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ABsTRACT. We consider the SO, invariant quantum dynamics of a point
particle moving on the 3-sphere (or equivalently, of the relative motion
of the spherical top). Quantum exchange relations for different times
are derived with an “R matrix” depending on the time difference and
on the conserved angular momentum. Their implications for correlation
functions are spelled out. The chiral exchange relations of Alekseev and
Faddeev [1] are also extended to different times.

INTRODUCTION

A fresh view of the dynamics of a point particle moving on a group manifold
G can serve both as an introduction to G current algebra models and as a
part of their study — concerning the zero modes (for a sample of references on
the Hamiltonian approach to such models — see [2,3,4]). Alekseev and Faddeev
[1] presented an R-matrix treatment of the phase space I' = T*SU; with an
emphasis on its splitting into chiral parts which admit a natural quantum group
deformation. Here we present a manifestly SO(4) invariant solution of the
quantum mechanical model (independent of the choice of splitting into right
and left movers). It is pointed that the SO(4) spectrum of the state space
coincides with that of the non-relativistic hydrogen atom. The operator form
of the solution

g(t)=e (A (e + %h) t) g(0), e(z) =",

where g € SUa, £ = £yoy + £yoy + €303 is the right invariant angular momen-
tum matrix that is a (hermitian) element of the Lie algebra su,, allows one to
compute correlation functions of g(t) at different times. (We work out the ex-
ample of the 4-point function.) Our main result is the derivation of generalized
“exchange relations”

g(t2) ® g(t1) = Ri2g(t1) ® g(t2) = g(t1) ® g(t2) Riz

L* On leave from the Institute for Nuclear Research, Bulgarian Academy of Sciences, Tsari-
gradsko Chaussee 72, BG-1784 Sofia, Bulgaria.
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where the “R-matrix” (or rather “6 — j symbol”) depends on the time difference
t19 = ty — iy (playing the role of a spectral parameter) and on the conserved
right (or left) invariant angular momentum £ (or £). The representatives of
the resulting R-matrices with operator valued entries on a set of (permuted)
n-point correlation functions satify a generalized Yang-Baxter equation (Eg.
(3.19) below). Ry, appears to provide an example for an R-matrix depending
on a spectral parameter in the framework of quasi-coassociative bialgebras (cf.
[6])'. In Sec. 4 we review the results of ref. [1] on the chiral R-matrices of the
“top-model” and extend them too to different times.

1. THE PHASE SPACE I' = T*SU, IMBEDDED IN T*C?

Writing the SU; group element g = (g?) as a pair of conjugate 2-spinors
1 v
s 2 (1.1a)
—w; U

g? == wa’ gg = w; ea’ﬂ, (50‘1{3) = ( _(:]1 é ) y (llb)

or

we find that gg* is a multiple of the unit matrix
gg* =det(g) -1, detg=w"w (=w w®). (1.2)

Thus, the configuration space SU, ~ S appears as a real hypersurface in C*
given by the constraint equation

5% iww* —1=0 (weC?). (1.3)

We shall derive the PB structure on I' from the canonical PB on 7" C2. Let

p:( e ) (1.4)

—-Ty T
be the canonical momentum matrix. The non-zero PB on T*C? are
{w*, mp} = 65 = {wp, 7™} (1.5)
The restriction to I' yields the secondary constraint
2p=tr(gp’) =wr +w'r* =0, {ww-1,p}=1 (1.8)

Rather than computing the Dirac brackets for 7{*) and w(*) we shall single out
a subalgebra A(T') of the algebra of functions on T°C? whose Dirac brackets

1We thank Volker Schomerus for this remark.



