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ABSTRACT 

We study the set of eikonal diagrams, derived from perturbative QeD, at the 

lowest order in the coupling constant and with vacuum quantum number ex· 

change, in the three body interaction of a high energy projectile parton with 

two different target partons. The contribution to the semi-hard component 

of the inelastic cross section is worked out by evaluating the leading behavior 

of all the dominant cut diagrams. The different cut amplitudes are shown to 

be proportional to one another, with the same weights of the cutting rule. 

which have been derived in the context of multi·pomeron exchange. As a con· 

sequence of the dominant configuration in the loop integrals, corresponding to 

the projectile parton on shell between successive interactions, the process is 

represented by the simplest probabilistic picture, where the three-body inter­

action is factorized as the product of two-body interaction probabilities. 
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I. Introduction 

Multiple interactions in the case of two-body parton scattering, for s --> 00, 

t/ s --> 0, with s and t the usual Mandelstam variables, have been systematically 

investigated both for an Abelian theory of interaction1 and in QCD2. In the 

Abelian theory, the set of multiple interactions, which are obtained from the s­

channel unitarization, corresponds to the eikonal diagrams. At a given order in 

the coupling constant g, the eikonal diagrams differ to one another only by the 

ordering of the exchanged quanta and the eikonal approximation is implemented 

by taking the leading behavior of the sum of all the diagrams. While each single 

eikonal diagram with loop integrals is proportional to a power of Ins, as a result 

of the loop integrations on the longitudinal variables, the sum of all the eikonal 

diagrams, at a given order in the coupling constant, does not contain any Ins. The 

leading behavior of each single diagram is canceled by a destructive interference 

between different terms, in such a way that, after summing all the terms, at a 

given order in the coupling constant, only a subleading contribution, without any 

power of Ins, is left. 

In the non Abelian case, each diagram is characterized by a different color matrix, 

so that different diagrams cannot be added any more as isospin scalars. In order to 

study the non Abelian case, one needs to introduce, at each order in the coupling 

constant, a set of isospin factors which acts as a base for decomposing all isospin 

factors of the Feynman diagrams at the same order. To that purpose the box­

isospin factors have been introduced3
• Using the Jacobi identity for the structure 

constants and the commutation rules of the generators of the algebra, one can 

express each isospin factor, at a given order in g, as a sum of box-isospin factors 

up to the same order in g. Increasing the perturbative order, the decomposition 

increases rapidly in complexity. The case of the sixth order is extensively discussed 

in reI.4 and the graphical representation of the corresponding box-isospin factors is 

shown in fig.1. A calculation through the tenth perturbative order, for the vector­

meson vector-meson elastic scattering amplitude, is presented in ref.3, while, in 

ref.5, the analysis is generalized (up to the eight perturbative order) to the three 

and four body parton interaction. The perturbative analysis shows a remarkable 

pattern of regularity: The decomposition of all isospin factors, in terms of box­

isospin factors, allows one to express the space-time part multiplying each box­

isospin factor as an expansion in powers of g2 and Ins. All the coefficients of the 
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expansion conspire to replace the t-channel gluons of the Feynman diagram, at 

the lowest order in 9 and with color factor equal to the box-isospin factor, with 

Reggeized gluons4 ,6; namely by modifying each of the gluon propagators by a 

factor ~,,(q), where q is the momentum of the corresponding gluon. 

Within the Reggeized gluon scheme, which arises from the perturbative analysis, 

the relevant quantities to be considered are the sets of Feynman diagrams con­

tributing to the same box-isospin diagram. One may distinguish two different 

kinds of box-isospin diagrams: 

a- The ones without interactions among the exchanged lines, like graphs 1, 2 

and 4 in fig. 1 , and 

b- the ones with interactions among the exchanged lines, like graph 3 in fig.I. 

In case a, the lowest order term in 9 of the space-time factor is given by the sum 

of all the space-time factors of the eikonal diagrams at the same order, namely it 

is the same as the contribution obtained by exchanging elementary vector mesons 

within an Abelian theory of interaction. One may also notice that, in case b, every 

lowest order term in 9 contains a power of Ins which grows with the number of 

horizontal lines. 

A feature of gluon Reggeization, which we like to emphasize, is that, at a given 

order in 9 and for each box-isospin diagram, one needs to consider a whole set 

of Feynman diagrams, whose space-time parts have to be added coherently. The 

resulting behavior is very different from the behavior of each single diagram. The 

lowest order term of the space-time part of each box-isospin diagram of kind a is 

the precise analogous of the Abelian theory and, correspondingly, although each 

single diagram grows as a power of Ins, the sum does not contain any more factors 

proportional to Ins. While color factors can be reorganized in such a way that only 

a few of them multiply a space-time part with a leading behavior, a main point 

about Reggeization is that terms, leading at the lowest order, become subleading 

after keeping into account higher order corrections, so that only terms with the 

exchange of vacuum quantum numbers finally dominate. As a consequence, in the 

framework of Reggeized gluons, one does not learn about dominant terms in the 

amplitude by simply selecting Feynman diagrams with the criterion of the leading 

behavior at high energy. One should rather focus on the exchange of quantum 

numbers and sum the contributions obtained by projecting all the different Feyn­

man diagrams which contribute to the given exchange of the quantum numbers. 

Moreover, because of interferences between different terms, it is not a consistent 
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procedure to take into account of the diagrams with a leading behavior only, while 

performing the sum. 

On the other hand, the different attitude of selecting rather the QCD di­

agrams, with the leading behavior at large s, and limiting the analysis to the 

corresponding color factors, is often used to discuss higher order exchanges, in 

interactions involving many partons (LLA QCD7 ). The same criterion is used in 

ref.8 (section 3.3) to select the "inside" topology in order to discuss the different 

cuts of double ladder exchange diagrams, with the purpose to prove the validity 

of the A.G.K. cutting rules9 in QCD. 

Since the physical picture of the interaction is considerably different in the two 

approaches, we find useful to reconsider, within the optics of gluon reggeization, 

the relations among the different cuts of a definite QeD amplitude. We examine, 

therefore, a case which belongs to the category of the class of diagrams studied 

in references 3,4 and 5, allowing, nevertheless, a comparison with the analysis 

performed in ref.8. Most of the arguments, which have been produced in ref.8, are 

based, in fact, on considerations involving only the first step of the ladder. We 

are therefore allowed to analyze a simplest case, of three body parton interaction, 

where the exchanged ladders are replaced with box-diagrams. The least order 

in the coupling constant to be considered is eight, as a consequence. In fig.2 all 

Feynman diagrams, at the eight order in g, with the projectile exchanging two 

gluons with each of the two targets and with the exclusion of terms containing 

the three-or-four gluon vertex, are represented. In fig.2, and in fig.3 as well, the 

projectile is represented by the horizontal line in the middle of each graph, the 

target partons are the two horizontal lines in the top and the bottom and the four 

lines left are the exchanged gluons. The set of diagrams in fig.2 is the complete set 

of diagrams which contribute, at the lowest order in g, to the box-isospin diagram 

of kind a, with the quantum number exchange of two gluons in each of the t­

channels. At the eight order in g, the base for the isospin factors is not unique10
• 

Any of the color factors, of the 24 diagrams in fig.2, may be used to represent this 

base isospin diagram. Since the color factor, whici1 is selected with the argument 

of the diagrams leading at high energy, corresponds to the "inside" topology, we 

choose, as isospin factor associated with the diagrams in fig.2, the diagram in fig.3. 

We limit our analysis to the isospin term represented in fig.3, which is only one 

of the components in the much structured three body amplitude. The term, which 

we have selected is, however, simple enough to allow a rather detailed analysis. In 
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fact we keep into account of all the relevant subleading contributions both to the 

term in the amplitude, which we have selected, and also to all the corresponding 

different cuts of the amplitude. The role played by the subleading terms is, in this 

way, fully explicit. Our analysis shows that, because of destructive interferences 

between different diagrams, next to leading terms in Ins are of the sarne importance 

as the leading ones. 

An interesting property of the sum of the space time parts of the diagrams of the 

set in fig.2 is that one of being gauge independent, at least in the case of the three 

quark interaction. The reason is that the set of diagrams in fig.2 is a complete 

set of diagrams, in electrodynamics, with a given quantum number exchange and 

at a given order in the coupling constant. The term under investigation, in the 

three-body parton amplitude, has, moreover, a close connection with the eikonal 

models of high energy hadronic and nuclear interactionsll . In addition, as it will 

result by studying the cuts of the amplitude, it is directly related with' the semi­

hard rescattering of a high energy parton, which is expected to be a very frequent 

process in nuclear collisions at the energies of future Colliders12. 

The paper is organized in three parts. In the first we analyze the amplitude 

for the three body interaction corresponding to the box-isospin diagram in fig.3, 

whose space-time part is given by the set of diagrams in fig.2. In the second 

part of the paper we consider the cut amplitude and we work out all the leading 

contribution to the inelastic cross section. A last paragraph is devoted to a final 

discussion and to a few concluding remarks. 

