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ABSTRACT

We study the set of eikonal diagrams, derived from perturbative QCD, at the
lowest order in the coupling constant and with vacuum quantum number ex-
change, in the three body interaction of a high energy projectile parton with
two different target partons. The contribution to the semi-hard component
of the inelastic cross section is worked out by evaluating the leading behavior
of all the dominant cut diagrams. The different cut amplitudes are shown to
be proportional to one another, with the same weights of the cutting rules
which have been derived in the context of multi-pomeron exchange. As a con-
sequence of the dominant configuration in the loop integrals, corresponding to
the projectile parton on shell between successive interactions, the process is
represented by the simplest probabilistic picture, where the three-body inter-

action is factorized as the product of two-body interaction probabilities.
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I. Introduction

Multiple interactions in the case of two-body parton scattering, for s — oo,
t/s — 0, with s and ¢ the usual Mandelstam variables, have been systematically
investigated both for an Abelian theory of interaction® and in QCD2. In the
Abelian theory, the set of multiple interactions, which are obtained from the s-
channel unitarization, corresponds to the eikonal diagrams. At a given order in
the coupling constant g, the eikonal diagrams differ to one another only by the
ordering of the exchanged quanta and the eikonal approximation is implemented
by taking the leading behavior of the sum of all the diagrams. While each single
eikonal diagram with loop integrals is proportional to a power of lns, as a result
of the loop integrations on the longitudinal variables, the sum of all the eikonal
diagrams, at a given order in the coupling constant, does not contain any Ins. The
leading behavior of each single diagram is canceled by a destructive interference
between different terms, in such a way that, after summing all the terms, at a
given order in the coupling constant, only a subleading contribution, without any
power of Ins, is left.
In the non Abelian case, each diagram is characterized by a different color matrix,
so that different diagrams cannot be added any more as isospin scalars. In order to
study the non Abelian case, one needs to introduce, at each order in the coupling
constant, a set of isospin factors which acts as a base for decomposing all isospin
factors of the Feynman diagrams at the same order. To that purpose the box-
isospin factors have been introduced®. Using the Jacobi identity for the structure
constants and the commutation rules of the generators of the algebra, one can
express each isospin factor, at a given order in g, as a sum of box-isospin factors
up to the same order in ¢g. Increasing the perturbative order, the decomposition
increases rapidly in complexity. The case of the sixth order is extensively discussed
in ref.4 and the graphical representation of the corresponding box-isospin factors is
shown in fig.1. A calculation through the tenth perturbative order, for the vector-
meson vector-meson elastic scattering amplitude, is presented in ref.3, while, in
ref.5, the analysis is generalized (up to the eight perturbative order) to the three
and four body parton interaction. The perturbative analysis shows a remarkable
pattern of regularity: The decomposition of all isospin factors, in terms of box-
isospin factors, allows one to express the space-time part multiplying each box-

isospin factor as an expansion in powers of g° and Ins. All the coefficients of the



expansion conspire to replace the t-channel gluons of the Feynman diagram, at
the lowest order in g and with color factor equal te the box-isospin factor, with
Reggeized gluons*?®; namely by modifying each of the gluon propagators by a
factor (9| where q is the momentum of the corresponding gluon.
Within the Reggeized gluon scheme, which arises from the perturbative analysis,
the relevant quantities to be considered are the sets of Feynman diagrams con-
tributing to the same box-isospin diagram. One may distinguish two different
kinds of box-isospin diagrams:

a- The ones without interactions among the exchanged lines, like graphs 1, 2

and 4 in fig.1, and

b- the ones with interactions among the exchanged lines, like graph 3 in fig.1.
In case a, the lowest order term in g of the space-time factor is given by the sum
of all the space-time factors of the eikonal diagrams at the same order, namely it
is the same as the contribution obtained by exchanging elementary vector mesons
within an Abelian theory of interaction. One may also notice that, in case b, every
lowest order term in g contains a power of Ins which grows with the number of
horizontal lines.
A feature of gluon Reggeization, which we like to emphasize, is that, at a given
order in g and for each box-isospin diagram, one needs to consider a whole set
of Feynman diagrams, whose space-time parts have to be added coherently. The
resulting behavior is very different from the behavior of each single diagram. The
lowest order term of the space-time part of each box-isospin diagram of kind a is
the precise analogous of the Abelian theory and, correspondingly, although each
single diagram grows as a power of Ins, the sum does not contain any more factors
proportional to Ins. While color factors can be reorganized in such a way that only
a few of them multiply a space-time part with a leading behavior, a main point
about Reggeization is that terms, leading at the lowest order, become subleading
after keeping into account higher order corrections, so that only terms with the
exchange of vacuum quantum numbers finally dominate. As a consequence, in the
framework of Reggeized gluons, one does not learn about dominant terms in the
amplitude by simply selecting Feynman diagrams with the criterion of the leading
behavior at high energy. One should rather focus on the exchange of quantum
numbers and sum the contributions obtained by projecting all the different Feyn-
man diagrams which contribute to the given exchange of the quantum numbers.

Moreover, because of interferences between different terms, it is not a consistent



procedure to take into account of the diagrams with a leading behavior only, while
performing the sum.

On the other hand, the different attitude of selecting rather the QCD di-
agrams, with the leading behavior at large s, and limiting the analysis to the
corresponding color factors, is often used to discuss higher order exchanges, in
interactions involving many partons (LLA QCD"). The same criterion is used in
ref.8 (section 3.3) to select the "inside” topology in order to discuss the different
cuts of double ladder exchange diagrams, with the purpose to prove the validity
of the A.G.K. cutting rules® in QCD.

Since the physical picture of the interaction is considerably different in the two
approaches, we find useful to reconsider, within the optics of gluon reggeization,
the relations among the different cuts of a definite QCD amplitude. We examine,
therefore, a case which belongs to the category of the class of diagrams studied
in references 3,4 and 5, allowing, nevertheless, a comparison with the analysis
performed in ref.8. Most of the arguments, which have been produced in ref.8, are
based, in fact, on considerations involving only the first step of the ladder. We
are therefore allowed to analyze a simplest case, of three body parton interaction,
where the exchanged ladders are replaced with box-diagrams. The least order
in the coupling constant to be considered is eight, as a consequence. In fig.2 all
Feynman diagrams, at the eight order in g, with the projectile exchanging two
gluons with each of the two targets and with the exclusion of terms containing
the three-or-four gluon vertex, are represented. In fig.2, and in fig.3 as well, the
projectile is represented by the horizontal line in the middle of each graph, the
target partons are the two horizontal lines in the top and the bottom and the four
lines left are the exchanged gluons. The set of diagrams in fig.2 is the complete set
of diagrams which contribute, at the lowest order in g, to the box-isospin diagram
of kind a, with the quantum number exchange of two gluons in each of the -
channels. At the eight order in g, the base for the isospin factors is not unique?®.
Any of the color factors, of the 24 diagrams in fig.2, may be used to represent this
base isospin diagram. Since the color factor, which is selected with the argument
of the diagrams leading at high energy, corresponds to the "inside” topology, we
choose, as isospin factor associated with the diagrams in fig.2, the diagram in fig.3.