FURLAN, STANEV, TODOROV 3

coincide with the original PB. To this end we introduce the right invariant
angular momentum

£ L - i .
= ( Ei 1 ) =ipg" or f= Etr(pg o) w=3123 (1.7a)
i.e.
iy =w'er, #_ =w"ew, 2ilz=wr—w'r" (1.78)
and its left invariant counterpart
{=—ig'p (=ip'9) = —9g"8g (99" =1) (1.8a)

or

" 1 -
Ea = .2_2 f,[(g‘pcrﬂ), £+ — i(wlﬂ'g - w;r"l) etc. (le)

fLand ¢ generate left and right infinitesimal SU; shifts:
. 1 (= 1
Hla, g} = —5009, 3 {fa, y} = 59% (1.9)

(and similar formulae for the PB with p). They imply that the angular momenta
have vanishing PB with the constraints,

{lo,w ' w} =0 = {{,, p}, (1.10)
(and similar relations for E), thus appearing as gauge invariant observables cor-

responding to vector fields tangent to I'. They span among themselves the
SU; x SU, PB Lie algebra:

{'eﬂifb} = eﬂbcgﬂl {Ea:‘éb} - Euhcgc; (1.11)

{ta,f,,} ~0. (1.12)

The similarity relation (1.8a) between —£ and £ implies that left and right an-
gular momentum squares coincide:

1 1
= Gl ==L = Euiz. (1.13)

The subalgebra A(T) with the above mentioned property is generated by £, £
and g subject to the relations (1.9) (1.11-13) and

{g8 9} =0. (1.14)

(The variable g that serves to define the secondary constraint (1.6) is excluded

from A(T').)
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A general SU; x SU, invariant Hamiltonian is a function of L? and of the
constraint (1.3). For an appropriate choice of the time parameter we can write

H =L+ XNw"w—1). (1.15)
This implies conservation of angular momentum
i=0=1 (1.16)
and yields the Lagrangean

L =itr(lgg*) — H = —itr(lg*g) — H =

gl T
=iy {t!gg - §L2 = E(QQ = 1)} =
(1.17)
1

=3 t(49" ~ Agg” ~ 1)) =
=ww* — Mww* — 1)

which allows to identify the linear momentum (1.4) with g and the angular mo-

menta £ and £ with (the traceless parts of) igg™ and —ig*g.

2. QuanTuM A(T): EQUATIONS OF MOTION AND THEIR SOLUTION; VACUUM
REPRESENTATION

We define the quantum algebra A, = Ay(T') as the algebra generated by £,

Z and g with the PB (1.9) (1.11) (1.12) and (1.14) represented by commutators
according to the rule

i, } =[] (2.1)

The deformation parameter h also appears in the matrix counterpart of (1.13),
H=L+h=EB+8+81=L(L+R)1 =2+ (2.2)

and in the equations of motion:

i9(0) = 17 o(e), 7] = [o(0), ], 7 = ~att) (E+ %h) & (z+ gn) a().
(2.3)

While the quantum matrix equations £ = igg*, # = —ig" g require renormaliza-
tion (subtraction of the trace in the right hand side) the counterpart of (1.8b)
remains unchanged:

i

i 1 * - . %
& = = tr(g*gos), La= -étr(gg'au). (2.4)
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If one uses the “row spinors” (1.1) then the left and right invariant momenta ‘
and £ assume a rather different role. While £ displays the spinorial character of
w)

[w,f ] —. ~%waa, [‘w",fa] = %a’aw’, (2.5)

2¢; plays the role of a charge operator (such that w* and w appear as positively
respectively negatively charged):

2/, w] = —hw,  2[f3, w*] = hw*. (2.6)
Aj(T) admits an antilinear involution 9, “the TCP symmetry”, such that
Hw(t)) = w'(-t), I(w"(t)) = w(-1), (2.7a)

Hle) = ey, V() = —L,. (2.7b)
We shall view the elements of Aj(T') as operators in the vacuum Hilbert space
H with a unique SU; x SU; invariant state (0| |0) such that |0) is a cyclic
vector with respect to Ax(T) and

£10)=0=24,]0). (2.8)

Il

The involution ¥(A) is then implemented by an antiunitary operator © such
that
©|0)=|0), ©407'=9(4), 0©’=1. (2.9)

Charge conservation implies that only even point correlation functions with an
equal number of w and w* can be nonvanishing. @ invariance and antiunitarity

(03|0F) =(3[¥) = (¥|&), (2.10)

allow to relate correlation functions with opposite order of factors, e.g.