II. Amplitude 

This section is divided in two subsections. In sub-section a we make a detailed 

study of the behavior for large a, fixed t, of the space-time factors of all the 

diagrams in fig.2. In the following subsection b we discuss the color decomposition 

of the color factors. 

a. Space-time factors 

In fig.4 one of the diagrams in the set under consideration is shown and the 

kinematical variables are explicitly indicated. The momentum of the projectile 
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parton is p+ and the momenta of the two target partons are (kl - Q)_ and (k2 + 
Q)_. '+' and '-' are the light-cone frame components which we choose in such a 

way that the projectile is characterized by values of the' +' momentum component 

of order ..;s while the same holds for the '-' momentum components of the target. 

The typical values of (k1 )+, (k2 )+, (kl - Q)+, (k2 + Q)+ and p_ are of order 

m 2 /..;s, where m is a typical value for the hadron mass, which gives also the size 

to the transverse momenta of the external lines. In order to make a meaningful 

perturbative calculation, we introduce the lower cut-off qf'in for the transverse 

momenta of the exchanged parton lines ql, q2, ql + Q, q2 - Q, in such a way 

that qf'in > m and ..;s > qf'in. As it results from the detailed analysis reported 

in the next paragraphs, the values for virtuality and transverse momenta, in the 

dominant loop configurations, are of order qf'in, in the case of the quantities of 

interest for the present analysis. As a consequence we neglect the virtualities and 

transverse momenta of the external lines while performing the loop integrals and 

we threat the lines with momentap, kl, k2, k1-Q and k2+Q as partons flying in the 

direction of the parent hadron keeping different from zero only the components p+, 

(kd-, (k2)_, (k1 - Q)-, (k2 + Q)- which we take as positive quantities. One may 

notice that while the target bound state forces the + and transverse components 

of the corresponding target parton momenta to be small, it allows variations of 

order ..;s for the - components. As a consequence values for Q_ of order ..;s are 

allowed by the forces which keep the partons in the hadron. Since configurations 

where the target partons exchange a sizeable longitudinal component Q_ are not 

damped by the parton wave function, we do not have a genuine forward amplitude 

and Q _ is one of the variables, in addition to the loop variables, to be integrated 

over when analyzing the semi-hard interaction. On the other hand the semi-hard 

interaction, namely the loop integrals, represented in the set of diagrams in fig.2, 

has a much stronger dependence on Q_ than the bound state. In fact, as it will 

be seen later, it forces Q _ to be of order (qf'in)2 /..;s. The transverse momenta 

are constrained by the hadronic bound state to be of order m ~ qf'in and, as a 

consequence, they must be balanced in the semi-hard interaction, so, with respect 

to the transverse momenta we have a forward amplitude. 

In analogy with ref.3 and ref.4, we write the space-time factors of the diagrams 

in fig.2 in the Feynman gauge. As discussed in appendix A, to look for the 

leading contribution we are allowed to neglect the variation of the current couplings 

at the vertices as a function of the loop variables, in such a way that the loop 
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integrals involve the denominators of the propagators only. We keep moreover into 

account that the dominant loop configurations are the ones where the transverse 

components are small with respect to the c.m. energy13 . As a consequence, to 

work out the leading contribution, we treat the transverse components of q1 and 

q2 as small quantities with respect to ..,IS. 
All the denominators of the propagators in the set of diagrams in fig.2 are 

numbered below: 

a' 2 

a' 5 

ag 

a' 7 

a' 9 

a' 8 

a" 8 

(q2 - Q)2 = a2(.82 - .8Q)s - qit + if 

(k2 + qd = a2(.82 + .8.,)s - q~t + if 

(qd = a2.82 s - q~t + if 

(k2 + Q - q2)2 = -a2(.8., -.82 + .8Q)S - q;t + if 

(q1 + Q)2 = a1(.81 + .8Q)s - q~t + if 

(k1 + qd = a1(.81 + .8.,)s - q~t + if 

(qd2 
= a1.81 s - qit + if 

(k1 - Q - qd = -a1(.8., -.81 - .8Q)S - q~t + if 

(p - q2 + Q)2 = (a - a2)( -.82 + .8Q)S - q~t + if 

(p - q1 - q2)2 = (a - a1 - a2)( -.81 - .82)S - q; + if 

(p - qd2 = (a - a1)( -.81)S - qit + if 

(p - q1 - Q)2 = (a - a1)( -.81 - .8Q)S - qit + if 

(p - q2? = (a - a2)( -.82)S - q;t + if 

(p + Q)2 = a.8Qs + if 

(p - Q)2 = a( -.8Q)s + if 

where the infinite momentum frame components of the four momenta have been 

defined as 

p :=..,IS(a,O,O) 

k1 ,2 :=..,IS (0, .8k,." 0) 
Q :=..,IS(O,.8Q, 0) 

q1,2 :=..,IS(a1,2,.81,2,Qt1,z/..jS) 
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and qt is defined as qt = qt1 + qt2: 

One can observe that one may obtain the different topologies in the first col­

umn in fig.2 starting from the last diagram, the one numbered 21, whose momenta 

are explicitly indicated in figA, and making the following replacements: a~ ....... a7 

to obtain diagram 9, a~ ....... a7 followed by a9 ....... a~ to obtain 17, a9 ....... a~ to obtain 

13, as ....... a~ and a~ ....... a7 for 1 and as ....... a~ together with a9 ....... a~ to obtain 

5. Moreover one can observe that the set of diagrams in the second column is 

obtained from the one in the first with the replacement as ....... a~, the third column 

is obtained replacing a2 with a~ and the last one with the substitution a2 

followed by as ....... a~. 

....... a' 2 

To extract the leading contributions, we proceed by analyzing the behavior, 

for large s and fixed qt, of the integral of the denominators of the propagators in 

the two central loops with respect to the longitudinal variables (1:1, (1:2, /31, /32 and 

/3Q. The integration limits on /3Q are obtained from the positivity requirement for 

(k l - Q)_ and (k2 + Q)_. In the following however we limit ourselves to consider 

the region in /3Q where /3Q + /3k, and /3k, - /3Q are finite quantities for q; / s ....... O. 

The leading contribution is obtained integrating on (1:1, (1:2, /31, /32 and /3Q the 

denominators of the propagators and making the limits q;ds ....... 0, q;2/S ....... O. 

An important point, as far as the integration region providing the leading 

contribution is concerned, has to be made. Let us consider the sum of three 

diagrams in fig. 5, which can be considered as a prototype for the whole set. 

The corresponding integration on the longitudinal variables can be schematically 

expressed as: 

(I) 

The integrations on /31 and /32 give the limits for the integrations on (1:1 and (1:2' 

We need to recognize the region, in the (1:1, (1:2 integrations, that provides the 

dominant term in 1/ s. The region (l:i ;::; q;d s contributes to the dominant term 

since six of the denominators in Eq.{I), aI, a2, as, a4, as, a6, are of order q; rather 

than s. One can notice that, in the case of the diagram III in fig. 5, corresponding 

to the last term in the sum in Eq.{I), the region (1:1;::; qUs, (I: - (1:2;::; qUs gives a 

contribu tion of the same order since the denominators a4, as, a6, a7, as and a~ are 

of order q; in this case. All different ways of compensating the powers of s in the 

denominators in Eq.{I) give subleading contributions. The two configurations do 
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not give a contribution of the same order to the amplitude, as it can be realized 

when the current structure of the numerators in the propagators is taken into 

account . In the case ai ~ q;d', neglecting the terms with qt, one obtains, for the 

convective current factors: 

2p· (2k2 + Q) = a(2/3k' + /3Q)' 
2p· (2kl - Q) = a(2/3k1 - /3Q)8 

2p . 2k2 = 2alh,. 
2p · 2kl = 2a/3k18 

for the diagram I in fig. 5, 

2p· (2.1:2 + Q) = a(2/h, + /3Q)8 
2p . 2k2 = 2a/3k, s 

for the diagram II, and 

2p . (2k2 + Q) = a(2/3k, + /3Q)s 
2p·2k1 = 2a/3k1' 

2p· (2.1:1 - Q) = a(2f3kl - /3Q)' 
2p . 2kl = 2a/3k1' 

2p· (2kl - Q) = a(2/3kl - /3Q)s 
2p . 2k2 = 2a/3k,. 

for the diagram III. For all the three diagrams the leading term in the numerators 

is given by: 

a 4(2,8k, + ,8Q)(2fh, - ,8Q)2,8k, 2,8k,.4. 

In the second case a smaller power of • is obtained from the numerators because 

of the smallness of the (p - q2)+ component. For al ~ qU. and a - a2 ~ qU. 

the current couplings associated with the 'p' line in the diagram I I I in fig.5 are: 

p' (2k2 + Q) = a(,8k' + ,8Q/2)s, O(qtyS), O(qtyS) and p' 2k2 = a/3k, •. 