We limit our analysis to the isospin term represented in fig.3, which is only one
of the components in the much structured three body amplitude. The term, which

we have selected is, however, simple enough to allow a rather detailed analysis. In



fact we keep into account of all the relevant subleading contributions both to the
term in the amplitude, which we have selected, and also to all the corresponding
different cuts of the amplitude. The role played by the subleading terms is, in this
way, fully explicit. Our analysis shows that, because of destructive interferences
between different diagrams, next to leading terms in Ins are of the same importance
as the leading ones.

An interesting property of the sum of the space time parts of the diagrams of the
set in fig.2 is that one of being gauge independent, at least in the case of the three
quark interaction. The reason is that the set of diagrams in fig.2 is a complete
set of diagrams, in elecirodynamics, with a given quantum number exchange and
at a given order in the coupling constant. The term under investigation, in the
three-body parton amplitude, has, moreover, a close connection with the eikonal
models of high energy hadronic and nuclear interactions!!. In addition, as it will
result by studying the cuts of the amplitude, it is directly related with the semi-
hard rescattering of a high energy parton, which is expected to be a very frequent
process in nuclear collisions at the energies of future Colliders®?.

The paper is organized in three parts. In the first we analyze the amplitude
for the three body interaction corresponding to the box-isospin diagram in fig.3,
whose space-time part is given by the set of diagrams in fig.2. In the second
part of the paper we consider the cut amplitude and we work out all the leading
contribution to the inelastic cross section. A last paragraph is devoted to a final

discussion and to a few concluding remarks.

II. Amplitude

This section is divided in two subsections. In sub-section a we make a detailed
study of the behavior for large s, fixed ¢, of the space-time factors of all the
diagrams in fig.2. In the following subsection b we discuss the color decomposition

of the color factors.
a. Space-time factors

In fig.4 one of the diagrams in the set under consideration is shown and the

kinematical variables are explicitly indicated. The momentum of the projectile



parton is p; and the momenta of the two target partons are (k; — Q)— and (k; +
Q)-. ‘+’ and ‘-’ are the light-cone frame components which we choose in such a
way that the projectile is characterized by values of the ‘4’ momentum component
of order +/s while the same holds for the ‘—’ momentum components of the target.
The typical values of (k1), (k2)+, (k1 — Q)+, (k2 + @)+ and p_ are of order
m?/+/s, where m is a typical value for the hadron mass, which gives also the size
to the transverse momenta of the external lines. In order to make a meaningful
perturbative calculation, we introduce the lower cut-off ¢/*" for the transverse
momenta of the exchanged parton lines ¢1, ¢2, ¢1 + @, ¢2 — @, in such a way
that /™™ >> m and /3 > ¢/™". As it results from the detailed analysis reported
in the next paragraphs, the values for virtuality and transverse momenta, in the
dominant loop configurations, are of order ¢/*'", in the case of the quantities of
interest for the present analysis. As a consequence we neglect the virtualities and
transverse momenta of the external lines while performing the loop integrals and
we threat the lines with momentap, k1, k2, k1 —Q and k2+@Q as partons flying in the
direction of the parent hadron keeping different from zero only the components p.,
(k1)=, (k2)—, (k1 —Q)—, (k2 + Q)— which we take as positive quantities. One may
notice that while the target bound state forces the + and transverse components
of the corresponding target parton momenta to be small, it allows variations of
order +/s for the — components. As a consequence values for Q_ of order /s are
allowed by the forces which keep the partons in the hadron. Since configurations
where the target partons exchange a sizeable longitudinal component Q_ are not
damped by the parton wave function, we do not have a genuine forward amplitude
and @ is one of the variables, in addition to the loop variables, to be integrated
over when analyzing the semi-hard interaction. On the other hand the semi-hard
interaction, namely the loop integrals, represented in the set of diagrams in fig.2,
has a much stronger dependence on @_ than the bound state. In fact, as it will
be seen later, it forces Q_ to be of order (¢"")?//s. The transverse momenta
are constrained by the hadronic bound state to be of order m < ¢/*" and, as a
consequence, they must be balanced in the semi-hard interaction, so, with respect
to the transverse momenta we have a forward amplitude.

In analogy with ref.3 and ref.4, we write the space-time factors of the diagrams
in fig.2 in the Feynman gauge. As discussed in appendix A, to look for the
leading contribution we are allowed to neglect the variation of the current couplings

at the vertices as a function of the loop variables, in such a way that the loop



integrals involve the denominators of the propagators only. We keep moreover into
account that the dominant loop configurations are the ones where the transverse

components are small with respect to the c.m. energy!®.

As a consequence, to
work out the leading contribution, we treat the transverse components of ¢; and
g2 as small quantities with respect to /s.

All the denominators of the propagators in the set of diagrams in fig.2 are

numbered below:

ax (g2 — Q)% = aa(B2 — Bo)s — a3, + ic

az (k2 + q2)° = c2(B2 + Pr,)s — @3, + ie

as (22)° = aafas — g3, +ic

ap (k2 + Q — q2)° = —a2(Br, — B2 + Bo)s — g3, + ie
aq (@1 + Q) = 01(B1 + Bq)s — g3y + ic

as (k1 + q1)* = c1(Br + By )s — ¢3¢ + i€

as (1) = a1frs — g, + ie

al (k1 — Q —q1)® = —a1(Br, — Pr — BQ)s — g3y + ie
ar (p— a2+ Q) = (e — a2)(—B2 + Bq)s — g3, + i€
as (P—a1— @) =(a—a1 —a2)(—B1 — B2)s — g} +ie
ag (P— @) =(a—a1)(—p1)s — ¢, +ie

az (P— 01— Q) =(a—a)(—B1 — Bg)s — ¢}, +ie
ag (P—a2)" = (a — az)(—P2)s — g3, + e

ag (p+ Q) = aBgs +ie

ag (p— Q)" = a(—Bq)s + ic

where the infinite momentum frame components of the four momenta have been
defined as

p =v/5(e,0,0)
k12 =v/3(0, P4, ,,0)
Q =v/5(0,5¢,0)
@12 =vs(e12,P1,2,90,2//3)



and qq is defined as q; = q¢ + Qe2.

