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1. The BPZ 111 c=1-6/ Imlm+l ll <1 minimal serie's of local lunitary) conformal 

t'ield tlle ')ri ~ s const ructed explicitly on the plane in [2] describe a field 

content con'esponding to the (A,AI modular invariants on the torus [3J. In [4J 

we have built local (i.e. symmetric under permutation of the fields) euclidean 

4-point functions which generate the (A,D) series . The structure COllstanls of 

tile primary rield.~ can be read off from these functions, but we feel it is 

worlhwi Ie presepting the results in a more explici t form. 

For any m+l ~ 6, even, the (A..,_ ~ lD~) fusion algebra of Vir x Vir primary 
2 

fie lds has the genera l st ructure f 41 

i,j = 0,1 mod 2 11a) 

where the subalgebra is a subalgebra of the (A ,A scalar algebra 
..... -1 ...... 

.JI , = {<f \'" = Z; = b, , 
A A A ,.,.., 

n - oddJ lIb) 

K 
wilh reaJ structure constants D computed in [2], while 

T1 

, 
A, = I t( F I F= ( F, F I, I.>. F :Ll"A_=l::l, I 

l: k F Ie. ,.,..4-L. 
,.., .. '1 

k=7 (mod 21 I (lc) 

contaills (m-l )/2 !lei, scalar fields a l ung ""itlt nonzero, inleger ~pin s(F) =.6.F-A F 

s l,lecl th e IJ onequivalent fields it is enough tu take 1(n',k'''(m-l)/2 (see [1]). 

The sel of soulars generates the whole a l gebra Jr . For m+l =6 mod 4 ((A,D ) 
Lp+>-

series in the notation of [3]) the scalars of dimension ~k' double. The 
-<.! 

~ -~ 

detailed fusion rules factorize to the A- and D-type su(2) fusion rules [5], 

reflecting tht' factorization of the crossing matrix. However, the structure 

consl.ant ~ (und he lice the normalized fusion malt'ices of [6}) do not factorize 
~ 

and so the problem does not reduce simply to that of the su(2)-case [7J. 

For m ?6, even, there is al1 analogous (D,A) fusion algebra. 

4".J/ , A=(n'n) ,~. ~'/l , C=(C,C)=[(k'k),(k' m+l-kIJ. 
A 0 C 1 

Let The structure 

constants are extracted from the leading singular behaviour of a pair of 

functions 



, ' 
<'ii(X )tp(X )1('(X )Cf(X» 

A'1A2.2 J c " 
F 

4 

+ ... 
LJ. 1".6 -L. __ .6 ~~ -Ll 

(z z ) A C ,:(Z Z ) '" C F 
(2a) 

12. .1.,. U. J 1 

, 
F , F 

D D.· < tf ,(x) if' ,(X,» 
-~~--~-~----~--~--~----- t ... 

( 
,)Zl:J -CJ j lL::! -A I _ 1..6 _ _ b I 

X AFZCFZ C F 

(2b) 

1l J., ·1 ... 

suppressing the contribution of the descendent fields. Here 
,2 1 . l. 

X=(X ,X )E-!R2 ) z=x +£ ~. 

We choose 
~1 s(F) 
D" ~ (-1) (3) 
Ff 

consistently with the choice of the normalization of the 2-point function 

~ 

<\f'(x )CP(x» 
F' F l 

·w .u,_ 
=d z f"Z- r, 

FIF a a 

, 
iiis(F) 

d ~ e d ~ 1. , , 
F, F F,f 

The reason for this choice will become clear below. 

( 4 ) 

The relative constant of (2a) and (2b) is fixed by locality and assuming 

(3 ) we have, using the explicit expressions in [4]: 

, . , s(F) 
<!fIx )tp( x )1P(x )t[(x »~L 
AftlAJE" ,. 