As a consequence this case is suppressed by at least one power of • with respect 

to the previous one. 

When considering the cut diagrams the leading contribution is analogously 

obtained from the region ai ~ q; /" as we have explicitly verified. We proceed 

considering separately all the 24 diagrams in fig.2, limiting the analysis to the 

dominant integration region. 

The set of 24 diagrams can be divided in three different sub-sets with the 

different topologies of the three diagrams in fig.5. Diagram I is the prototype 

for the first eight diagrams in fig.2, diagram I I is the prototype for the diagrams 

9 - 16 and diagram III is the prototype for the last 17 - 24. We call Mi the 

integrations on aI, a2, ,81, ,82 and /3Q of the denominators corresponding to the 

ith diagram in fig.2. Each one of the eight diagrams of the kind of diagram I in 
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fig.5 gives a negligible contribution in the limit under consideration. In fact let us 

evaluate explicitly M 1: The leading term corresponding to the three denominators 

associated with the projectile is: 

( 1) 1 1 
a7a~a9 = 0:3 s 3 (-(32 + (3Q + if)((3Q + if)( -(31 + if) 

(2) 

the integrations involve also the denominators of the exchanged partons ai, a3, a4 

and a6. A discussion on some subleading terms is presented in appendix B. The 

dependence of a2 and as on the contrary can be neglected when considering the 

dominant integration region. The integral on (31 can be done taking the residuum 

of the pole 1/a9, which gives (31 = 0 and forces the condition 0:1 > O. Analogously 

the integral on (32 gives (32 = (3Q with 0:2 > O. All the poles which are left for the 

integration on (3Q are listed below: 

2 
al = -q2t 

a3 = 0:2(3QS - q~t + if 

a4 = O:l(3QS - q~t + if 
2 

a6 = -qlt 

a~ = o:(3QS + if 

and one can notice that the conditions 0:1 > 0 and 0:2 > 0 force all singularities 

on the same size in the complex (3Q plane. One obtains therefore zero, in fact this 

is a particular case where the A.F.S. cancellation14 applies. A similar argument 

holds for all the first eight diagrams in fig.2. 

Each one of the diagrams of the set II gives a contribution of order Ins. Let us 

consider explicitly the case of diagram II in fig.5. The leading term corresponding 

to the three denominators associated with the projectile is: 

The integrations on (31, (32 and (3Q involve also the vertical propagators with 

denominators al, aa, a4, a6. To obtain a result different from zero from the 

integrations on (31 and (32 one needs to have 0:1 > 0 and 0:2 > O. The integration 

on (3Q is done by taking the residuum of the pole 1/ al. The integration on (32 

with the pole l/as and the integration on (31 with the pole l/aG' The integral on 

the longitudinal variables 0:1 and 0:2 is therefore expressed as 
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(4) 

The same expression is obtained for M 12 , MIa and MIs. The integration domain 

In al and a2 is different however: 

M12 :{al < 0,a2 < O} 

M13 :{al > 0,a2 > O} 

M16 :{al < 0,a2 < O} 

When considering MID, M ll , M14 and MIS one obtains: 

(21ri)3 J ala2 da l da 2 
a a 2 2 (2 2 )2 a s qltqu a2qlt - alq2t aSa2 

and the corresponding integration domains are 

MID :{al < 0,a2 > O} 

Mll :{al > 0,a2 < O} 

M14 :{al < 0,a2 > O} 

MIS :{al > 0,a2 < O} 

(5) 

A closer look to the integrals in Eq.( 4) and in Eq.(5) shows that they both give 

rise to a lns factor which is originated from the integration region al <X a2 ~ O. 

The last eight diagrams in fig.2 are leading, namely they are of order (lnS)2 . 

Let us consider the diagram I I I in fig.5: The leading term corresponding to the 

three denominators associated with the projectile is: 

to integrate on f3I, f32 and f3Q one needs to consider also the vertical propagators 

with denominators all aa, a4, a6. As in the previous cases, to obtain a result 

different from zero from the integrations on f31 and f32, one needs to have al > 0 

and a2 > O. One may integrate on f3Q with the pole l/a}, on f31 with the pole 

lias and on f32 with the pole l/aa. M17 is then given by: 

(7) 
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The same expression is obtained for M20, with the integration domain however 

replaced by 0'1 < 0, 0'2 < o. M21 and M24 give: 

-(21ri)3 J 0'~dO'ld0'2 
3 3 ( 2 )2 ( 2 + 2 )2 0' S qlt 0'2qlt 0'IQ2t aSa2 

with the integration limits 

M21 :{ 0'1 > 0,0'2 > O} 

M24 :{O'I < 0,0'2 < O} 

For MIs and MI9 one obtains: 

with 

with 

MIS :{O'I < 0,0'2> O} 

MI9 :{O'I > 0,0'2 < O} 

M22 :{ 0'1 < 0,0'2 > O} 

M23 :{ 0'1 > 0,0'2 < O} 

(8) 

(9) 

(10) 

In all cases a factor (Ins)2 is obtained, in Eq.(7) and in Eq.(9) from the region 

10'11 « 10'21 --> 0, while in Eq.(8) and in Eq.(10) from the region 10'21 « lall --> 

O. As a consequence the leading behavior for all the diagrams of the set I I I is 

obtained from the same integral 

-(21ri)3 1 J dO'l d0'2 

0'3 83 (Q?t)2(Q~t)2 aSa2 
(11) 

in the region 10'11 --> 0, la21 --> 0, with the constraints on the signs of al and 0'2 

just mentioned. The sign of the leading log in every M is obtained by looking to 

the corresponding different cuts, in the 0'1-a2 plane, representing the integration 
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limits, for smalllall, la21, of the integral in Eq.(ll). The leading term, at large 

s, for M 17 , M20, M2I and M24 is expressed as 

(-211"i)3 (1)2 
3f3 f3 (2)2 ( 2)2 ns a k, k, qlt q2t 

while for MIS, M 19 , M22 and M23 one obtains the same with opposite sign. 

One may notice that, although each single term is of order (Ins)2 , when summing 

two terms, with contiguous integration regions, like M22 + M u , corresponding to 

{al < 0,a2 > O} U {al < 0,a2 < O} == {al < O}, one obtains a leading behavior 

which is of order lns rather than (Ins)2. In the case just mentioned the lns factor is 

obtained as a result of the integration limit for al. The integration on a2 does not 

produce any more a further Ins , since, in the integrand 1/ a2, the configurations 

with a2 small and negative compensate the ones with a2 small and positive. 

h. Color decomposition 

The lowest order contribution to the isospin diagram in fig.3 is selected by 

looking at the quantum numbers. The projectile parton exchanges four gluons and 

each of the target partons two gluons, moreover the lowest order in the coupling 

constant 9 is eight. The set in fig.2 is the complete set of diagrams fulfilling these 

conditions. The color factors in the set of diagrams in fig.2 however contain also 

the exchanges of a color octet in one and also in both t-channels. The purpose 

of the present paragraph is to gain a better understanding of the color structure 

of the amplitude corresponding to the set of diagrams in fig.2. More precisely we 

would like to recover, in this three body interaction case, a collocation for the logs, 

obtained from the single Feynman diagrams in fig.2, which is consistent with the 

general features encountered when discussing gluon Reggeization in the two body 

interaction. 

We need to analyze the 16 diagrams of the sub-sets II and III, corresponding 

to the diagrams 9 - 24 in fig.2. The diagrams 1 - 8 in fig.2, corresponding to the 

sub-set I, give a negligible contribution in the high energy limit. There are 16 color 

factors Ti , i = 9 ... 24, which are identified by the topology of the 16 diagrams 

of interest. On the other hand we are interested in identifying the components 

of the color factors which correspond to the exchange of a single gluon in each 

of the t-channels. To that purpose we use the graphical representation of the 
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commutation relations, for the color matrices representing the couplings with the 

exchanged gluons, as shown in fig.6. The 16 color factors Ti, i = 9 ... 24, are then 

expressed as linear combinations of the 16 color factors Gi, i = 1 ... 16, shown in 

fig.7. We consider separately the two different sub-sets II and III. Let us start 

with the diagrams in the sub-set III which are characterized by a (In8)2 factor . 

Tl7 =GJ + Gs - G2 

TJ8 =GJ + Gs - G2 - Gs 

TJ9 =GJ + G3 - G2 + Ga 

T20 =GJ + Gs - G2 - Gs + Ga - GJ4 

T2J =GJ 

Tn =GJ - Gs 

T23 =GJ + G7 

T24 =GJ - Gs + G7 - GJS 

, 

(12) 

The eight relations in Eq.(12) can be inverted and the amplitude MIll correspond-

ing to the set of diagrams III in fig.5 can be expressed as a sum of terms with 

color factors G: 

24 20 

MIll =GJ X L Mi + (Gs - G2 ) x L Mi 
i=17 i=17 

+ Ga x (MJ9 + M 20 ) - Gs X (Mn + M 24 ) 

+ G7 X (M 23 + M 24 ) - Gs X (MJS + M 20 ) 

- GJS x M24 - G14 X M 20 

(13) 

It is interesting to notice that, while each of the space-time factors M is separately 

of order (Ins)2, the sum of different M's can be of order In8, or even it can be 

a constant, due to the different signs going with the logs in the different terms. 