One can observe that one may obtain the different topologies in the first col-
umn in fig.2 starting from the last diagram, the one numbered 21, whose momenta
are explicitly indicated in fig.4, and making the following replacements: a — a7
to obtain diagram 9, a; — a7 followed by as — af to obtain 17, ag — aj to obtain
13, ag — ay and a7 — a7 for 1 and ag — aj together with a9 — af to obtain
5. Moreover one can observe that the set of diagrams in the second column is
obtained from the one in the first with the replacement as — af, the third column
is obtained replacing a; with a) and the last one with the substitution a; — a,
followed by as — ai.

To extract the leading contributions, we proceed by analyzing the behavior,
for large s and fixed ¢y, of the integral of the denominators of the propagators in
the two central loops with respect to the longitudinal variables a;, a2, 81, 82 and
Bg. The integration limits on B¢ are obtained from the positivity requirement for
(k1 — Q)— and (k2 + @Q)—. In the following however we limit ourselves to consider
the region in g where g + Bk, and fi, — Bo are finite quantities for ¢Z/s — 0.
The leading contribution is obtained integrating on ai, a2, 1, f2 and fg the
denominators of the propagators and making the limits ¢Z /s — 0, g5 /s — 0.

An important point, as far as the integration region providing the leading
contribution is concerned, has to be made. Let us consider the sum of three
diagrams in fig. 5, which can be considered as a prototype for the whole set.

The corresponding integration on the longitudinal variables can be schematically

1 ]| 1 1 1 1
N + + 7 (1)
ajdqzagz a7 \ agQg agdg agag / Q40506

The integrations on #; and (3, give the limits for the integrations on a; and as.

expressed as:

We need to recognize the region, in the a;, a, integrations, that provides the
dominant term in 1/s. The region o; &~ ¢%/s contributes to the dominant term
since six of the denominators in Eq.(1), a1, a2, a3, a4, as, as, are of order ¢; rather
than s. One can notice that, in the case of the diagram II] in fig. 5, corresponding
to the last term in the sum in Eq.(1), the region a; ~ ¢? /s, a — as ~ ¢7 /s gives a
contribution of the same order since the denominators ay4, as, as, a7, ag and ag are
of order ¢ in this case. All different ways of compensating the powers of s in the

denominators in Eq.(1) give subleading contributions. The two configurations do



not give a contribution of the same order to the amplitude, as it can be realized
when the current structure of the numerators in the propagators is taken into
account. In the case a; & ¢Z /s, neglecting the terms with g, one obtains, for the

convective current factors:

2p - (2k2 + Q) = (2B, + Ba)s  2p-2ky = 20, s
2p . (2k1 = Q) == a(zﬂh - ,BQ)S 21} o 2k1 = 2aﬁkls

for the diagram [ in fig. 5,

2p - (2k2 + Q) = 28k, + Bg)s 2p - (2k1 — Q) = (285, — Bg)s
2p - 2k; = 2af, s 2p -2k, = 2af, s

for the diagram II, and

2p-(2k; + Q) = (2B, +Bq)s  2p-(2k1 — Q) = (2B, — Bg)s
2p - 2k = 2afk, s 2p - 2k; = 20k, s

for the diagram III. For all the three diagrams the leading term in the numerators
is given by:

o* (2B, + B)(20k, — BQ)2Pk, 2Bk, s*.

In the second case a smaller power of s is obtained from the numerators because
of the smallness of the (p — ¢2)+ component. For oy ~ ¢Z/s and a — a3 =~ ¢?/s
the current couplings associated with the ‘p’ line in the diagram III in fig.5 are:
P+ (2k2 + Q) = a(Br, + Bqa/2)s, O(g11/s), O(gt+/s) and p - 2k3 = affy, s.

As a consequence this case is suppressed by at least one power of s with respect
to the previous one.

When considering the cut diagrams the leading contribution is analogously
obtained from the region a; = ¢7 /s, as we have explicitly verified. We proceed
considering separately all the 24 diagrams in fig.2, limiting the analysis to the
dominant integration region.

The set of 24 diagrams can be divided in three different sub-sets with the
different topologies of the three diagrams in fig.5. Diagram I is the prototype
for the first eight diagrams in fig.2, diagram I is the prototype for the diagrams
9 — 16 and diagram III is the prototype for the last 17 — 24. We call M; the
integrations on a;, a3, f1, B2 and g of the denominators corresponding to the

i:th diagram in fig.2. Each one of the eight diagrams of the kind of diagram I in

10



fig.5 gives a negligible contribution in the limit under consideration. In fact let us
evaluate explicitly M;: The leading term corresponding to the three denominators

associated with the projectile is:

1 1 1

(“7“':3“9) " a3* (< + g +i€)(Bq + ie)(—B1 +1¢) @)
the integrations involve also the denominators of the exchanged partons a,, as, a4
and ag. A discussion on some subleading terms is presented in appendix B. The
dependence of a; and a5 on the contrary can be neglected when considering the
dominant integration region. The integral on f; can be done taking the residuum
of the pole 1/ay, which gives 3, = 0 and forces the condition a; > 0. Analogously
the integral on (3, gives 32 = fg with as > 0. All the poles which are left for the
integration on fBq are listed below:

a = ““qgt
a3 = 08 — qi, + i€
ay = a18gs — qft + 1€
as = —giy
ag = afigs + ie
and one can notice that the conditions a; > 0 and a3z > 0 force all singularities

on the same size in the complex B¢g plane. One obtains therefore zero, in fact this
is a particular case where the A.F.S. cancellation!* applies. A similar argument
holds for all the first eight diagrams in fig.2.

Each one of the diagrams of the set I gives a contribution of order Ins. Let us
consider explicitly the case of diagram IT in fig.5. The leading term corresponding

to the three denominators associated with the projectile is:

1 1 1
(was) "~ o388 (=B + Bq + i€)(—B1 — Bz +i€)(—P1 +ie) ®)
The integrations on B;, #» and fBq involve also the vertical propagators with
denominators a;, as, as, ag. To obtain a result different from zero from the
integrations on 3, and 3, one needs to have «; > 0 and a2 > 0. The integration
on fg is done by taking the residuum of the pole 1/a;. The integration on B,
with the pole 1/as and the integration on ; with the pole 1/ag. The integral on

the longitudinal variables a; and a, is therefore expressed as

11



—(2mi)? ayasdaydas
O o ! /( b (4)

3.3 % 5 2 2 \2
ats Q’u%t(az'ht‘l'alfht) asaz

The same expression is obtained for M;,, M;3 and M;¢. The integration domain

in oy and @4 is different however:

Mz {e1 < 0,03 < 0}

Mis {ey > 0,a; > 0}

Mig {a1 < 0,az < 0}
When considering Mg, M11, M14 and M5 one obtains:

(2mi)? / oyoadaydas (5)

3.3 2. B 2 2 \2
«a”s Q1t?2t(a2‘ht = 011‘12:) asaz

and the corresponding integration domains are

Mip i{e1 < 0,03 > 0}
My a1 > 0,02 < 0}
Miy i{a1 < 0,0z > 0}
Mis {a1 > 0,2 < 0}
A closer look to the integrals in Eq.(4) and in Eq.(5) shows that they both give
rise to a Ins factor which is originated from the integration region a; x a; — 0.
The last eight diagrams in fig.2 are leading, namely they are of order (Ins)?.
Let us consider the diagram IIT in fig.5: The leading term corresponding to the

three denominators associated with the projectile is:

1 1 1
(amsa’g) " o353 (=B, + Bo +1€)(—P1 — Pz +i€)(—Pa + i€) (6)
to integrate on f;, B> and B¢ one needs to consider also the vertical propagators
with denominators a;, a3, as, ag. As in the previous cases, to obtain a result
different from zero from the integrations on 3, and f3;, one needs to have a; > 0
and a; > 0. One may integrate on Bg with the pole 1/a;, on ; with the pole
1/as and on B, with the pole 1/a3. M7 is then given by:

B —-(21rz')3~/( asdayda, )

a®s®  J(a130) (43.)*(a2qls + aa3,)’asas

12



The same expression is obtained for Mjg, with the integration domain however

replaced by a; < 0, a2 < 0. M2; and My give:

—(21")3 a%dal daz

ads® (¢}.)*(@2g}, + e143,)%asaz

(8)
with the integration limits

Moz {aq > 0,02 > 0}
Maa :{a1 < 0,0y < U}
For M3 and M one obtains:

21rz)3/ aidaydas )
a®s® ) (¢3)* (g}, — 0103,)%asaz

with

M1s :{01 < 0, oy > 0}
Mg {a; > 0,a; < 0}
Finally M, and Mas:

21'1’1. Ot%dal d&z

a333 (¢}:)* (20}, — 143;)?asaz

(10)
with

Mz :{O.‘l < 0,0, > 0}

Mas {a; > 0,02 < 0}
In all cases a factor (Ins)? is obtained, in Eq.(7) and in Eq.(9) from the region
lai| < |az| — 0, while in Eq.(8) and in Eq.(10) from the region |az| < |ai| —
0. As a consequence the leading behavior for all the diagrams of the set IIT is

obtained from the same integral

—-(211’1:)3 1 [ dC!]dOiz (11)

a’s? (qgt)z(qgt)z a50az

in the region |a;| — 0, |az| — 0, with the constraints on the signs of a; and as

just mentioned. The sign of the leading log in every M is obtained by looking to

the corresponding different cuts, in the aj-a, plane, representing the integration

13



limits, for small ||, |az2|, of the integral in Eq.(11). The leading term, at large
s, for M7, Mag, M2; and My, is expressed as !
—Daea )3
iy
& ﬁhﬂkz(%t) (921&)
while for M1, Mie, M3z and M,z one obtains the same with opposite sign.

One may notice that, although each single term is of order (Ins)*, when summing
two terms, with contiguous integration regions, like M3 + M4, corresponding to
{1 < 0,3 > 0} U {aq < 0,2 < 0} = {3 < 0}, one obtains a leading behavior
which is of order Ins rather than (Ins)?. In the case just mentioned the Ins factor is
obtained as a result of the integration limit for a;. The integration on a, does not
produce any more a further lns, since, in the integrand 1/a;, the configurations

with a,; small and negative compensate the ones with o, small and positive.
b. Color decomposition

The lowest order contribution to the isospin diagram in fig.3 is selected by
looking at the quantum numbers. The projectile parton exchanges four gluons and
each of the target partons two gluons, moreover the lowest order in the coupling
constant g is eight. The set in fig.2 is the complete set of diagrams fulfilling these
conditions. The color factors in the set of diagrams in fig.2 however contain also
the exchanges of a color octet in one and also in both #-channels. The purpose
of the present paragraph is to gain a better understanding of the color structure
of the amplitude corresponding to the set of diagrams in fig.2. More precisely we
would like to recover, in this three body interaction case, a collocation for the logs,
obtained from the single Feynman diagrams in fig.2, which is consistent with the
general features encountered when discussing gluon Reggeization in the two body
interaction.

We need to analyze the 16 diagrams of the sub-sets II and 111, corresponding
to the diagrams 9 — 24 in fig.2. The diagrams 1 — 8 in fig.2, corresponding to the
sub-set I, give a negligible contribution in the high energy limit. There are 16 color
factors T3, i = 9...24, which are identified by the topology of the 16 diagrams
of interest. On the other hand we are interested in identifying the components
of the color factors which correspond to the exchange of a single gluon in each

of the ¢{-channels. To that purpose we use the graphical representation of the

14



commutation relations, for the color matrices representing the couplings with the
exchanged gluons, as shown in fig.6. The 16 color factors T;, ¢ = 9...24, are then
expressed as linear combinations of the 16 color factors G;, 7 = 1...16, shown in
fig.7. We consider separately the two different sub-sets IT and III. Let us start
with the diagrams in the sub-set I1I which are characterized by a (Ins)? factor.

Ti7 =G1 + G35 — G,
Tis =G1 +G3 — G2 — Gy
Tig =G1 4+ Gs — G2+ Gs

Ty =G1 + G3 — G2 — Gs + Gg — G4
(12)

T =Gy
To2 =G1 — Gy
Tos =G1 + G

T24 =G1 — G5 + G7 — G13
The eight relations in Eq.(12) can be inverted and the amplitude Myry correspond-

ing to the set of diagrams III in fig.5 can be expressed as a sum of terms with

color factors G:

24 20
M1 =Gy x Z M; +(Gs — G2) x Z M;
=17 =17

+ Gg X (Mig + Mag) — G5 X (Maa + Mas) (13)
+ G X (Mas + Mas) — Gs x (Mys + Mag)
— G13 X M3y — G14 X My

It is interesting to notice that, while each of the space-time factors M is separately
of order (Ins)?, the sum of different M’s can be of order Ins, or even it can be
a constant, due to the different signs going with the logs in the different terms.
The behavior of the space-time factors in Eq.(13) is obtained as discussed in the
previous paragraph. The result is the following: there is no Ins in the space-time
factor multiplying G; and G35 — G, on the contrary G5, Gg, G7 and G multiply a
space-time factor of order Ins and, obviously, G153 and G4 multiply a (Ins)?. One
may further notice that, if one considers the simplest case where the colors of the
two target partons are summed independently, one trivially obtains that G5, G,

G7, Gg, G13 and G4 are all zero. The sum G5 — G, is also zero, even if G3 and
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G, are separately different from zero. ('3, which is precisely the color factor in
fig.3, is the only color factor which remains finite.