(0] w(ts) (W) (t2) -+ "W (tzn—1) (W)"(t2a) |0) =

(2.11)
= (0] (W)*(~t2n) @ (—tan—1)--- (W) (~t2) w(~t1)]0).

(ﬁ) (*) stands, as usual, for the ith factor in a 2n-fold tensor product.)
Using the solution of the equations of motion (2.3),

g(t) =ge ((i+ zh) t) (: e (‘ (t+ %h) t) g) , g=g(0) (2.12q)
w(t) = we ((E+ ?:j;h) t) , w(t)=e (— (E+ Zh) t) w, (2.12b)

or
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where

e(z) =€ e ((E+ %h) t) = cos ( ht) Egﬁ%isin (%ht) . (2.13q)

N2K? = (2L + R)?, (2.13b)

Eq. (2.12b) and © and time translation invariance allow us to write

(0| w® (1w (t2) | 0) = (0| wh(t)w?(t2) | 0) = %e(ﬁgﬁtu) 53, tir=tits.

(2.14)
The normalization is dictated by the (quantum) constraint (1.3). One can also
rewrite (2.14) in terms of g:

1 3
(01810 22(02) 0) = 3 coron P~ 3ha), (29

where ¢ is the unit antisymmetric tensor (1.1b). The 2n-point function is
uniquely determined from the initial (equal time) condition

(01ga:--- g0z 10) = 1),Zﬂea sy PP (2.16a)

i<j

in terms of w(*) the non-vanishing equal time expectation values are expressed
in terms of the Euler beta-function:

m! n!

(0 ’(wl'wl) (w?w}) ’0>:B(m+1,n+1):m;

(2.16b)

(the sum in (2.16a) is spread over (2n — 1)!! different products of 2n € factors
each). For instance, the 4-point function has the form

(018(02) #2) §(12) (2] 0) = (019333 0) e (3 (3t14-+ (1 + 4Pus)s))

(2.17)
where P34 is the operator permuting the indices (G303, such that
34
(Pu)’=1 and (0]9999]0)(Prz - Pag) =0 (2.18)

for
1234
(0/9999|0)=

1
= 6 (Eamgfa‘,a_,fﬁ"(’qfaaa" oo e1Ba BaBs F Bnyyiinaia PrBa ﬂaﬁa)
(2.19)
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Due to the identity
P18y BBy — B1Pa BaPs | BrPscfoPa (2.20)

only two out of the three structures appearing in (2.19) are independent.

The spectrum of our Hamiltonian (1.15), the angular momentum square,
is s(s + 1)h?, where s = 0, %, 1,... so that the spectrum of the operator N
introduced in (2.13) runs over the natural numbers. The integrability of the
model is reflected in the existence of three commuting integrals of motion, L?,
£3, and £5. The state space M is spanned by the canonical basis

,NSa 83 ), (23 — 533) ] N s3 §3) =i = (zg — ﬁfﬁ) | N s3 53) (2.21)

where - N3
A ;, N=12..., (2.22)

the eigenvalue N being thus N2 fold degenerate. We observe that #{ has the
S50(4) structure of the space of bound states of the non-relativistic hydrogen

atom. In fact, the energy spectrum of the hydrogen atom is reproduced by the

Hamiltonian 5
H — M e —— 2.23
hydr c 2 prz ( )

3. A QUANTUM R-MATRIX WITH OPERATOR VALUED ENTRIES

The operators g(t) satisfy for different times a generalized exchange relation
of the type