The behavior of the space-time factors in Eq.(13) is obtained as discussed in the 

previous paragraph. The result is the following: there is no ln8 in the space-time 

factor multiplying GJ and Gs - G2 , on the contrary Gs, Ga, G7 and Gs multiply a 

space-time factor of order ln8 and, obviously, GJS and GJ4 multiply a (ln8)2. One 

may further notice that, if one considers the simplest case where the colors of the 

two target partons are summed independently, one trivially obtains that Gs, Ga, 

G7 , Gs , GJ3 and GJ4 are all zero. The sum Gs - G2 is also zero, even if Gs and 
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G2 are separately clifferent from zero. G I , which is precisely the color factor in 

fig.3, is the only color factor which remains finite. 

A similar decomposition can be done for the color factors of the cliagrams in 

the set II: 

T9 =GI + G3 + G4 

TIO =GI + G3 + G4 - G IO 

Tll =G I + G3 + G4 + Gg 

TI2 =GI + G3 + G4 + G9 - G IO - GIS 

T13 =G1 - G2 

T14 =G1 - G2 - G12 

TIS =G1 - G2 + Gll 

T16 =G1 - G2 + Gll - G12 - G16 

The corresponding amplitude MIl is therefore expressed as: 

16 12 16 

MI I =G1 X I: Mi + (Gs + G4 ) x I: Mi - (b x I: Mi 
i=9 i=9 i=13 

+ G9 X (Mll + M 12 ) - G IO X (Mlo + M 12 ) 

+ Gll X (MIS + M 16 ) - G12 x (Ml4 + M 16 ) 

- GIS x MI2 - GI6 X MI6 

(14) 

(15) 

There are no more space-time factors of order Ins in Eq.(15), with the obvious 

exception of M12 and M 16 , which multiply GIS and G I6 respectively. When 

summing on the two colors of the target partons independently, in order to remove 

all color factors which contain the exchange of a single gluon in at least one of the 

two t-channels, G., G IO , Gll , G12 , G I5 and GI6 are trivially zero. Gs and G2 are 

opposite in sign, while the leading term in the corresponding space-time factors 

are equal. G I and G4 are the only color factors which contribute. 

As a summary, the amplitude corresponcling to the sum of the Feynman 

diagrams in fig.2 can be written, for s --> 00, tis --> 0, as MIll + MIl, with MIll 

and MIl expressed, as in Eq.(13) and in Eq.(15), by means of a sum of terms 

with the color factors Gi, i = 1 ... 16, shown in fig.7. Two color factors, GI3 and 

G l4 , multiply a term of order (lnS)2. GI3 and Gl4 , using the rules for the isospin 

cliagrams discussed in the case of the two body interactions ,4, are readily shown to 
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be proportional to the base-isospin diagram of order 94 , which corresponds to the 

exchange of one gluon in each of the two t-channels. The (92lns)2 in the space­

time factor is therefore understood as a contribution to the Reggeization of the 

two gluons exchanged in the lowest order 94 base-isospin diagram. G5 , G6 , G7 , 

Gs , Gl5 and Gl6 multiply space-time factors of order Ins. They all contain the 

exchange of a color octet in at least one of the two t-channels. The corresponding 

amplitude contains both corrections of order 92lns to base-isospin diagrams of 

order 96 , associated with the eikonal diagrams at the same order, and further 

isospin diagrams at order 98 of kind b, which, in analogy with the case of the two 

body interaction, are expected to contain a Ins factor already at the lowest order. 

All terms with logs can find a collocation consistent with the analysis of the two­

body interaction, and, at this order, contain octet quantum number exchanges. 

To project out the case of interest, which is characterized by vacuum quantum 

number exchange, we sum the colors of the two target partons independently. All 

exchanges of color octets are then zero. The color factors which are selected in 

this way are Gl, G2 , G3 and G4 • G 2 and Gs multiply a space-time factor which is 

suppressed as a power of (q;"in)2 /s with respect to the leading term. Gl and G4 

are the only color factors with exchange of vacuum quantum numbers multiplying 

a space-time factor which is not suppressed. G4 , corresponding to the exchange 

of two gluons by the projectile parton, does receive contributions by a whole set 

of further diagrams, in addition to the set of diagrams in fig.2, and is not studied 

in the present paper. G l , which is the isospin diagram already shown in fig.3, 

receives contributions, at order 98 , by the set of Feynman diagrams in fig.2 only. 

III. Cut amplitude 

In this part of the paper we study the cuts of the amplitude corresponding 

to the set of diagrams in fig.2. Although some cut-diagrams are zero, in the limit 

of interest, we find convenient to include them too in the discussion. The reason 

is that the evaluation of the sum of all the eikonal diagrams, contributing to the 

same cut amplitude, is simpler than the evaluation of each single cut diagram 

separately. This section is organized in three different sub-sections, in accordance 

with the three different kinds of cuts to be considered. 
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II!.l Two box cuts, Case a 

In the present sub-section we analyze all cuts where both interactions of the 

projectile with the target partons are involved. We start with the observation 

that the mass shell constraint on the external lines, together with the requirement 

qt 2': qrin is greatly reduces the number of possible cuts. In fact, for example, the 

case in the diagram offig.4, where the lines with momenta q1 +Q_ andp+ -Q- -q1 

are cut, is not allowed. In fact, in this case, the invariant mass of p is forced to 

be of order qt > qrin ~ m, which is the scale for the virtuality of all the external 

lines. All allowed cuts, where both target partons are involved, are of the three 

different kinds shown in fig. 8. 

As a first case we consider the cuts of the kind in fig . 8a (case a), where 

the lines identified by a2, as and a5 are cut. Only the four cut diagrams in fig.9 

contribute. The mass shell conditions for the cut lines are: 

a2 = Q:2(f32 + f3k,)S - q~t = 0 

a5 = a1(f31 + f3k,)S - qft = 0 

as = (a - a1 - (2)( -f31 - (32)S - q; = 0, 

the condition of positivity for the energies of the cut parton lines is: 

a2 + f32 + f3k, 2': 0 

a1 + f31 + f3k, 2': 0 

Q: - a1 - a2 - f31 - f32 2': 0 

and the denominators to be integrated can be written as: 

a' 7 

a' 9 

(q2 - Q)2 = -a2(f3k, +f3Q)s 

(q2)2 = -a2f3k,s 

(q1 + Q)2 = -a1 (f3k, - f3Q)s 

(q1)2 = -a1f3k, s 

(p - q2 + Q)2 = a( -f32 + f3Q)s - a2(f3k, + f3Q)s + if 

(p - q1)2 = -af31s - a1f3k, s + if 

(p - q1 - Q)2 = -a(f31 + f3Q)S - a1 (f3k, - f3Q)S + if 

(p - q2)2 = -af32s - a2f3k, s + if. 
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The following expression represents the integration of interest, on the longitudinal 

variables ab a2, 131, 132 and f3Q, corresponding to the four graphs in fig.9. 

(18) 

The leading terms is obtained when a; ~ ql/s. The solution of interest for 

the mass shell conditions, Eq.(16), is then: 

2 
a ~ qlt 

1 (13 + f3k,)S 
2 

a ~ q2' (19) 
2 (-f3+f3k,)S 

2 
B c::' -q, 

as 

where terms of higher order in ql/s have been neglected, 131 = 13 + B /2, 132 = 
-f3+B/2 and both f3+f3k, and -f3+f3k, are finite quantities in the limit ql/s -> O. 

The integrations on aI, a2 and B are done with the help of the b-functions and 

Eq.(18) reduces to: 

J df3df3Q (13k, + (3)(f3k, - (3) 
13k, 13k, a( q;l)2 (ql2)2 S3 (13k, - f3Q )(f3k, + f3Q) 

x { a(f3 + f3Q)S + ¥-1_ ql2 {3;:,+{3{3Q + if 

+ -a(f3 + f3Q)8 + ~ - q2 13k, -{3Q + if } 
2 ,1 {3., +{3 

(20) 

. { 1 
X '{3 it.. 2 kl . 