A similar decomposition can be done for the color factors of the diagrams in
the set I1:

Ty =G1 +Gs + Gy
Tyg =G1+G3+ G4 — Gy
Ty =G1+G3+ G4 + Gy
Ti2 =G1 + Gs + G4 + Gg — G10 — G5

(14)
Ty =G1 — G2
T14 =G1 - Gz’ - G!12
Tis =G1 — G2 + Gua
Tie =G1 — G2+ G11 — G12 — G1s
The corresponding amplitude My is therefore expressed as:
16 12 16
My =Gy x ) Mi+(Gs+Ga)x Y Mi—Gax Y M,
i=9 i=9 i=13
+ Gg x (Miy1 + M) — G1g x (Mio + Mi2) (15)

+ Gy1 X (Mys + Mig) — G2 x (Mg + Mas)
— G5 X M1z — G X Ms

There are no more space-time factors of order Ins in Eq.(15), with the obvious
exception of Mis and Mg, which multiply Gi15 and Gi6 respectively. When
summing on the two colors of the target partons independently, in order to remove
all color factors which contain the exchange of a single gluon in at least one of the
two t-channels, Gy, G190, G11, G12, G15 and Gi¢ are trivially zero. G5 and G, are
opposite in sign, while the leading term in the corresponding space-time factors
are equal. G; and G4 are the only color factors which contribute.

As a summary, the amplitude corresponding to the sum of the Feynman
diagrams in fig.2 can be written, for s — oo, t/3s — 0, as Myrr + Myr, with Myrr
and Mjs expressed, as in Eq.(13) and in Eq.(15), by means of a sum of terms
with the color factors G;, 7 = 1...16, shown in fig.7. Two color factors, G;3 and
G'14, multiply a term of order (lns)z. G113 and G4, using the rules for the isospin

3,4

diagrams discussed in the case of the two body interaction®*, are readily shown to
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be proportional to the base-isospin diagram of order g*, which corresponds to the
exchange of one gluon in each of the two t-channels. The (g%Ins)? in the space-
time factor is therefore understood as a contribution to the Reggeization of the
two gluons exchanged in the lowest order g* base-isospin diagram. G5, Gg, G,
Gs, G1s and G1¢ multiply space-time factors of order Ins. They all contain the
exchange of a color octet in at least one of the two ¢-channels. The corresponding
amplitude contains both corrections of order g®lns to base-isospin diagrams of
order g®, associated with the eikonal diagrams at the same order, and further
isospin diagrams at order ¢® of kind b, which, in analogy with the case of the two
body interaction, are expected to contain a Ins factor already at the lowest order.
All terms with logs can find a collocation consistent with the analysis of the two-
body interaction, and, at this order, contain octet quantum number exchanges.
To project out the case of interest, which is characterized by vacuum quantum
number exchange, we sum the colors of the two target partons independently. All
exchanges of color octets are then zero. The color factors which are selected in
this way are G, G», G5 and G4. G2 and G5 multiply a space-time factor which is
suppressed as a power of (g*")?/s with respect to the leading term. G; and G4
are the only color [actors with exchange of vacuum quantum numbers multiplying
a space-time factor which is not suppressed. (G4, corresponding to the exchange
of two gluons by the projectile parton, does receive contributions by a whole set
of further diagrams, in addition to the set of diagrams in fig.2, and is not studied
in the present paper. (;, which is the isospin diagram already shown in fig.3,

receives contributions, at order ¢g®, by the set of Feynman diagrams in fig.2 only.
) g, 0y g g hif

III. Cut amplitude

In this part of the paper we study the cuts of the amplitude corresponding
to the set of diagrams in fig.2. Although some cut-diagrams are zero, in the limit
of interest, we find convenient to include them too in the discussion. The reason
is that the evaluation of the sum of all the eikonal diagrams, contributing to the
same cut amplitude, is simpler than the evaluation of each single cut diagram
separately. This section is organized in three different sub-sections, in accordance

with the three different kinds of cuts to be considered.
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ITI.1 Two box cuts, Case a

In the present sub-section we analyze all cuts where both interactions of the
projectile with the target partons are involved. We start with the observation
that the mass shell constraint on the external lines, together with the requirement
g > ™™ is greatly reduces the number of possible cuts. In fact, for example, the
case in the diagram of fig.4, where the lines with momenta ¢; 4+ Q- and p; —Q_—q
are cut, is not allowed. In fact, in this case, the invariant mass of p is forced to
be of order g; > ¢™" > m, which is the scale for the virtuality of all the external
lines. All allowed cuts, where both target partons are involved, are of the three
different kinds shown in fig. 8.

As a first case we consider the cuts of the kind in fig. 8a (case a), where
the lines identified by as, as and as are cut. Only the four cut diagrams in fig.9

contribute. The mass shell conditions for the cut lines are:

az = (B2 + Pr,)s — gz, =0
as = a1(B1 + Br,)s — g5y =0 e T (16)
ag = (o —ay — az)(—ﬂ1 — B2)s — qzz =0,

the condition of positivity for the energies of the cut parton lines is:
az + 162 = ﬁka >0
a1+ 814 Pk, 20 (17)

a—ay—az—P1—F220

and the denominators to be integrated can be written as:

ax (g2 — @)% = —c2(Be, + Bg)s

as (g2 )2 = —ayfk, s

o (@ + Q)" = —a1(Br, — Bq)s

ae (91)* = -1,

o (P— a2+ Q) = (P2 + Bg)s — a2(Br, + BQ)s +ic
ao (p—a1)* = —apis — c1fr, s + ic

a; (p— @ — Q) = —a(B1 + Bg)s — a1(Br, — Bo)s +ie
ag (p— qz)2 = —afizs — asfr,s + ie.
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The following expression represents the integration of interest, on the longitudinal

variables a3, as, #1, B2 and fBq, corresponding to the four graphs in fig.9.