3(ta) 9(t1) = Rua 9(t1) (ta) =0 (k1) 9(ts) Raz, (3.1)

where Ry, and I-ém depend on the time difference ;2 and on the conserved right
and left invariant angular momenta £, and £,, respectively. To construct R;3 and

1 1
thus derive (3.1) we express 9(t,) in terms of g(¢;) and use the commutatativity
of g at equal times:

;(12) 517(31) I!}(tz) 3("2)8((%4--2&) 112) =

:é(tl)e (—%tlg) S(tz]e(%tlg) :é(tl) ;(tz) Uu&(%im)

where Uy is a unitary operator defined by

e (— %ilz) S(tz) = 3(12) Uiz
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EE:E(}M (P—%)), (3.2)

where P = Pj5 is a permutation operator related to the su; Casimir invariant
in the tensor product space:

for

Fxg=2P—1 (3.3)
Noting that P is involutive and interchanges particle momenta,
L 2
PP=1, PE=LP (3.4)
and using the identities
1o o
(8 +£)(P-1)=0, (3.5a)
1a 21
which implies [H +££4+2L(L + k)| (P ~1) =0, and
] L) 2r L3 2 I
h[P,Z - [£,£ =L4L— ¢ +h (t—Z)P:O, (3.50)

we deduce from (2.13) and the above calculation that R;; can be written in the
form

# = L 2 21
E(—Etlg) Rys = Fy + F3P + F3 (E + E) + Fy £ P+ Fs £4= Fyo (3617.)

where the exponential has been factored out for later convenience and
F; = Fi(t15, N*), N?? = (2L +h)% (3.6b)

To compute F; we differentiate (3.1) with respect to ¢; finding

1
1 2 . L
g (1) 9 (t2) {-7‘-12 +1i [l, Fiz

+ :'hP.?-'lz} =0. (3.7)

To see that the structures in (3.6a) are reproduced we use the identity

L2 i 2 1
60 =ihexal=h|Ei—|P (3.8)
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The resulting system of ordinary differential equations for F; with the initial
condition

Ri3(0) =1 & Fi(0, N?) = &y, (3.9)
has a unique solution given by
2 1 2
hz = —iht _ _~ . —
Fs Ni_1 (e e cos Nht + N sin Nfu',) V2
7 (3.10a)
% i N?41
— P g I T
3 T ey
hFy = ths = -}\722——1 (— cos Nhit + % sin Nhit + e—m) =
3 (3.108)
h NZ N
— 242 _ 4 48 Bt
t“—1 3 t gy +.
_ cos Nht — 1 N?
R R s 3.10
in Nhi
Fy=—i 5"‘N LI zN B ..., (3.10d)
Nht -1 N2-1
R e K2 Fs o
" (3.10¢)
g deas N1 g
=1 2ﬁ. i°—1 T Rt +

The operator Fi, (just as well as Ry3) goes into its inverse if we interchange the

labels 1 and 2

_'Flg(tlz) .7'"21(1':21) =1= -7:12(?"12) (}'12(1»12))*1 (3'11)

in accord with the involutivity of (3.1).
One can derive a similar relation for Rys = Ryg(t12;£s) (of (3.1)); the result
i 2 1 1 2
9(t2) 9(t1) = Rz 9(t1) 9(t2), Ria(tiz;£) = Rua(tia; —£). (3.12)
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Acting on the right and left vacuum R;; and Ry2 teduce to the same numerical

matrix: - ) ;
Ry3|0) = e (P-3)tna|q),

(3.13a)
(0|Riz = (0]e~h(P=3)tz,
the vacuum value of i, in both cases being
(Fia(t)) = e P! = cos bt — iP sin At (3.138)

More generally, we can compute the action of R;;;; on correlation functions.
The above analysis tells us that the resulting expressions for 3 and Fo,_19n
are given by (3.13b) with P = Pjz and P = Py, 12, (and ¢t = 112, t =t2n_124),
respectively. It is instructive to compute as a less trivial example the middle
R-matrix, Rj3, for the 4-point function (2.17), (2.19).