-af3s + 2 - q'l {3., +{3 + Zf 

1 } + , {3 !L 2~ . af3s + 2 - q'2 {3., -{3 + U 

The integration limits for f3Q are a consequence of the constraint of positivity for 

(k1 - Q)_ and (k2 + Q)_, the limits for 13 come from the condition of positivity of 

the cut parton lines, Eq.(17). The leading contribution is readily obtained after 

noticing that the contribution to the integral from the region where (13 + f3Q) 
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is finite is suppressed as a power of q"f /3, for large values of 3, because of the 

cancellation between 1/ a7 and 1 / a~ : 

(:7 + :~) -+ a(f3: f3Q )8 + -a(f3 ~ f3Q )3 + 0 (!~) 
The same cancellation occurs, when f3 is finite, in the factor (1/a9 + 1/a~). To 

obtain the leading term we are therefore allowed to integrate over f3Q keeping track 

of the dependence on f3Q only in the terms proportional to 3 in a7 and a~, while 

we can integrate on f3 keeping the dependence on f3 only in the terms proportional 

to s in a9 and a~. More explicitly, the actual integral on f3Q (in a region of size of 

order q; / s around f3Q = (3) is: 

J ( 1 1) 
df3Q 1 2 2 . + 1 2 2 . 

a(f3 + f3Q)8 + 2" qt - qt2 + tf -a(f3 + f3Q)8 + 2"qt - qt1 + ~f 

If one replaces qtl with -qtl in the second integral, the second term is the opposite 

of the complex conjugate of the first. One is then allowed to replace the sum of the 

two integrals with a single integral, involving the first integrand only, performed 

along a closed contour, in the complex f3Q plane, including the polar singularity 

ofl/a7: 

J df3 (1 1) = f df3Q 
Q a(f3 + f3Q)3 - a + if + -a(f3 + f3Q)3 + a + if a(f3 + f3Q)8 - a 

where a = q"f /2 - q;l' The integration over f3Q is providing a factor 2i7l" / as as a 

result. The integration on f3, that involves (as a leading contribution) the factor 

(1/a9 + l/a~) only, is done, with the same line of arguments, in a region of f3 

of size of order q"f / s around zero. The resulting leading contribution from the 

configuration with ai, a2 and f31 + f32 of order q"f / s is expresses as: 

(271")5 1 

f3k.f3k,a 3s5 (q"f1)2(q"f2)2' 
(21) 

The result which has been obtained is proportional to the product of two ele-

mentary partonic cross sections. In fact this term is evaluated by squaring two 

successive interaction amplitudes between on shell partons. The intermediate par­

tons are put on shell as a result of the contribution to the cross section from the 
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pinch singularities produced from the constructive interferences between 1/ a7 and 

1/a~, when performing the {3Q integration, and between 1/ag and 1/a~ in the case 

of the integral on (3. 

The mass shell conditions, Eq.(16), can be solved differently. In the limit 

q; / s --> 0 one finds a set of six different solutions: 

0:2 ~ 0, al :::::: 0, {31 + {32 ~ OJ 
02 ~ 0, {31 + {3k, ~ 0, al - a::::: 0; 
0:2 ~ 0, {31 + {3k, ~ 0, {32 - {3k, ~ OJ (22) 
{32 + {3k, ~ 0, {31 + {3k, ~ 0, 0- 01 - 02 ~ OJ 
{32 + {3k, ~ 0, 0:1 :::::: 0, 0: - 02 :::::: 0; 
{32 + {3k, ~ 0, a1 ::::::: 0, {31 - (3k, ~ OJ 

where ~ 0 means = O( qi! s). For all different solutions, with the exception of the 

first one, that has been discussed previously, 01 or 02 are finite in the q; / s --> 0 

limit and, analogously to the uncut graph, the corresponding contribution is a 

subl.eading one. 

Cases band c 

The second case we consider is that one of the cuts of kind in fig.8b (case b). 

The set of cut diagrams that we have analyzed is represented in fig.10. Altogether 

there are four sets of diagrams of this kind. They are obtained from the set that 

we have considered moving, in each diagram, the cut from a3 to aI, exchanging 

the top with the bottom and combining the two operations. Each set of diagrams 

gives the same contribution. 

The difference with respect to the previous case is that the parton lines that are 

cut are presently identified by at, as and as. The mass shell conditions are: 

al = 02({32 - {3Q)s - q~t = 0 

as = 01 ({31 + {3k,)S - q~ t = 0 

as = (0 - "'I - "'2)( -{31 - (32)S - q; = 0, 

the condition of positivity for the energies of the cut parton lines is: 

02 + {32 - {3Q 2 0 

"'I +{31 +{3k, 20 

o - 01 - 02 - {31 - {32 2 0 
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and the denominators to be integrated become: 

a' 2 

ag 

a' 7 

a' 9 

(k2 + qd = a2((3Q + (3.,)8 + if 

(q2? = a2(3Q8 + if 

(k2 + Q - q2? = -a2(3k,8 + if 

(ql + Q? = al ( - (3 k, + (3Q )8 

(ql)2 = -al(3k, S 

(p - q2 + Q)2 = a( -(32 + (3Q)S 

(p - ql? = -a(318 - al(3k, 8 + if 

(p - ql - Q)2 = -a((31 + (3Q)S - al ((3k, - (3Q)s 

(p - q2? = -a(328 + a2(3Qs + if. 

The integrations on the longitudinal variables aI, a2, (31, (32 and (3Q, corresponding 

to the graphs in fig.IO, is expressed as: 

The mass shell conditions, in the limit q~ /8 -> 0, give rise to the set of possible 

configurations: 

Q2 ::::::: 0, a1 ::::::: 0, (31 + (32 ~ OJ 
Q2 ~ 0, (31 + (3k, ~ 0, a1 - a ~ 0; 
02 ~ 0, (31 + (3k, ~ 0, (32 - (3k, ~ OJ 
(32 - (3Q ~ 0, (31 + (3k, ~ 0, a - al - a2 ~ OJ 

(26) 

(32 - (3Q ~ 0, a1 ~ 0, a - 02:::::: 0; 
(32 - (3Q ~ 0, a1 ~ 0, (31 + (3Q ~ OJ 

(where ~ 0 means = O( q~ /8)). The most important contributions are obtained, 

in the configuration a2, (31 + (3k, and a - al = O(q; Is), by the combination: 

and in the configuration aI, (32 - (3Q and (31 + (3Q = O( q; / s) by: 
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giving rise, however, to non leading terms, after taking into account the numerators 

in the propagators. The configuration all a2, f3I + f32 = O( q; Is) that, in ca&e a, 

gives the leading contribution, is depressed as a power of q; Is with respect to the 

leading term in the present case: In fact, the mass shell conditions, Eq.(23), force 

the coefficients of the terms in s of a7 and a~ to be # 0 and opposite in sign while 

the condition a2 = O(q; Is) forces f3 + f3Q # O(q; Is), where f3 = (f3I - (32)/2. As 

a consequence the factor (1/a7 + l/a~) is of order (qUa 2
). While in case a the 

conditions of reality for the cut lines where allowing a7 and a~ to go on shell, this 

is not possible any more with the present cuts. The consequence is that in ca&e 

b there is no pinch singularity, corresponding to the sum of the imaginary parts 

of a7 and a~, only the real parts are left that interfere destructively providing the 

extra suppression factor. 

Things are qualitatively analogous to case b when considering case c, corre­

sponding to the cuts of kind shown in fig.8e. More precisely all cuts of this kind 

are those represented in fig.ll and those obtained exchanging the top with the 

bottom in each of the graphs in fig.ll. The most important contribution (that 

however does not contribute to the leading term) comes from the set of graphs in 

fig.lla in correspondence with the configuration all f32 - f3Q and a - a2 of order 

q; I s and from those in fig .11b in correspondence with the configuration f31' az and 

a - al of order qUs. The configuration all a2 imd {3I + f32 of order qUa is now 

depressed as (qUa)2 with respect to the leading because the conditions of reality 

for the cut parton lines force I/a7 and l/a~ as well as I/a9 and l/a~ to interfere 

destructively. 

11I.2 One box cuts, case a 

In this section we analyze the cuts where one of the two target partons acts 

as a spectator. There are two different kinds of cuts to be considered, the first 

case is that one where two horizontal lines are cut (case a), the second is the case 

where the cut involves one horizontal and one vertical line (ca&e b). 

The cut diagrams of case a that we consider are shown in fig.12. All possible 

cuts of this kind are four times as many, corresponding to the four independent 

possibilities of choosing the vertical lines to be cut. Each different set of cut 

diagrams is providing the same contribution as the set we are considering. Our 

result has then to be multiplied by four to account for this multiplicity factor. 
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The mass shell conditions are: 

as = 0'1(.81 + .8k,)S - qit = 0 

a9 = (a - ad( -.8ds - q;1 = O. 
(29) 

There are two different sets of solutions for small values of q"fd s. The first set 

corresponds to 0'1 and.81 = O(q"f1/s), while the second set corresponds to 0'-0'1 

and .8k, +.81 = O( q"fl Is). This last case contributes only at the subleading level. 