/__iw (._]i. i -1-,-) (EIJ 3 %)S(az)é(as)ﬁ(as)- (18)

a1G3aqag Q7 aq

The leading terms is obtained when a; &~ ¢?/s. The solution of interest for
the mass shell conditions, Eq.(16), is then:

‘Iu
(ﬁ T ﬁkl )S

921
( B +ﬂk3)5 (19)

B9

s

where terms of higher order in ¢2/s have been neglected, 1 = 8 + B/2, B, =
—pB+ B/2 and both 8+ Bk, and —f+ P, are finite quantities in the limit ¢ /s — 0.
The integrations on a4, a; and B are done with the help of the é-functions and
Eq.(18) reduces to:

/ dﬂdﬁQ (tBkl + ﬁ)(ﬁkz - ﬂ)
Bie Brs (971 )*(972)? 8* (Brky — Bo)(Br, + Be)

1
X
{a(ﬂ +B0)s + % — gh 22 e

1
+
~o(B +Bo)s + § — & s +ze} (20)
1
h —afis+ L — g2 L
1 iy +B

1
oy s +‘}
afs + 3 qt2,ﬁ,‘—ﬁ i€

The integration limits for Sg are a consequence of the constraint of positivity for
(k1 — Q)- and (k3 + Q) -, the limits for # come from the condition of positivity of
the cut parton lines, Eq.(17). The leading contribution is readily obtained after
noticing that the contribution to the integral from the region where (8 + Bg)
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is finite is suppressed as a power of ¢?/s, for large values of s, because of the

cancellation between 1/a7 and 1/a%:

(2+3)~ s g o)

ar a4 afB + Bg)s  —a(B+ Bg)s 82

The same cancellation occurs, when f is finite, in the factor (1/ag + 1/ ay). To
obtain the leading term we are therefore allowed to integrate over S keeping track
of the dependence on g only in the terms proportional to s in a7 and a7, while
we can integrate on  keeping the dependence on f only in the terms proportional
to s in ag and aj. More explicitly, the actual integral on fg (in a region of size of

order ¢7 /s around Bg = ) is:

1 1
a8 ( 4 | )
f \a(B+Bqg)s + 10 —qh+ie  —a(B+Pq)s+3a7 —ak +ie

If one replaces q¢; with —qq; in the second integral, the second term is the opposite
of the complex conjugate of the first. One is then allowed to replace the sum of the
two integrals with a single integral, involving the first integrand only, performed
along a closed contour, in the complex Bg plane, including the polar singularity
of 1/aq:

1 1 B dfq
/dﬁ"(a(ﬂ Thg)s —atic —a(ﬂ+ﬁq)s+a+if) "fa(ﬁwce)““

where a = ¢2/2 — ¢ . The integration over ¢ is providing a factor 2iw/as as a
result. The integration on 3, that involves (as a leading contribution) the factor
(1 Jag + 1 /ag) only, is done, with the same line of arguments, in a region of
of size of order ¢?/s around zero. The resulting leading contribution from the

configuration with ay, ay and B; + B, of order ¢7 /s is expresses as:

(2m)3 1
ﬂklﬂkz o®s® (qfl)z(qu)z . (21)

The result which has been obtained is proportional to the product of two ele-

mentary partonic cross sections. In fact this term is evaluated by squaring two
successive interaction amplitudes between on shell partons. The intermediate par-

tons are put on shell as a result of the contribution to the cross section from the

20



pinch singularities produced from the constructive interferences between 1/a7; and
1/a’;, when performing the B¢ integration, and between 1/ag and 1/aj in the case
of the integral on f.

The mass shell conditions, Eq.(16), can be solved differently. In the limit

g?/s — 0 one finds a set of six different solutions:

( azzo, alzos ﬁ1+62%0;
az = 0, P14+ B, =0, a; —a =0
) az =~ 0, B1 + Br, = 0, B2 — Br, ~ 0; (22)
ﬁ2+ﬂkzm0! ﬂ1+ﬂk1%01 a“al_QZNO;
B2 + Bk, = 0, oy &0, a—az =0
. B2+ B, =0, a; ~ 0, B1 — B, = 0;

where ~ 0 means = O(g?/s). For all different solutions, with the exception of the
first one, that has been discussed previously, @; or ay are finite in the ¢?/s — 0
limit and, analogously to the uncut graph, the corresponding contribution is a

subleading one.
Cases b and ¢

The second case we consider is that one of the cuts of kind in fig.8b (case b).
The set of cut diagrams that we have analyzed is represented in fig.10. Altogether
there are four sets of diagrams of this kind. They are obtained from the set that
we have considered moving, in each diagram, the cut from a3 to a;, exchanging
the top with the bottom and combining the two operations. Each set of diagrams
gives the same contribution.

The difference with respect to the previous case is that the parton lines that are

cut are presently identified by a3, ag and as. The mass shell conditions are:

a1 = az(B2 — BQ)s — g5, =0
as = o1(B1 + Br,)s — g2 =0 (23)
ag = (a — oy — az)(—P1 — B2)s — ¢; =0,

the condition of positivity for the energies of the cut parton lines is:

ay+f;—fFg >0
o+ B+ B, >0 (24)

a—ay—oay—f1—p220
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and the denominators to be integrated become:

a2 (k2 + 2)* = ea2(Bq + B, )s + ie

as (g2)® = azBos +ie

ay (k2 + Q — g2)* = —a P, s + ic

ay (@1 + Q) = a1(—Pr, +Bq)s

de (@) = —0t1 B, 8

a1 (p— g2+ Q) = a(—PB2 + Bg)s

* (p— @1)* = —afrs — 1P, s +ic

az (p— a1 — Q) =—a(f1 + Bg)s — c1(Br, — Bq)s
ag (p— g2)* = —afzs + az2fgs + ie.

The integrations on the longitudinal variables a1, a3, 81, f2 and B¢, corresponding

to the graphs in fig.10, is expressed as:

/ 1 ( 1 " 1 )( 1 4 l) (al9 + ;%)6((11)6(@3)6(@5). (25)

azdqag \Aag a'z ay a.fr

The mass shell conditions, in the limit ¢2/s — 0, give rise to the set of possible

configurations:
( 02&’0, 0!1%0, ﬂ]_-!-ﬂz%o;
az =0, B+ Pk, %0, o1—a=x0
az =0, ﬂl +ﬂk1 ~ 0, B2 — ﬂh ~ 0; (26)
T B2 — Bq =0, B1 + B, =0, a—a; —az 0
B2 — Bg =0, a; =0, a—a ~0;
\ ﬂ2_ﬁQ201 a &0, Bl"‘ﬂQzU;

(where =~ 0 means = O(q}/s)). The most important contributions are obtained,

in the configuration as, #; + Bk, and @ — a3 = O(¢?/s), by the combination:

1 1 1 3 .3
[ (5 &) mmmegmitesontten =0( ) -
and in the configuration a1, 82 — B and B + fBo = O(g?/s) by:

/ (al_z A :_2) mé(al)ﬁ(ag)tﬁ(as) = o((—#%) (28)
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giving rise, however, to non leading terms, after taking into account the numerators
in the propagators. The configuration ay, as, f1 + B2 = O(g?/s) that, in case a,
gives the leading contribution, is depressed as a power of ¢ /s with respect to the
leading term in the present case: In fact, the mass shell conditions, Eq.(23), force
the coeflicients of the terms in s of a7 and a} to be # 0 and opposite in sign while
the condition a, = O(q?/s) forces B + B # O(q?/s), where f = (B1 — B5)/2. As
a consequence the factor (1/a7 + 1/a}) is of order (g?/s?). While in case a the
conditions of reality for the cut lines where allowing a; and @/, to go on shell, this
is not possible any more with the present cuts. The consequence is that in case
b there is no pinch singularity, corresponding to the sum of the imaginary parts
of a7 and af, only the real parts are left that interfere destructively providing the
extra suppression factor.