We first note, using (2.19) and (2.20), that each three permutations P;;, for
either 4,7 = 2,3,4 0r 4,5 = 1,2, 3, acting on the equal time 4-point function are
linearly dependent:

1234 1284

Indeed, this is true for any one of the three terms in the right hand side of
(2.19). Denoting the matrix (¢?i%;) by e(ij) we can write

€(12) €(gk) (P23 + Pas + Pas) = 0 = €(i7) €(k4) (P12 + Pas + P13)  (3.14b)

for any permutation (i, j, k) of (2,3,4) (respectively (1,2,3)). Furthermore, we
note the relations

(N —2)g|0) =0= (.';Té—hé (P; —%)) 10), i=2,3  (3.15)

As a result we find the following equivalent realizations of F;3 in the space of
4-point functions: _
(}'-23 )4 = E(htzs P34) e(htgg Pz;), (316&)

(7:23)4 — e(ﬁ, tog Plz) e(higa P13) (3.166)

(the first acting from the right, the second from the left of (2.17)). The matrix
R,3 defined as the ratio of corresponding 4-point functions (2.17),

h
ng e E(E tlg)j'-l_';, (317&)
where we omit the brackets indicating matrix elements and set

h h
.7‘-13 -— C(E t12 ng) 6(5 tgg P12]:| (3176)
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depends on the middle point ¢, (rather than just on the time difference ,3).
The R;; (and Fi;) so defined are verified to satisfy the relations

Riiy1(t) Rispa(—1) = 1, (3.18)

R(].Zd)(t 2) R(213)(t13) R(23 )(t23) - R(ﬂ1323) (123)(t23) R(l%?)(tla) Rg_:;lg)(tIZ),
(3.19)

where the upper indices (ijk) stand for the order of s’i'(t.-) to which R is applied.
We note that such generalized Yang-Baxter equations that reflect the op-
erator dependence of R are reminiscent to the relations found by Mack and
Schomerus in their study of quasi co-associative quantum symmetries [5].
The “quantum R matrix” allows to obtain its classical counterpart. Setting

{5(“) g(iz)} lim % [3(»:3), g(tl)] (3.20)
we find
{5(11), 3@2)} =9 (t1) 9(t2) #(ta, ), (3.21)
where ; -
‘F(t,f):tP—;ta (E+E) +:t"‘zP+ 2 L, (3.22)

or a similar expression with r(t,£) = #(f, —£) acting on the left. We can also
write a simpler looking (linear in ¢) expression for the PB on the price of having

12
an operator acting on both sides of gg:

{slr(tl), E(tz)} " %2 $t) Sy -2 1 -

P, 9(t1) 9 (t2) (;h fz”
i

(where [, |+ stands for an anticommutator). Eq. (3.23) is verified directly:
differentiating in ¢,, using the differential equation for g and checking the initial
conditions.

(3.23)

]
42

4. SPLITTING INTO LEFT AND RIGHT INVARIANT CHIRAL MODELS.

The 1-form itrfdgg~"', whose differential defines the symplectic structure of
the phase space T', can be split into left and right invariant parts, in parallel
to the splitting of the basic 2-form of the Wess-Zumino-Novikov-Witten model
into chiral parts-see [6,7]. We shall briefly review the treatment of this problem
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in (1] supplementing it with an expression for the different time PB and for the
quantum exchange relations in the chiral theory.