(-1) J (A,C,A,C; Z) J (A,C,A,C;Z) 
F 

F 

"" j--+s(C) 
f'( z. , 0( d (z . ,:;;) 2. (-I)} 5. (a, b, c) 5 i (a, b, c) 

'i I( 'J It " , j j ".'-j i 
J .J 

"'.. 10<," -2o(,fo(L-(~ +~ -L.l) 

, 
." ! ,~a,b, c ;zl 
JJ 

(5 ) 

.here I . . (z) ~ I . . (z) / N" , ;:,. Z A C F [1+0(z)] are the normalized 
"'JJ JJ JJ 

contour integrals defined in [21, z = z z / z z; 
fl J~ 1J H 

z"',o(L, _2..D. - l D 
f(z . . ,,,,")~[z(l-z)] Z Ai? ' 

<J -{3 z., · 
.J. ~ cJ ~;;( ~;; ~ of.. , ri. ~2" - 'x, , ,of. ~ 01. I , a=b=2o( c( , c~2.,,( 0( , c~2o( ;;r , - c( " 

I J , J nn .L 0 Ie It 1 L: ........ " _ 1 - '2 _ l -

o l ~ m 20(. ~[m/(m+I») ,F = (p'p), p=k-n+2j-1, p' ~ k'-n'+2j-1 , Al"') ; 0( ~c/ - Zol.). 

The constants 

5 , .. (a,b,c) 
d 

( 
,N .• . (a, b, c) _L"- _______ ~ S 

P. (a,c,b) 
n n 

reproduce the Dotsenko - Fateev (DF) structure constants 

2 
S ... (a,a,e) = 

J J 
(D 

AC 

2 
) 

2 
S ., , (a,a,d) 

" rH f-J 

F 2 
~ (D _) 

AC 

(6a) 

(6b) 
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lI erl"' ~" J (a ,b,c) = a
J
" (a,b,c) ~'I(a' ,b', e') are lhe expansion coe fficient s 

-l 
compuled in f2]; a'=-ua_ I etc., ct = 2'J('_(2.x,, -o(z) ' d=:l:w'_(L.,,( .. - ,xli , c-c ::;:d-d =1 

mod 2. eIi-c' =0 mod 2. d'-c' =0 mod 2. The coeffi c ients Q'(;I.h,C') do not 
J 

change if some of the para.eters a,b,c change by an integer. 

Comparing (5) with (2) and accounting for (41 we obtain 

, 
, F 

(0 • I 
At 

2 
::;: S.I.(a,a,c) S .. . (ata,d) 

JJ J n .. ~-, 

• 

(7al 

.lHl considerations up to here can be repealed without essential changes for 

the general minimal seri es, where m is replaced by p/(q-p) I p,q - coprime 

integers, q - even. For the main series (q=p+l) a direct but tedious check 

shows that for values of the parameters consistent with the chiral fusion rules' 
, 

the r.h.s. o f (7al is positive and hence the constants 
, F" 
o • 

AC 
are real. We obtain 

2 F" 
, 

"F 2 'F F 
(0 • ) = D D = (0 .) (7b) 

At: AC AC AC 

F" F 
since the OF constants 0 

A( 
and D _ can be chosen to be of th(:" same 5 ign. 

AC 

From the locality of the 3-point func t ions one obtains various relatiolls 
F 

for their no rmalization coe ffi cients d , \<"hi c h in o ur int e ge r spin case are 
A< 

~:.mmelri c for even pe rmutati o ns or ti.f:' triple (F,.·\,C). Fo r lill' s Lructure 

F r 
l'Olls t.alll s D = u / n (cf.( ·l)) lhesl' l ,t' lat.i ons l'ead 

·\C AL Ft F . , 
• F 
o • 

A( 

.(FI +s(C I, F s( FI+.( CI. ,-' • s(CI, Ll s(F I. A 
=(- 11 o. =(-11 D. =D (. =(-11 0" .. =(-11 0 . (HI 

c.A FA AF Fe CF 
• F 

\o\'e ha,,'e further informatio n ahout the sign o f D ..... fro m the explic it 
'-c 

F" , F 
expression for DAA 0 .. ,. obtained from the 4-point [unclion (2b) (or 

ee 
equivalently froll the (x ,x ) -) (x ,x ) channel of (511 

l' .1 L 4 

A 

r' e(F)+s(CI 
<lti (x I((( x J!f(x Itp( x I>=L (-11 J(A,A, C,C ;ZI J(A,A,C,C;Z) (91 
A1AlCJE." t= F F 

sI C) 
( = (-1) Z J(C,A,A, C; l-Z) J(C,A,A,C; l-ZI I, 

~ 

F" F" F 

elF) 
for .+1=6 mod : ) for 11+1=8 lIod 

mod 2 ( lOal 
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( Here F+l is a notal ion fo r (p' p+l)', The conformal blocKs in (9) are realized 

by tile DF contour integrals analogously to (5); l-Z denotes (z ,z ,z ,z ).) In 
J J. 1 " , , 