Things are qualitatively analogous to case b when considering case ¢, corre-
sponding to the cuts of kind shown in fig.8c. More precisely all cuts of this kind
are those represented in fig.11 and those obtained exchanging the top with the
bottom in each of the graphs in fig.11. The most important contribution (that
however does not contribute to the leading term) comes from the set of graphs in
fig.11a in correspondence with the configuration a;, 82 — Bg and a — ay of order
g?/s and from those in ﬁg,115 in correspondence with the configuration g,, a; and
o — a of order g2/s. The configuration oy, az and B + B, of order g2 /s is now
depressed as (g2 /s)? with respect to the leading because the conditions of reality
for the cut parton lines force 1/a; and 1/a} as well as 1/ag and 1/ay to interfere

destructively.

II1.2 One box cuts, case a

In this section we analyze the cuts where one of the two target partons acts
as a spectator. There are two different kinds of cuts to be considered, the first
case is that one where two horizontal lines are cut (case a), the second is the case
where the cut involves one horizontal and one vertical line (case b).

The cut diagrams of case a that we consider are shown in fig.12. All possible
cuts of this kind are four times as many, corresponding to the four independent
possibilities of choosing the vertical lines to be cut. Each different set of cut
diagrams is providing the same contribution as the set we are considering. Our

result has then to be multiplied by four to account for this multiplicity factor.
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The mass shell conditions are:

as = ay(B1 + Pry)s — g1 = 0 (20)
ag = (@ —a1)(—f1)s — g5 = 0.
There are two different sets of solutions for small values of ¢% /s. The first set
corresponds to a; and f#; = O(g /s), while the second set corresponds to a —
and B, + B1 = O(g? /s). This last case contributes only at the subleading level.

The case of interest is the first one:

2 ) S
dy o g1 ’ By =~ Qtl.
B, s as

The denominators corresponding to the parton lines of interest are:

ay (g2 — Q)° = a2(B2 — BQ)s — gi + ic

az (k2 + g2)* = az(B2 + Br,)s — qia + 1€

as (g2)* = agfBas — g2, + ic

ay (k2 + Q@ — ¢2)* = —2(Br, + B — B2)s — gi» + i€

as (@ + Q) ~ @sz—k‘-qfl

Qs (q1)? ~ —in

ag (P— g2+ Q)" = (e — @2)(—P2 + BQ)s — gir +ic

ay (p— a1 — Q)" = (a— a1)(—Bg)s + ie

ag (p— @1 — @2)* = (a— a1)(—f2)s + aa(B1 + B2)s + gy — G + ie
ag (p+Q)° = afigs + ie.

The variables to be integrated are 2, a; and fg. The limits of integration of Sq,
namely —f, and [i,, are not affected by the constraints imposed by the cuts.
The limits for a; are a consequence of the integration on f;, to obtain a result
different from zero one needs to have 0 < a3 < a. The leading contribution comes
from the region ay = O(g?/s). One observes that the transverse momenta g;;
can be neglected, in this case, in a7, a; and as: if one introduces the positions
of the poles of 1/a7, 1/a’ and 1/as in the other lines, terms of kind 8; ~ ¢?/s

multiplied by a;s are introduced. The term a;g? that is generated is much smaller
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with respect to the term ¢’ already present. On the contrary, if the positions of
the poles of the vertical lines are introduced in the horizontal ones, terms of kind
¢?/(a;s) > g2 are generated so that the original ¢; can be neglected. Finally if
the positions of the singularities of 1/a7, 1/a;7 and 1/ag are introduced in 1/ay,
1/a% and 1/ag no critical dependence is generated in the ¢?/s — 0 limit. Keeping
only terms where the integration variables are multiplied by s, a7, @} and ag are

expressed as:

a (P~ a2+ Q)* = a(—P2 + Bo)s + i
ay (p—q1 — Q) = —afgs +ic
ag (P— a1 — @2)* = —afas +ie

The graphs of fig.12 correspond to the following integral:

f—-——-l (2 + ) (o 4 = + ) B(as)8(as). (30)

ajazasag \az @,/ \arag  azay  ayas

Having neglected the g; terms in a7, @’ and ag, one can write:

(a-;las a-;la; a{,las )

B 1 ( 1 1 )

T afss — i€ afigs —ie  afigs +ie
in such a way that the integral on 8> can be done taking the residuum of the pole
(af2s —i€e)~! and Eq.(30) is expressed as:

/ daydfq _1_( 1 i 1 )
o —2fqs — gy + i€ gfy N2k, 5 — gf +ic  —aa(Bk, +Bo)s — qix + i€
1 1 ﬁk‘]. (Zﬂ.)3
8 ( )ﬂcz

afigs — i€ B aflgs + i€ ~ Br, aBr, $3(¢51)?
(31)

The integral on B¢ is done taking the residuum of the pole (afgs — ie)™*:

B
/dﬁQ(aﬁQz —de aﬂq.:-{-z'e) 5 f Wi{%ﬂ

The integral on a; receives its major contribution from the imaginary part of

1/a}, since the singularity of 1/a, is outside the integration domain. The resulting
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leading term, after keeping into account the multiplicity factor mentioned in the
beginning of the paragraph, is:
47(2m)? 1
BiBr,0®s® (q71)*(4i2)?

that is twice the leading contribution obtained when discussing the two box cut

(32)

case.
Case b

The second possibility is that one of cutting a vertical and a horizontal line.
The set of cut diagrams that we consider is shown in fig.13. The mass shell

conditions are:

as = a1(B1 +Bo)s — ¢i, =0 (33)
| ap = (& — aa)(~Fr)s — & =0.
The reality of the solutions imply for Bg:

4¢%
b s A
el Bo < Bk,

and, in the ¢7 /s — 0 limit, the solution of interest of Eq.(33) is:

3 ‘ 2
qi —di1

aN.___ ~

l'uﬁqs! ﬂl— as

with Bg # O(g?/s). The denominators corresponding to the parton lines of inter-

est are:

a; (g2 — Q) = aa(B2 — Bo)s — qiy + ic

as (k2 + ‘12)2 = az(B2 + Br,)s — apy + ic

as - (g2)* = az2fzs — gy +ie

a; (k2 +Q — g2)* = —2(Bk, + Bo — B2)s — gz + i€
a5 (k1 + q1)* = g‘%‘?ﬁ

G (h-0-af=fhg
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Qg (@ )2 — “‘131

ar (P— g2+ Q) = (a — a2)(—PB2 + Bg)s — g5y + i

a; (p— a1 — Q) = —afgs + ¢

as (P— a1 — ) = —(a— a1 —a2)Bzs + azfrs + gfy — qf + e
ag (p+ Q) = afqs.