Let u and v be unitary 2 x 2 matrices that relate £ and Z to the diagonal
matrix +Loa:

£ =uLozu*, (ldetu=)uu" =1, (4.1a)
= —v* Loy, w* = 1. (4.1b)

This is consistent with the relation fg = —gf for
g = uv. (4.2)

The basic 1-form in I' then splits as follows:

itrédgg™' = itr{Los(v 'du + dvv ')} (4.3)

The conditions (4.1) and (4.2) do not fix » and v in a unique manner: they
leave room for a (time dependent) gauge transformation

v—uD, v—-Dlu D= D(t)

with D any non-singular diagonal matrix. At the classical level » and v can be
parametrized in terms of the angular momenta £ and £ and a pair of zero mode

variables &, £:

1 Ltz | —L ) iy
L 11 =W TS 2 4.4a
V2L(L + &) ( & L+t )¢ (4:4a)

p=ein 1 . ( LE_ £ E_LE ) (4.4b)
v/ 2L(L — &3) + i
(At the quantum level these relations give rise to an ordering problem.) It is

convenient to regard at this stage the variables v and v as completely decoupled.
We shall take the equality I = L into account later on.

We concentrate for the moment on the right invariant u-sector and consider
the first order classical Lagrangean

L=tr{Llogiv's— A(v'w— 1)} - %L2 (4.5)
From (4.5) we deduce
= %LG’_’;, (4.6a)

while (4.1a) yields
£y = itr(oaun’). (4.6b)
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The Lagrange multiplier is found to coincide with the Hamiltonian,
1

A= 51‘,2 =H, (4.7)
while the classical equation of motion
R 1
U= E‘H.LO'_'; = Efu (4.8)

indicates that u carries just a half of the time dependence of g. Indeed, according
to (4.2),

g(t) = u(t) v(t) = e”7%u(0) v(0) e 3%, (4.9)

The phase space I';. of the variables u and £ satisying (4.1a) is 4-dimensional.
Indeed the solution of the constraints (4.1a) can be parametrized by the com-
muting integrals of motion L and 3, or the ratio

a L—1y
T > %
t32 = ”L 7 (>0) (4.10)

and a pair of angle variables ¢ and £, so that

o Lo _—ip
cos§ —sinfe .
2 2 —iZ3 »
U= ( )e i9¢ g3 = Leosa, £y = Lsinaet™®,
si

in & egiv a
nge €os 3

(4.11)
The canonical 1-form corresponding to the first term of the Lagrangean (4.5b),
itr£duu”, gives rise to the symplectic form

w = d(trfdun’) = -;—d!, Atr{(os + L™ %4, 8)dun’} = iz}
4.12

The associated non-zero canonical PB
{6, L} =1={{ &} = {p, s} (4.13)

can be written as quadratic (equal time) PB relations for the matrix elements
of u:

{u, u} =uw r(L), (4.14a)
00 0 O
i1 2 12 % 00 -1 0
= — — - — L
r(L) 2L(a‘_a'+ o o) szl o1 0 o (4.14b)
00 0 0

As pointed out in [1] the relation (4.14) admits a Ug(sfs) deformation which
allows one to connect it with the exchange relations for isospin % primary fields
in a su; current algebra model.
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Here we only note that the method of this paper allows to compute the PB
of the chiral field u for different times with the result
12

{11.6(151), 'i(tg)} 2= {1 + 211; sin Liyg + 2Pe = E(l — COS Ltlg)+

4772

4 12 (4.15)
sin Li £f 1 2
+ (1 - T2 m} 4(t1) (t2) r(L).

7

The corresponding quantum exchange relation can also be written in a form
similar to (3.12), (3.6) or, alternatively, as a product of the equal time quantum
R matrix (computed in [1])

N 0 0 0
1| o JNTT 1 0 dp 4
RN ==| o ¥, T o |2 MR =QL+h) (4.16)
0 0 0 N

by a pair of diagonal matrices. The quasi-classical limit of R is obtained for
h—0, N — oo, Nh — 2L, finite:

R (%) &1 —4R#(T) (4.17)

with r(L) given by (4.14).
Using the defining relations (4.7) and

[u(t), L] = hu(t) i'; (4.18)
we find ol
u(t) = u(0) et (5-"3), (4.19)
as a result

42 (a3L—Laa0 :
3ia) A) =h) Re ? (3o2-3245) R(L) e~ 50ok, (4.20)
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