Lhe special case when l{J .... is a scalar 1 C=(C,C), we get 
t 

, F 
0 ...... = 

cc 

elf) 
(-1 ) 

f= 
D 
cc 

(lOb) 

The two (A,D) series -for m+l=8 mod 4 ((A,D )) and m+l=6 mod 4 ((A,D »-
2j+1 2pH 

are treated her~ on equal footing . In particular, the fusion rules (cr. 1a) for 

both cases are 

A " 
«! (F ,F 

xif 
(F ,F ) 

=Tl.{J _ 
• (F. ,F . ) 

< 2. l , , 
" " 

(11 ) 

f(F ,F x ~F ,F) = Z <p 
~ (F. ,F.) 

< " L L , , 

where the r.h.s. is described according to the standard chiral (left) fusion 

~+f 
rules. The mapping <7(F) = F for F = (k'k) , k=, mod 2 (cf.le) can be 

extended in the case m+l=8 mod 4 to ~(P)=P, if r =Ik'k), k - odd. Then it 

IJrovides an automorphism of the chiral fusion rules [81 of the corresponding 
r 

(A,A) fusi( ;11 algE'bra. Yet thE' scalar fields tf ... ) F =(P,F), cannot he 
'F 

iUt'litiried ""ilh t.heir DF counLerJJa rls, as is clear from (i,10,l1)' As we shall 

see hp. 1 0"", the case m+l=6 mod -1, ","!Itch correspo nds to dia~onalizable mouulal' 

invariallts in {3], ~dmits also other interpretations than the one considered up 

Lo 110W. 

2. We call interpret the conforllal invariant function in (5) as the correlation 
• ¥- A 

accordingly, the function in (~) as the 2-point function <.«!.o t( .. ' 
F F 

witl, apriori diffel'ent normalizations. The OF correlations admit a similar" 

inLerpr~lation. Here * denotes the hermitian conjugation with respect to the 

euclidean sesquilinear forlll (,) I which we assume to realize our fields 

averages. From the hermiticily of the form and locality of 2- and 3-point 

functions one has 
- c 
d =d.+,D = 

A.G "JO AB 

C .. 

DA't O"t (we use now a unified notation to 

cover all cases ). Starting with the DF -case, the Osterwalder - Schrader (OS) 
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(reflection) positi\'it~· (equivalently, Wightman positivity in M)of the 2-point 
> 

fUllctions requires d II- - real l positive (and A >0 which is ensured in the 
A,A 

I . 
main serit;!:s). Hence the choice d .... =1=D... is possible, irrespectively 

A,A A A 
of the 

choice for d 
A,A 

This is also consistent with the explicit expression for the 

F 
-l-poinl functions 1 sinC't' what has t.o be iri€"nlified "ith D p. a is indeed 

F positive for the main series. Now we can choose d. =d =1 and hence 0 
AlA A,A AB 

~"" . ' =0 .... , wluch implies that all OF fields for the main series can be considered 
1>" 

to be real (hermitian) 
,t 

'f=<P . 
Po A 

In our case we can choose d~ ... ::: d .. ,.. with d,. ,. 
F,f F,F P, F 

, 
ftF ~F 

as in (4), hence 0 . are real, given by (7a) and 0 
Ae AC 

~ • ¥ 

- ;= = D • 
AC 

A , -. -" F ... F 
=0.=0" Pre'" Po C 

This 

implies that we can identify ~~= ~_ and hence to consider all scalar fields, 
F f' 

as well as the field F $ f , irreducible under 0'1'(3,1), as real fields. Since 

in our case all A, ~ >0 the choice of the sign in (4) ensures the OS -

positivity of tile 2-point functions for these fields. This is equivalent to 

til(> positivity of the Wightman function counterparts of (4), \o;hich can be 

e'lsiJy (·hecked looking at the Fourier transform 

~'I p) = -if Sip ,-ip·+O - Sip ,-ip·-~) l , , 
, 2 Is I 

8;; I p + ~, ., p ) 
f I c) h. Q =---J--------------- vIp ) 

