [cf. eq.(11)] it is
v = Y% = (YPYy*Y)evs = vBzY.. As a consequence, o refers in general to a
cylindrical helix (for the free case) also in our formalism.

Going back to eq.(14’a), by the second one of egs.(17) we finally obtain our non-linear
(free) Dirac-like equation in the following form:

v 0Pmye + mp~log iy = 0. (19)

Equation (19) is the fundamental equation of motion, holding for the free particle
world-line o. Let us explicitly notice that, at a classical level, the spinorial equation
(19) is valid for the particle world-line. When wishing to pass from the classical to the
quantum level, a change in interpretation is necessary; and eq.(19) is to be regarded as
valid for a congruence of world lines, i.e., for a congruence of stream-lines of the velocity
field V = V(z). In the quantum case, the “particle” can follow any of those integral
lines, with probability amplitude p.

In particular, eq.(19) will hold —as we have seen— for the (BZ) helical motion. Notice
that, since [cf. eq.(8)] it is ¥ = pief/2R in the case of the helical path solution the
Lorentz “rotation” R will be the product of a pure space rotation and a boost.

It is important to observe that, if we replace v in eq.(19) by its mean value over a zbw
period, eq.(18), then we end up with the Dirac-Hestenes equation [i.e., the ordinary Dirac
equation!], valid now for the center-of-mass world-line. In fact, since (v)mw = p/m,

eq.(19) yields

p-ny + mpy = 0,
that is to say, taking its scalar part,

(p(OYy172 + miyo))o = 0,

which is satisfied once it holds the ordinary Dirac equation (in its Dirac-Hestenes form):

OYy172 + mypy, = 0. (20)



In conclusion, our non-linear Dirac-like equation (19) is a “sub-microscopic” quantum-
relativistic equation, holding along the helical paths o. On the contrary, the ordinary
(linear) Dirac equation can be regarded as the equation describing the mean motion of
the electron (since it has been obtained from eq.(19) by averaging over the zbw period).

The last point is confirmed by the fact that, in the free case, the “BZ equation”,
eq.(14’a), admits also a trivial solution og, corresponding to rectilinear motion. And for
this world-line the ordinary Dirac equation directly holds.

3. A very simple solution — In the free case, the equation

b7z + pyo = O (14°a)

admits also a very simple solution (the limit of the ordinary helical paths when their
radius r tends to zero), which —incidentally— escaped BZ’s attention. In fact, let us
recall that in this case eq.(14c) implies p to be constant, and we were thus able to choose
p = m7,. Then, any pure space rotation is solution of eq.(14’a). Actually, if ¢ is a pure
space rotation, it holds Yy0¥ = Yop, and eq.(14’a) becomes ¥~ = my172, so that
one verifies

Y = p7expl—yamm7] = $(0)exp[—ra11m7] (21)
to be a (very simple) solution of its. Moreover, from eq.(14b) it follows

V=T = pYo

and we can set p = 1, which confirms that our trivial solution (21) corresponds to
rectilinear uniform motion, and that 7 in this case is just the proper-time along the
particle world-line og.

But, recalling eq.(16), equation (14’a) in the free case may read

vy + muye = 0
and finally (taking its scalar part)

(v(0Yy172 + mpy0))o = 0,

which is satisfied once it holds the equation
Ipniy2 + mpyo = 0 (207)
which, as expected, is just the Dirac equation in the Clifford formalism.