The case of interest is the first one: 

2 
fJ. ~ -qtl 
1-'1 - . 

as 

The denominators corresponding to the parton lines of interest are: 

a' 2 

a' 7 

a' s 

(q2 - Q? = 0'2(.82 - .8Q)S - q;2 + if 

(k2 + q2)2 = 0'2(.82 + .8k,)S - q;2 + if 

(q2? = 0'2.828 - q;2 + if 

(k2 + Q - qd = -a2(.8k, +.8Q - .82)8 - qi2 + if 

(q + Q)
2 ~ .8Q - .8k, 2 

1 - fJ. qt1 
I'k, 

(qd ~ -q;1 

(p - q2 + Q)2 = (a - 0'2)( -.82 + .8Q)S - q;2 + if 

(p - q1 - Q? = (a - ad( -.8Q)8 + if 

(p - q1 - q2)2 = (a - O'd( -.82)8 + 0'2(.81 + .82)S + q;1 - q; + if 

(p + Q)2 = O'.8Qs + if. 

The variables to be integrated are .82, 0'2 and .8Q. The limits of integration of .8Q, 

namely -.8k, and .8k" are not affected by the constraints imposed by the cuts. 

The limits for 0'2 are a consequence of the integration on .82, to obtain a result 

different from zero one needs to have 0 ::s; 0'2 ::s; a. The leading contribution comes 

from the region 0'2 = O( q"fl S ). One observes that the transverse momenta qt; 

can be neglected, in this case, in a7, a~ and as: if one introduces the positions 

of the poles of lla7, lla~ and lias in the other lines, terms of kind .8i Rj q"fls 

multiplied by O'iS are introduced. The term O'iq; that is generated is much smaller 
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with respect to the term q~ already present. On the contrary, if the positions of 

the poles of the vertical lines are introduced in the horizontal ones, terms of kind 

qi!( a,s) ~ q~ are generated so that the original qt can be neglected. Finally if 

the positions of the singularities of 1/a7, l/a; and l/as are introduced in 1/a7, 

l/a; and l/as no critical dependence is generated in the qi!s --> 0 limit. Keeping 

only terms where the integration variables are multiplied by s, a7, a; and as are 

expressed as: 

a' 7 

as 

(p - q2 + Q? = a( -{32 + {3Q)s + if 

(p - q1 - Q)2 = - a{3Qs + if 

(p - ql - q2? = -a{32s + if 

The graphs of fig.12 correspond to the following integral: 

J 1 (~+ ~)(_1 + -.2, + -i-)6(ag )6(as). 
ala3a4a6 a2 a2 a7aS a7as a7as 

Having neglected the q, terms in a7, a; and as, one can write: 

(_1_ + _1_+_1_) 
a7aB a7a~ a~a8 

1 (1 1) 
= a{32s - if a{3Qs - if - a{3Qs + if 

(30) 

in such a way that the integral on {32 can be done taking the residuum of the pole 

(a{32s - if)-l and Eq.(30) is expressed as: 

The integral on {3Q is done taking the residuum of the pole (a{3Qs - if) - l: 

J d{3 ( 1 - 1 ) = f d{3Q 
Q a{3Qs - if a{3Qs + if a{3Qs - if 

The integral on a2 receives its major contribution from the imaginary part of 

l/a;, since the singularity of 1/a2 is outside the integration domain. The resulting 
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leading term, after keeping into account the multiplicity factor mentioned in the 

beginning of the paragraph, is: 

47r(27r)4 1 

/3.,/3k,a3s5 (q;1)2(q;2)2 
(32) 

that is twice the leading contribution obtained when discussing the two box cut 

case. 

Case b 

The second possibility is that one of cutting a vertical and a horizontal line. 

The set of cut diagrams that we consider is shown in fig.13. The mass shell 

conditions are: 

a4 = a1(/31 +/3Q)s - q~, = 0 

a9 = (a - ad( -/3ds .,.. q~l = o. 
The reality of the solutions imply for /3Q: 

4 2 
q'l < /3 < /3 as - Q - k, 

and, in the q;1 s ---+ 0 limit, the solution of interest of Eq.(33) is: 

2 

/3 
~ -qtl 

1--­
as 

(33) 

with /3Q f O( q; 18). The denominators corresponding to the parton lines of inter­

est are: 

ag 

a' 5 

(q2 - Q? = a2(/32 -/3Q)S - q~2 +if 

(k2 + q2)2 = a2(/32 + /3k,)8 - q;2 + if 

(q2)2 = a2/32s - q~2 + if 
(k2 + Q - qd = -a2(/3k, + /3Q - /32)S - q~2 + if 

(k + q )2 ~ 13k, - /3Q q2 
1 1 - /3Q tl 

(k Q )2 -13k, 2 
1 - - q1 ~ -rfQqtl 
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a6 (qd ~ -q~l 

a7 (p - q2 + Q)2 = (0 - (2)( -/32 + /3Q)8 - q;2 + if 

a~ (p - ql - Q)2 = -0/3Q8 + q;l 

as (p - q1 - q2)2 = -(0 - 01 - (2)/328 + 02/318 + q;l - q; + if 

a~ (p + Q)2 = 0/3Q8. 

Analogously to the a ca~e one can neglect the transverse momenta in a7, a~ and 

as. The diagrams in fig.13 correspond to the integral 

(34) 

The main difference from the previous case comes from the domain of integration 

on /3Q: while in case a /3Q was both positive and negative and values of /3Q of order 

q; /8 where allowed, in the present case the conditions of reality for the cut parton 

lines force /3Q to take positive values only and the requirement 01 = O( qi! 8) 

excludes the domain /3Q = O( q; /8). As a consequence, while previously 

it is presently contributing with a factor of order q; /83 only. As a consequence the 

contributions from cuts of this kind are suppressed by a factor q; /8 with respect 

to the leading. 

III.3 No cut boxes 

The last case to be considered is that one where the target parton lines are 

not cut. The graphs to be considered in this case are shown in fig.14. The mass 

shell condition is: 

a~ = (p+ Q)2 = o/3Qs = 0 

that implies /3Q = o. The denominators to be integrated can be written as: 
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a' 2 

a' 5 

a' 7 

a~ 

(q2 - Q)2 = o.2/32s - q~2 + if 

(k2 + q2)2 = 0.2(/32 + /3k')S - q~2 + if 

(q2f = o.2/32 S - q;2 + if 

(k2 + Q - q2)2 = -o.2(/3k, - /32)S - q;2 + if 

(qI + Q)2 = o.I/3Is - q;1 + if 

(kI + qd = 0.1(/31 + /3k,)S - q~1 + if 

(qd = o.I/3I s - q~1 + if 

(kI - Q - qd = 0.1(/31 -/3k.)S - q;1 +if 

(p - q2 + Q)2 = (a - 0.2)( -/32)S - q;2 + if 

(p - qd = (a. - o.d( -/3I)S - q;1 + if 

(p - qI - Qf = (a. - o.d( -/3I)S - q;1 + if 

(p - q2)2 = (a. - 0.2)( -/32)S - q;2 + if. 

The first four graphs in fig.14, that have to be integrated on 0.1, /31, 0.2 and /32, 
are represented by the expression: 

(35) 

while the graphs in the second line in fig.14 correspond to: 

(36) 

The two contributions are explicitly equal. Let us compute the first one. The 

integrations on 0.2, /32 involve aI, a3 a2, a~ and a7. The /32 integration is evaluated 

taking the residuum of the pole 1/ a7 that gives for /32 the value 

2 

/3 
- -qt2 

2-
(o.-o.2)s 

while the 0.2 integration is restricted to the interval: 

The dominant contribution comes from the region 0.2 --t 0: 
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/
1(11)1 

ala3 a2 + a~ a7 

i 211"da2 (1 1) 
::::::: 22 2·+ 2·· 

o as(qt2) a2f3k,s - qt2 + t€ -a2f3k,s - qt2 + t€ 

(37) 

In the limit q; / s ~ 0 the leading term to the integral is provided by the imaginary 

part of 1/a2' 

The integrations on aI, f31 involve a4, as, as, a~ and ag. The integral on f31 is 

done taking the residuum of l/ag while that on al is performed analogously to 

the a2 integration. The contribution from the no 

the sum of the graphs in fig.14, is expressed as: 

1 11"(211" )4 
a 3f3k , f3k,ss q;1 q;2 

cut bozes case, resulting from 

(38) 

that is half of the contribution obtained in the two box cut case and 1/4 of the 

contribution obtained in the one box cut case. 

One can then conclude that the leading contributions to the cut semi-hard 

rescattering diagrams are proportional to one another and the weight factors are 

precisely the A.G.K. weightsg
• Even more, the leading contribution comes from the 

configuration where the intermediate projectile parton, between the two successive 

semi-hard collisions, is on shell. As a consequence the three body cross section is 

factorized as the product of two body interaction probabilities. 