4 Iid-s) r(d+s) 

• L 
t> I-p 

M 

, .:l-1>1-1 
I-I'" I 

112al 

, , , 
d= A tA, p =p -p 

" , c 
S (pf ,pL) is the Fourier transform of the euclidean 

2-point funclion in (4). (See also [9] for explicit formulae dnd a discussion 

of reflection positivity in the framework of the conformal theories.) To check 

the as - positivity of thE" 4-point functions aTld hence, to recover·unitarity of 

the main minimal series, one needs more informa.tion than is available at 

present. Ccnsider for simplicity the case fthen in {5} the field rP{ is a 

scalar. The as - positivity condition for the 4-point function 

, , " 
5 (x ,A;x ,e;x ,A;x te) = S(x ,C;x ,A;x ,A;x ,e} in (5) reads 

f l J .. 2. f J~ 

r( dX,dx, f(& x ,ex) SIx ,A;x ,C;x ,A;x ,C J\ f 1 1 L .J ., 
f(x,x)O 

J , 
(12b) 
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" . ",·he r t' f(:\ , y}, x=(x , x )cRl.) l S a s uitab l e Lest function, which vanishes "" ith 

all its de ri\'atives unless x' ly 2 )0 , xfY ;&x =( x ..(,_x
2

). The condition (12b) 

reduces to the as - posi ti \' i ty o f t he 2-point functions, if all structure 

constants, including t hose resulting from the (spin) combinations of the 

descendent (quasi-primary) f ie lds, are r eal. 

, ~ , 
3. If) ,~) Recalling that for mtl=6 mod 4 both 1+'- and 4' , A=(A,A), A=(k , 

A A 2 

• 
belong to the fusion algebra, we define the fields 

_1 
.!.( 

, 
<P= IF t tp. ) for mt 1 = 10 mod 8 (13a) 

Ii A A 

• .. 
p= ~ ( ~ tilf'. ) P , . 

for BIt 1 6 lIod 8 (13b) =-(IP-ilP,) = 
2. A ". rL A P, 

~ • t 
Then l <P iP) = L.~ A <fA}' (4".- qi >= L. <PA 'P,,) . Now (7), which holds for both 

A A A 

(A,D) series, gets modified f o r m+l=6 mod 4. Indeed, using (8,10) (for A=B and 

a proper c ho lce of sign for AIBl one obtains that the products 

contain onl y ~ (including ze ro) spin prima r y fields , while 

contain odd s pin fields along with scalar fi e lds . The scal ar 
</-

'" Cl nt e nt in the rin:il c aSe im: llldes if ( 4i ), r espectiv e l y, ~illl 

" F 
:::. l.rUl' tur • .> c t) n ~ tatlt.~ n1 (}di f it:!d by a fJ\ctor (2. The cO l' relat i on 

fllll( : tioIl S ;jd mil a diagollal form, rt'millisceJlt of the diagonal modular ill\'ar iants 

u f (3], h' ilt. lhE" fac t.or 2 ap pe ari llb ill front of the contributi o n of thE' fio.:' Lds 
, 

o r rf ( q; ). S i· n c~ 
f f 

[or s(A) =O=s{B), in co mputing the correlation 
~ 

f UllctiollS of tile fie lds ( 13) we postulate tllat < ~ _ If _ If, tf/ = < If If If If >. 
ABAB ABAB 

According to the interpretation in [8,10] one can identify e ach of these 

-"' , ~ 
dia~ () nal lerm:::;, uccomodalin~ representat i ons F, F, F, and F with the same (mod -1) 

d j mens i ons A ,6 , as the product of the con forma l blocks of an ex tended e h i ral 

algebra. Til e fusion rules of the t"esult ing (extended) (A,D) series diagonal ize . 

Clearly, using the basis ~ith the linear combinations in (13), instead of the 

initial scalar fields, already changes t he homogeneous fusion algebra (Ia), 

Accordingly Lhe foraulat for the structu r e constants (7) change due to 
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c ancellations and appearanc e of Lhe factors 12, 1/('2, I,hich can b~ easily 

traced i 1/[2 modifies the constants for a triple containi ng just one of the 

fields in (13). (Modifications also appear due to the factors -I,:!: i, in the 

definition (13).) 