Before going on, we want to explicitly put forth the following observation, which can
be relevant from the physical point of view. Let us first recall that in our formalism the
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(Lorenz force) equation of motion for a charged particle moving with velocity w in the
electromagnetic field F'is

W= —Fow. (22)
m
Now, for all the free-particle solution of the BZ model in the Clifford language, it holds
the “Darboux relation”:

& = Q-e,, (23)

so that the “sub-microscopic” point-like object @, moving along the helical path o, is
endowed [cf. eq.(15)] with the angular—velocity bivector

Q= 2é,Ne* = Zé.e*, (24)
as it follows by recalling that e, can always be written, like in eq.(7), as e, = R*/,LR.
Finally, let us observe that eq.(23) yields in particular é; = - e, which is formally
identical to eq.(22). It follows that the bivector field 2 can be regarded as a kind of inter-
nal electromagnetic-like field, which keeps the “sub—microscopic” object Q@ moving along
the helix.!” In other words, @ may be considered as confining itself along o [i.e., along a
circular orbit, in the electron c.m.}, via the generation of the internal, electromagnetic-like

field

m
Fno = —eé, Ne*
int — .
2e¢ *

4. About Hestenes’ interpretation — In connection with our new equation (16’), or rather
with its (free) form (19), we met solutions corresponding —in the free case— to helical
motions with constant radius r; as well as a limiting solution, eq.(21), for r — 0. We
have seen above that the latter is a solution also of the ordinary (free) Dirac equation.

Actually, the solution of the Dirac equation for a free electron in its rest frame can be
written in the present formalism as:®

P(z) = ¥(0) exp[—rmm7] (25)

which coincides with our eq.(21) along the world-line ay.

It is interesting to examine how in refs.®, even if confronting themselves only with
the usual (linear) Dirac equation and with eq.(25), those authors were led to propose
for the electron the existence of internal helical motions. It was first noticed that, in
correspondence with solution (25), it is ég = 0; é3 = 0, so that ey, e3 are constants;
while e,, e3 are rotating® in the eye; plane (i.e., in the spin plane®) with the zbw frequency
w=2m [h=c=1}:

e1(7) = €1(0) cos2mt + e3(0) sin2mT
(26)

ea(T) = e2(0) cos2mr — €;(0) sin2mr
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as follows from eq.(7) with R = exp[—7y271m7|. Incidentally, by recalling that in the
Clifford formalism the spin bivector S is given by

~ h h
S = R’)/Q"‘/lR; = 62617)- 5 (27)
whilst the angular-velocity bivector 2 is given by eq.(24), one then gets
p-v=1N-5=m, (28)

which seems to suggest® the electron rest—mass to have a (sub-microscopic) kinetic origin!
Hestenes could do nothing but asking himself (following Lorentz!®1°): what is rotating?

If something was rotating inside the electron, since v = eq refers in this case to the
electron mean motion, i.e., is the velocity of the whole electron, in refs.® it was assumed
for the velocity of the internal ”constituent” Q the value

U =¢€e—e€; e=v (29)

which is a light-like quantity. Eq.(29) represents a null vector since eg? = +1; ;%2 = —1
(quite analogously, they could have chosen u = eg—e;). Notice that the ordinary Dirac

current will correspond to the average @ of velocity u over a zbw period; i.e., due to
eqs.(26), to: @ = ey = v, as expected. However, if we set u =, then one gets®

¢(r) = (e" —1)Ro + Co, (30)

which is just the parametric equation of a light-like helix ((7) = z(7) + R(7) centered
on the stream-line oy with radius Ry given by [w = 2m)]:
Ru(r) = e¥Ry = —* = . (31)
w w

The parameters in eqgs.(30)-(31) were chosen by Hestenes® in such a way that the helix
diameter equals the Compton wavelength of the electron, and the angular momentum of
the zbw motion yields the correct electron spin. It is possible, incidentally, that such
a motion be also at the origin of the electric charge; in any case, we saw that, if the
electron is associated with a clock-wise rotation, then the positron will be associated with
an anti—clock-wise rotation, with respect to the motion direction.

Choice (29), of course, suits perfectly well with the standard discussions about the
velocity operator?® for the Dirac equation, and as a consequence does naturally allow
considering that helical motion as the classical analog of zbw.