IV. Discussion and conclusions 

The set of Feynman diagrams in fig.2 is the complete set of diagrams con­

tributing, at the lowest order g8, to the isospin component of the three body 

amplitude characterized by the base-isospin diagram in fig.3. The leading behav­

ior of each of the diagrams in fig.2 and of all the different cuts of the amplitude, 

dominant in the high s fixed t limit, have been explicitly evaluated in the previous 

paragraphs. Each of the different cuts of the amplitude is obtained by summing 

a different sub-set of cut diagrams. The leading behavior of every different cut 

amplitude grows less rapidly with s than each single cut diagram in the correspond­

ing sum. The relevant contribution of each single diagram to the cut amplitude is 

therefore a subleading one. The efficient way, which we have adopted to account 
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for all interferences between the different terms, has been to evaluate directly the 

leading behavior of the sum, rather than working out, in advance, all subleading 

terms of every single different diagram. In this last paragraph we like to remark 

a few interesting properties of the amplitude under consideration and we describe 

the physical picture of the interaction which results. 

Semi-hard interactions are connected with the presence of different scales. In 

fact, in our case, there are three different scales: the nucleon-nucleon c.m. en­

ergy ..;s, the cut off q;:,in, and the typical hadronic scale which we have called 

m. Moreover the relation Vs ~ q;:,in ~ m holds. When studying parton interac­

tions, without keeping into account that partons are bound in the hadron, one is 

assuming that, at least to work out the leading terms, one is allowed to split the 

semi-hard part of the interaction from the binding effects. Namely one assumes to 

be allowed to neglect, at that stage of the calculation, the virtuality and transverse 

momenta of projectile and target partons. A consistency requirement is therefore 

that the scale of the virtuality and of the transverse momenta ofthe partons in the 

loop integrals is provided by q;:,in, while the analogous scale for the incoming and 

outgoing projectile and target partons is rather m. This consistency requirement is 

met when the integrations on the longitudinal variables al, a2, f31, f32 and f3Q are 

all done within the kinematical configurations relevant for the eikonal. More ex­

plicitly, the behavior of the integrand at infinity has to be regular enough, in such 
. . ", . 

a way that, in all cases, the contours may be closed without need of specifying the 
1< , ' 

position of further singularities other than the ones in the eikonal region. When 

the contour cannot be closed, the kinematics of the interaction is not constrained 

enough and configurations, far from the eikonal ones, became important as well. 

To perform the integral on f3Q, which is a variable external to the loop integrals, 

one should consider, in that case, the singularities of the non-perturbative part 

too. 

The set of diagrams in fig.2 allows one to meet this consistency requirement. In 

fact the behavior of the integrand, far from the singular points of the propagators 

in the set of diagrams of fig.2, is always convergent rapidly enough, in such a way 

that the contour can always be closed at infinity. One notices that this is a property 

of the sum of all the space-time parts of the diagrams in fig.2, when dealing with 

the uncut amplitude, and of the Sl1m of all cut diagrams contributing to the same 

final state, when looking to the cut amplitude. It is not a property of each single 

diagram or cut diagram. In the sum of diagrams in fig.2 one finds, in fact, that, 
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when a term does not converge sufficiently well at infinity, there is always another 

one, in the qU3 -> 0 limit, with the same behavior but with opposite sign. One 

may notice that, when logs appear, the convergence at infinity is not fast enough. 

In that case the corresponding integration variable is not restricted to a particular 

range and all possible values contribute to the final result. Consistently with this 

observation, both the G1 component of the amplitude MIn + Mn, considered in 

the first part of the paper, and the corresponding cuts of the amplitude, which 

have been discussed in the second part, do not contain any In3. 

Some of the different cuts of the same diagram are related. In the set of 

diagrams in fig.13, one could select a few terms in the central column and com­

pare with the corresponding terms in fig.14. The contributions are related as a 

consequence of the suppression of the amplitude corresponding to each one of the 

first eight uncut diagrams in fig.2, which has been discussed in subsection a of 

paragraph II. Rather than putting in evidence this compensation between differ­

ent cuts of the same diagramS, we add separately all cut diagrams in fig.13 and in 

fig.14 because we want to keep into account all interferences of the different con­

tributions to the same final state. Differently with respect of the cut diagrams in 

fig.14, the resulting contribution, from the whole sum of cut diagrams in fig.13, is 

a subleading one. Specifically, consider the first diagram in fig.2, the correspond­

ing contribution to the cut shown in fig.13 (second cut-diagram in the first line of 

fig.13) is compensated by one of the contributions from the first cut-diagram in the 

same line. In detail, with reference to Eq.(34), where the term corresponding to 

the first diagram in the first line of fig.13 is 1/a7as, one obtains two contributions 

from the integration on (32, one from the pole 1/ a7, the second from 1/ as. The 

first of the two contributions is the one which interferes destructively: For a7 = 0, 

as = -a{3Qs + O(qi) + if. The second diagram in fig.13 is obtained from this 

term by the replacement l/as -> l/a~, where a~ = a{3Q3 + if. The sum of the 

two terms contains the factor (l/as + l/a~) = 0(1/3 X (qU3)) , because the cut 

in fig.13 does not allow the two propagators, 1/ as and 1/ a~, to go on shell. As 

discussed in 'section III.2, case a, the compensation just mentioned does not occur 

when the cut allows the configuration with the intermediate propagators 1/ as and 

l/a~ on shell, as in the case of the cut diagrams in fig.12. In fact, while the real 

parts of l/as and l/a~ are canceled in the sum, the imaginary parts are, on the 

contrary, added. 
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In ref.8 double ladder exchanges are discussed in QeD, limiting the analysis 

to the diagrams with the leading behavior at high energy. We have studied the 

simplest case of the d.;mble box exchange in a three body interaction. In our 

framework, which is consistent with the Reggeized gluon framework, we have taken 

into account of all the diagrams which contribute, at the lowest order in g, to the 

color factor shown in fig.3, which is also the color factor selected by using the 

criterion of the leading behavior of ref.8. The set of diagrams, which we have 

taken into account, is gauge independent and contains both leading (set III) 

and non-leading (set II and set I) diagrams at high energy. As a consequence 

of destructive interferences between different terms, contributions subleading at 

large s acquire the same importance as the leading ones in our analysis. Actually 

the diagrams of set II, which are of order Ins, contribute to the final result to the 

same extent as the diagrams in set III, which are of order (Ins)2. 

The physical picture which we obtain is considerably different from the one ob­

tained by selecting the leading diagrams only. After grouping all cut diagrams, 

which contribute to the same final state, and considering the leading contribu­

tions, for (q;"in)2 / S ...... 0, only a restricted number of cut diagrams contribute at 

the leading order. These are the cut diagrams shown in fig.9, in fig.12 and in fig.14. 

The leading terms, corresponding to the different kinds of cuts, are all proportional 

to one another with given weight factors, that are equal to the A.G.K. weights9
• 

The same destructive interference, which cancels the dominant real parts of the 

different cut diagrams, is the mechanism which selects, as a dominant contribu­

tion to the loop integration, the imaginary part of the intermediate propagators 

of the projectile and target partons. The leading configuration, where the pro­

jectile parton is on shell between successive interactions, allows, correspondingly, 

the probabilistic physical picture where the three body interaction is factorized 

as the product of two successive collisions between pairs of on shell partons . One 

may notice that the intermediate propagator, as expected from an analysis of the 

rescattering diagram by means of the Landau equations is , contributes with a fac­

tor of order 1/ s to the loop integral. In the case of the pinch singularity, obtained 

by summing two different propagators with opposite real parts, the values for the 

virtuality of the intermediate propagator, while performing the loop integral, are 

of order q~. The integration range of the relevant integration variable is however 

of order q; / s, in such a way that an overall factor of 1/ s is obtained. 
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In all the leading cut amplitudes, considered here, only the projectile and tar­

get parton lines are cut. Accordingly, the main contribution to the inelastic cross 

section is localized in the projectile and target fragmentation regions. Already 

in an Abelian theory one can find graphs with more particles in the s-channel, 

which contribute rather to the production in the central region. Moreover, in the 

three body scattering, graphs, which are not trivially related to the ones present 

in the two body scattering, arise. An example is got if we read term 4 in fig.7 as 

a standard Feynman graph: it cannot enter in the process of gluon Reggeization, 

it could better, if the Reggeization program works completely, begin to build up 

a three-Reggeon vertex. The feature, which characterizes the term of the three 

body amplitude studied here, is that it is related to the part of the inelastic cross 

section where all partons scatter without production. 
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Appendix A 

In this appendix we wish to discuss some problems connected with the gauge 

and spin properties of the particles involved in the processes discussed in the paper 

which, according to the standard point of view, are described as massless quarks 

and massless gluons. 