Let us give an exampl e. 'f ,' '<e 

identifying cf5 = if , we have 
.f-( ( .. 

P" x <l? = L CPr 
" ( 

A 

P x iP""=l(<f! + if + 'P, 
" - (1. ( (1 (, (j 

~ x <P =J <p( 4t x 
r, ~. 1 , , 

1 

m+l=6. Denoti ng = 4> , 
("j 

r=l,2 and 

( 14) 

The sums in (14) run by two from Ir -r 1 +1 to r +r -1, t.e. have one or 
-t z.. .., L 

/' 

two different terms. If the fields lfJ, C(J" i,p, are treated as descendants of 
f'S ("1 (5 

~, the fusion rules (14) recover exactly the neutral fusion subalgebra of the 

" 
l - model of [11]. 

3 
Indeed, the field 4>, can be identified with the product of 

the p~rafermionic fields 
_ If- -t .r (I) ..... 

<jJ(z) <jJ(z), q; = 4-'(z) 4-' (z), while <f=G"= ¢ ,1!= 
1 L 1 L1',1] Z. 

t 
= C; I and 

_ ¢UI 
If = ~= (see [11] for notation). 
l1 LOr 01 

The iJiLerprelation of the even (A,D) series discussed here extends to 

HUIl-uniLary ~eri(:'s as ,",pll, ha",e\'er, 

{lut hermitian <.:{)nj ll ~at.ed fields. 

the [ie lds ell and 
-A 

4?+ \-.'ill be ind€'pendent, 
A 

The set of local correlation functions constructed in [-11 is sufficient to 

recover tIle Spill combillations listed in the (A,D) modular invariants and to 

provide a field interpretation described by the set of fusion rules in (1,11) 

(or, equivalently, by the fusion algebra generated when passing to the linear 

conlbinat.iulIS in (13)). i\ lluestion iU'ises are these functions the only local 

functions, yieldillg the (.;\,D) content. Recent results [10,7] (for the 

'" su(2)-case) suggest that there might be more possibilities. Consider the 

simplest example ill [10] ~hen m+! = H. The combinations (5,9) and (9,5) (k'=l) 

" '<-
which appear in the product tfJ x i{!. (or cP x <J> ) 

• r -I' + 
could be also obtained by 

effectively doubling the scalar (5,5). Indeed, it can be checked explicitly 

u z 
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Lhat tIlC I 'C i s a c rossilll5 invariant ( unde r' , l:ia~' x ~ x , a nd mo nodrumy i ll \(l rU-lIll 
, 1 

arOUTld z =0 and z =0 , nondia~onal ~- po int fun cl jurl. which replaces t he OF 
fL lJ -

diagonal co mb inatio n «5 ,5)(5, 5) 15 , 5 )( 5 ,5). I t ri~lds 19,5) and (5,9) and 

reproduces the same mod if ication by 1/(2 of the structure constants as in [7 J . 

Howeve r, we we re not able to find a fi e ld inte rpre tat i on, say, conside ring i t 

:1 S ;, ('o rrciatioll o f t. ""·o (o r mor e) diffe rent (S , 5) fj.~ ld ~ , t o be cons i s tellt. Fil ii 

~ l ocali t y (symmetry) constraint s . Note that (5,9), (9,5), have odd spin, so . -
t hat the product ~ ~ of left and right braid tra ns fo rmations (see be l ow) is 

'fL. 1l 

Z _ Z ~) 
not t rivial, a lthough B ~ = 1. 

1 Z. 'fl. 

4. To prove the c rossing invariance of the correlation (5) one has to exploit 

the fact that a change by an integer of any of the parameters a,b,c of the 

c rossing matri x 0\. (a,biC) keeps its matrix elements invariant up to a ,k 
t 

sign. (The para mete r d = - a-b-c-Z.Jn-2)+2(n'-2) is a funct ion of a,b,c, so that 

the c harge conservati on condition is maintained.) The exact form o f these s i gn 

facto rs ha s been fi xed in [4bJ us ing an identity ((A.13)) for the c rossing 

matI' i c e !::> . It results when connecting by anal yti c continuation the three 

fundament.al bases at z = 0 ,1, CJC . As conj ectured in {4b] this id entity turn s 

o nt tv lH! e quival e nt to the Yan g - Baxte r eq uati o n f u r the braid matri ct:'s 

t rans f o rmill g t he full e ucJ ide-an c hiral 4-po illt confor mal blocks (see 

[12]-[1 4] ). I II the Yang - Raxt er e 4uatioll for the 4-point function ill t hl:' 

s tandard basi s t.he brajd ma t.ri x I3n is di agonal 

U J 
B (~)(= (ll (!) 