However, such approach by Hestenes, even if inspiring and rich of physical intuition,
seems rather ad hoc and in need of a few assumptions [particularly with regard to egs.(29)
and (31)]. In our opinion, to get a sounder theoretical ground, it is to be linked with our
eqs.(16’), (19) and the related discussion above.

In the original BZ model, there exist particular initial conditions yielding as a limiting
case a light-like velocity v* = zv*z; that is, such that v*v, = 0, as it can be checked from
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eq.(2b). However, in our Clifford formalism we assumed 3 # 0 «— zz # 0, and
our v was bound to be time-like. We may, of course, allow for a light-like v; but, in this
case, we have to change the explicit representation of the velocity vector: for instance, to
comply with Hestenes’ assumption (29), we have just to set: v = Y0 — P21, so that
eq.(12) has to be rewritten accordingly as follows:

= (P12 + p(& — Y09 + Y1) + eA(r0P — V72%))o - (12')

But choice (29) of ref.? is just one possibility; for example, one might choose
U = €yp— €1 — €y (32)

and in this case we would get for the rotating point-object Q a space-like velocity u,
whose mean value @ would still be

U = €.

This would correspond in_our Clifford formalism to representing the velocity vector as
v = 1/)’)’01/J 1/)711/J ¢72¢, and modifying the lagrangian (12’) accordingly.

In any case, one may observe that also with the choice (29) the light-like u results from
the composition of a time-like velocity e, with a space-like velocity e;. Some interesting
work in this direction did already appear in refs.?!, by Campolattaro.

5. Further remarks - We mentioned, at the beginning, about further methods for intro-
ducing an helical motion as the classical limit of the “spin motion”. We want here to show,
at last, how to represent in the Clifford formalism the eztrinsic curvature approach,®® cor-
responding to lagrangian (6), due to its interest for the development of the present work.

Let us first recall that in classical differential geometry one defines'! the Frenet frame
{e,} of a non-null curve o by the so—called Frenet equations, which with respect to proper
time T write [besides & = eg = v]:

F=ég=IKje'; ég=—Ke®+ Kye?; & = —Kye' + Kqe®; é3 = —K3e? (33)

where the i-th curvatures K; (i=1,2,3) are scalar functions chosen in such a way that
e? = —1, with j=1,2,3. Quantity K, is often called curvature, and K3, K3 torsions
(recall that in the 3-dimensional space one meets only K; and K3, called curvature and
torsion, respectively). Inserting eqs.(33) into eq.(24), we get for the Darboux (angular-
velocity) bivector:

Q = Kiele® + Kye?el + Kiele? (34)
so that one can build the following scalar function

Q-0 = K2—K2—K2 = (¢,Ae?)- (&, Ae”) . (347)
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At this point, one may notice that the square, K2, of the “extrinsic curvature” entering
eq.(6) is equal to —K?, so that the lagrangian adopted in refs.® results —after the present
analysis— to take advantage only of the first part,

=2 2 2

of the Lorentz invariant (34’). On the contrary, in our formalism the whole invariant - Q
suggests itself as the suitable, complete lagrangian for the problem at issue; and in future
work we shall exploit it, in particular comparing the expected results with Plyushchay’s.??

For the moment, let us stress here only the possibly important result that the lagrangian
L = Q- Q does coincide (factors apart) along the particle world-line o with the auto-
interaction term?3

6° (d6* A 8,) - (d6” A B,)

of the Einstein-Hilbert lagrangian density written (in the Clifford bundle formalism) in
terms of tetrads of 1-form fields 8. Quantity 6° = §°0*6%¢° is the volume element.
Finally, we can examine within our formalism the third approach: that one utilizing
Grassmann variables.® For instance, if we recall that the Grassmann product is nothing
but the external part A A By = (A;B,)—s of the Clifford product (where A,, B are
a r-vector and a s-vector, respectively), then the Ikemori lagrangian® can be immediately
translated into the Clifford language and shown to be equivalent to the BZ lagrangian,

apart from the constraint p? = m2.
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