It is well known that in order to connect parton model with perturbative QeD 

it is better to use a gauge where there is no need of ghosts and one of the most 

usually employed is the axial gauge16
. The relevant kinematical variables of the 

problem suggest for the gauge vector cl' the choice CI' == (1; 0), so we make the 

choice which is sometimes referred as temporal gauge17
• The general form of the 

gluon propagator: 

is then reduced to: 
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floo = 0, floj = 0 1 { lilj } flij = p: -Cij + r 
o 

(AI) 

When we take into account the lines carrying momenta P or k we assume consis­

tently with all the treatment that q ~ Po or ko so that the most important term 

in the numerator is: 

-6. + PiPj 
'J 2 

Po 

and since pz = Po, the propagator, in this case reduces to: 

a,b = 1,2 (A2) 

Now one inserts between two propagators the vertex h,l'v (fig15a): 

(A3) 

It is evident that the first addendum alone builds up the leading term because 

the large, longitudinal parts of the second and third addendum are eliminated by 

contracting the expression of Eq.(A3) with the ones of Eq.(A2). The conclusion 

in that the leading term corresponding to the horizontal line of fig.15a is: 

C (2p + qdl'l (2p + ql + q2)1" (2p + l.: q)l'n 
ab (p + qd2 . (p + ql + q2)2 ... (p + l.: q)2 

(A4) 

while if one of the indices of the line carrying momentum p is either 3 or 0 we 

get only a subleading contribution and the terms in q are there only as a remnant 

of many subleading terms. If we consider the lines carrying the momenta k the 

result is the same. Now we proceed to connecting the subgraphs in order to obtain 

the general form like fig.15b. For the vertical line the form of the propagator is 

given by Eq.(Al) and, if we come back to the light cone variables, we find that 

the factor of the general expression corresponding to two vertices and a vertical 

propagator takes, in its leading term, the form : 

(A5) 

34 



This expression, by suitable iteration gives finally rise to the whole expression of 

the leading terms in s of the amplitude represented by fig15b. which has the prop­

erties we used in the discussibns of this paper, in particular in the individuation 

of the most important terms in the cut graphs. 

If the horizontal lines are fermionic the problem is simpler, it is known from stan­

dard QED that for large energy and small momentum transfer the convective part 

of the current is the most important. A simple exercise on I-matrices reproduces 

the result: 

p+<i p+<i+el' 
(p + q)211' (p + q + q')2 

-2( +) 1 . P + <i+ el' _ p + <i p + <i + el' 
- p q l'(p+q)2 (p+q+q')2 II'(p+q)2 (p+q+q')2 

In the second addendum, using the fact that p2 = 0, we get a factor of p less than 

in the first one, which gives just the convective part of the current; the procedure 

can be iterated and we end up with an expression like Eq.(A4). Since there is 

no way in which the terms till now considered might disappear it is correct to 

classify all the neglected terms as subleading ones. The case, finally, where there 

is a quark in the vertical line corresponds in our kinematical frame to a backward 

scattering of a gluon by a quark and is therefore suppressed. This result, obtained 

in axial gauge, can be translated in Feynman gauge. It is well known that there 

is no straightforward correspondence between the graphs drawn starting from the 

two gauges. Nevertheless it holds for the graphs which we have chosen, because 

there are no graphs containing ghosts at that perturbative order and with the 

prescribed quantum number exchange between the projectile and the targets. 

Appendix B 

The aim of this appendix is to review with some more detail the high s be­

havior of the uncut graphs,with particular attention to the role of some subleading 

terms.As already seen the 24 graphs of "eikonal type" ,i.e. graphs where neither 

gluon branching nor four-gluon interaction are present can be easily grouped into 

three families which can be called the two-boxes,box in the box and pentagonal 

graphs and correspond respectively to graphs 1-8,17-24,9-17 of fig.2 (see also 
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fig.5). Since there is an obvious symmetry between the two target quarks it is 

enough to study 12 graphs,four in each of the three families. As in all the previous 

discussions the integration will be performed over the longitudinal variables at 

fixed transverse onesjsince we integrate also over the longitudinal variable which 

represents the difference between the "minus" component of the target momenta 

we have,in the whole,a five-fold integral. 

two- boz graphs 

For this family nothing relevant has to be added to what was already said, in fact 

even if we keep in the expression those transverse variable that were discarded in 

the previous discussion it is still possible to bring the integrand in /3Q in a form 

having all its poles on the same side of the real axis and decreasing fast enough to 

the infinity so that the overall result is zero. 

boz in the boz 

One of the possible integrands,the one corresponding to the term 17 in fig.2 is 

1 1 
[17 = (/3 ) 2 ( /3 ) 2 £>2 k, +/32 8 - q2t £>1 /3k, + 1 8 -qlt 

111 1 

x £>2(/32 - /3Q)s - q~t £>2/328 - q~t £>1(/31 + /3Q)S - q~t £>1/31 S - q~t 
111 

x (£> - £>2)(/3Q - /32)8 - q~t (£> - £>2)/328 + qit (£> - £>1 - £>2)(/31 + /32)8 + q; 
(B.1) 

whereas the other three terms 18,19,20 in the same fig.2 show analogous forms 

which are not reported here. The integration over the variables /31, /32, /3Q leads to 

the expressions 

(B .2) 

where the following notations have been used: 

A =£>lqit + £>2qft + £>Oq; 
£>1£>2 (B.3) 

36 



It is useful to note that all the four expressions consist,as the one explicitly 

displayed, of two addenda showing this common feature:the first one gives a larger 

contribution for s -+ 00 because it has fewer $ in the denominators,the second 

one gives a relevant contribution only when the a-parameters are very small,so 

that they can cancel the effect of the s in the denominators;the origin of this 

difference may be traced back to the integration over the 13 variables,where it 

is unavoidable, at a certain step,to take into account at least two poles;one of 

which has its position depending on the external variables 13k" 13k" which are of the 

order 1. We are interested in keeping the cutoff on the transverse momenta,since 

this justifies the use of the perturbative expansion,but the sign of the transverse 

variables is irrelevant,so qi is wholly equivalent to -qi. 

We realize that the "large terms" in eq. B.3 cancel in pairs whilst the subleading 

term of the four expressions are in general different so that they do not cancel. If 

we study the large s behavior of the single large term of eq. B.2 we find that it 

behaves as s-s(1n S)2 ,moreover when the overall phase makes this leading term real 

there is an imaginary part going as s-S(ln s). The "small terms" give in general 

contributions going as S -s ,so this is the behavior of the sum. 

pentagons 

One of the possible integrands,corresponding to the term 9 in fig.2 is 

1 1 
19 = ( ) 2 ( ) 2 a2 13k, + 132 S - q2t a1 13k, + 131 S - qlt 

1 1 1 1 

x a2(f32 - f3Q)s - qit a2f32s - qit a1(f31 + f3Q)s - q~t a1f31 s - q~t 
111 

x (a - (2)(f3Q - f32)S - qit (a - (2)f31s + q~t (a - a1 - (2)(f31 + f32)S + q; 
(BA) 

with other three analogous expressions for the terms 10,11,12. We perform 

the integrations over the three variables 13 and we find here also larger and smaller 

contribution due to the necessity of taking the contributions of two poles. We could 

use only the larger contributions, arising from terms 19 , I 10 , Ill, 112 producing in 

this way the expression: 

I" = 
i(21t')3 1 1 1 1 

(a - a1 - (2)ssf3k,f3k, a1 a 2f3k,s - A a 1a 2f3k,s + Aqit q~t 
(B.5) 
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were it not for an end point singularity which is produced in this way, but which is 

wholly artificialjif we consider also the small contribution,at least for the relevant 

integral ,i.e. 

i(211")3 1 1 1 1 

I"" = (a-al-a2)ss{Jk,{Jk, -al(a-al){Jk,sala2{Jk,s+Aqit A 
(B.6) 

we find,in fact,by studying in detail the behavior of the expression at the end 

points of the integration domain that the singularity is no longer present. The 

actual evaluation implies the separation of the principal part and of the pole 

contribution,both of them give contributions going as s-s ,whilst in single terms 

of B.5 we can find behaviors like s-sln s. 

This analysis confirms that the logarithmic behavior in the total energy is present 

in the single terms,even the squared logarithm growth,in the graphs of the family 

"box in the box" but summing the terms family by family only the power behavior 

survives. 
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Figure captions 

Fig.l : Box-isospin diagrams up to order 96 for the two body interaction. 

fig.2 : The set of three body eikonal diagrams under consideration. 

fig.3 : Isospin diagram associated with the set of diagrams in fig.2. 

Fig.4 : One of the graphs in fig.2 with the kinematical variables explicitly indicated. 

Fig.5 : The three graphs corresponding to Eq.(I). 

Fig.6 : Graphical representation of the commutation relations. The signs of the sec­

ond addendum are the consequence of the convention for the ordering of the 

color indices in the triple gluon vertex (clockwise for +). 

Fig.7 : The color factors Gi, i = 1 ... 16 in Eq.(12) and (14). 

Fig.8 : The three different ways of cutting a graph that give a result different from 

zero. 

Fig.9 : The graphs corresponding to Eq.(18). 

Fig.l0: The graphs corresponding to Eq.(25). 

Fig.ll: Graphs of kind "Two Box cuts, ease e". 

Fig.12: The graphs corresponding to Eq.(30). 

Fig.13: The graphs corresponding to Eq.(34). 

Fig.14: The graphs corresponding to Eq.(35) and Eq.(36). 

Fig.15: Representation of the propagator in Eq.(A4), 15 a), and eikonal diagram for 

the three body parton interaction, 15 b). 
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