H fTC AC 

, 
" " i" ~ [2 0< 01 tA .. · (atc)] 

= e -1 l. .J.J 

-i;;( [A tl>-Ll(A,C)J 
= e A C oJ 

(15a) 

, 
" " .. 1 ~ ., 1. 

wilere A.,. (ate) = A.,(a'+c·) t A. ( a+c ) - 2(j-1)(j'-I), A. =(j-I)[I+a+ c+(j -2)~ J 
J . -

Isee [ 2J)). The nondiagonal braid matri x 

IB (C) 
1J 

AD i;,rlA +A - .6(A , C)-.6 ( A,B)l 
(=(B (0) )=e ~ D.J T c( (c,b,a) 

cO JT -J'I 
01 ( c' .b' ,at) 
J"t' 

( 15b) 

is recove red by any of the two si des of lhe identily in [4bJ, when the phases 
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coming: from the pre factors are laken into accQunt.(More precisely, one has to 

use the identity for 0(.1. ,= of. ! 01.. .. /', ",'hieh completely factorizes), Here J 
• ~~J)(II) -;, -J' 

and Tare expressed by (a, c ;j'j) and (a,b;t't) using the formulae of [2] and 

.,( (a,b,c) = [(,' (a,b,c)! 0, 
"-/-1: ~ 

f;l 
(b,a,c)] o((a,b,c) 

J't 

the DF crossing matrices satisfying 

({(a,b,c) =(.(c,b,a)) 
J J 

ol.(a,b,c) 0< (b,a,c) = 11 . 
~ ~ 

are 

(16 ) 

Conversely, the crossing matrix can be expressed up to an overall phase 

factor by the 1.11.5. (or r.h . s.) of the Yang - Baxter equation. 

i,/l [L\(d)- 6(a)- "" (b)-L> (c) j 
e 01. (a,b,c) = \B (4) IB (f) IB (f) (17) 

2.J 

The braid -matrices defined in (15) satisfy automatically the conformal 

condition of [14bj. For (15b) it follows from the second equality in (16) and 

it is explicit for (ISa). 

There has been given a general algorithm for the computation of the 

matrices ~'k(a, b,c) in {2] and explicit expressions have been found for k=l 

(or j=l) alld the cases related to these by symmetries. Presumably, the 

formulae for the 6j-symbois derived ill the context of the quantum group slt_(Z) 

.J 
represelltations [lS] (for ~ =1) provide an explicit expression in the general 

case. There i5 a fu 11 cU ITespondellce between the set of polynomial identities 

of [6] for g~O and the se t of identities for the quantum 6j - symbols, derived 

in [15J from the corresponding re lations for the quantum Clebsch - Gordan 

coe ffi cients. Note that (A.13) in [4b1 can be also rewritten as 

i"H L> +"'-Ll(A,D)] 
e o L T (18 ) 

-an ide ntity ""hich can be deri ved in the framework of (6) and which has an 

analogue in [151. Here (F:~) _ = cI., , (c,b,a) corresponds to the 6j 
R'" .J , ~(j i){1 t) 

symbols lC II .J 2 in [15] . 
G II K J 
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~~allse of the s ame reason \,e I!et , e .g .• only e\en spi ns 111 the p r ouuct <PAxq,A 
o f t"'·o uuul sLl ngulshabl e fIeld s 111 dlsagreemellL wItll 17]. \ot'e thInk lht> reason 
for t lli s and o ther disagreemcllls, if we try to ex t end the results in 171 to the 
millimal t heories , is the unfou rlded basic argument in the proof in [ 7 ] about the 
invar i ance of the braid a nd crossing (fusion) matri ces. 
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