Analogously to the a case one can neglect the transverse momenta in az, a4 and

ag. The diagrams in fig.13 correspond to the integral

i gt gy od 1 BT
./ ajasag (a,_2 * g) (a7a3 t aral + ﬂf;ds) (;5' + a)b‘(ag)ﬁ(a.;) (34)

The main difference from the previous case comes from the domain of integration
on Bg: while in case a fo was both positive and negative and values of Sg of order
g7 /s where allowed, in the present case the conditions of reality for the cut parton
lines force Bg to take positive values only and the requirement a; = O(g?/s)

excludes the domain Bg = O(g?/s). As a consequence, while previously

1 1 1 1
[t 2+ et =o(2),
arag arag aqag ¥
it is presently contributing with a factor of order ¢?/s® only. As a consequence the

contributions from cuts of this kind are suppressed by a factor ¢? /s with respect

to the leading.

II1.3 No cut boxes
The last case to be considered is that one where the target parton lines are

not cut. The graphs to be considered in this case are shown in fig.14. The mass

shell condition is:

dh = (p+ Q) = afigs =0

_that implies Bg = 0. The denominators to be integrated can be written as:
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ay (g2 — Q)* = azf28 — g2 + ic

a (k2 + q2)* = aa(B2 + Br,)s — af + i€
as (92)* = aafBas — g}, + i€

ay (k2 + Q — g2)* = —02(Br, — B2)s — qj + ie
a4 (1 + Q) = c1fr1s — gy + ie

as (k1 +@1)" = c1(B1 + Br,)s — qiy + e
as (q1)° = 1P — gjy + ie

ag (k1 — Q- a1)* = c1(B1 — Br,)s — ais + i€
aq (p— a2+ Q) = (o — c)(—P2)s — gi +ie
ag (p—q1)’ = (@ —a1)(—B1)s — g}, +ie
ay (P~ a1 — Q) =(a—a1)(~F1)s — g +ie
ay (P~ )" = (e — a2)(=F2)s — ¢i +ie.

The first four graphs in fig.14, that have to be integrated on o, f8;, @y and B,

are represented by the expression:

1 1 3 1 1 W | .
fy —+ ) —8(a; 35
/“1"’3 (“2 i a'z) a71a406 (as : a's) ay (a5) (35)
while the graphs in the second line in fig.14 correspond to:
Iy, Iy 1 71 A%l
/0163 (Gz Fl a'z) aga4a3 (a5 + a,g) aﬂr&(as S (36)

The two contributions are explicitly equal. Let us compute the first one. The
integrations on as, B, involve a1, a3 a», a) and ay. The B3, integration is evaluated

taking the residuum of the pole 1/a; that gives for 8, the value

2
. —Gi
ﬁz (Ct = ag)s

while the a; integration is restricted to the interval:

0<a <«

The dominant contribution comes from the region ay — 0:
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/ 1 1 Ix 3
Gl
a1asz \as a2 anq

~/ 2wdas ( 1 + |
(] as(qtzz)z a2ﬁk23 = qtzz + e "al’ﬂkzs - ‘132 + e .

In the limit g7 /s — 0 the leading term to the integral is provided by the imaginary

(37)

part of 1/a,.

The integrations on a;, f; involve a4, ag, as, a; and ag. The integral on B is
done taking the residuum of 1/ag while that on «; is performed analogously to
the ay integration. The contribution from the no cut bozes case, resulting from

the sum of the graphs in fig.14, is expressed as:

1 w(2m)*
B, Br,s® ¢h14h

(38)

that is half of the contribution obtained in the two boz cuf case and 1/4 of the
contribution obtained in the one boz cuf case.

One can then conclude that the leading contributions to the cut semi-hard
rescattering diagrams are proportional to one another and the weight factors are
precisely the A.G.K. weights®. Even more, the leading contribution comes from the
configuration where the intermediate projectile parton, between the two successive
semi-hard collisions, is on shell. As a consequence the three body cross section is

factorized as the product of two body interaction probabilities.

IV. Discussion and conclusions

The set of Feynman diagrams in fig.2 is the complete set of diagrams con-
tributing, at the lowest order g%, to the isospin component of the three body
amplitude characterized by the base-isospin diagram in fig.3. The leading behav-
ior of each of the diagrams in fig.2 and of all the different cuts of the amplitude,
dominant in the high s fixed £ limit, have been explicitly evaluated in the previous
paragraphs. Each of the different cuts of the amplitude is obtained by summing
a different sub-set of cut diagrams. The leading behavior of every different cut
amplitude grows less rapidly with s than each single cut diagram in the correspond-
ing sum. The relevant contribution of each single diagram to the cut amplitude is

therefore a subleading one. The efficient way, which we have adopted to account
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for all interferences between the different terms, has been to evaluate directly the
leading behavior of the sum, rather than working out, in advance, all subleading
terms of every single different diagram. In this last paragraph we like to remark
a few interesting properties of the amplitude under consideration and we describe
the physical picture of the interaction which results.

Semi-hard interactions are connected with the presence of different scales. In
fact, in our case, there are three different scales: the nucleon-nucleon c.m. en-
ergy /s, the cut off ¢/*", and the typical hadronic scale which we have called
m. Moreover the relation /s > ¢™" > m holds. Whenlstudying parton interac-
tions, without keeping into account that partons are bound in the hadron, one is
assuming that, at least to work out the leading terms, one is allowed to split the
semi-hard part of the interaction from the binding effects. Namely one assumes to
be allowed to neglect, at that stage of the calculation, the virtuality and transverse
momenta of projectile and target partons. A consistency requirement is therefore
that the scale of the virtuality and of the transverse momenta of the partons in the
loop integrals is provided by ¢/*", while the analogous scale for the incoming and
outgoing projectile and target partons is rather m. This consistency requirement is
met when the integrations on the longitudinal variables a;, a2, f1, f2 and (g are
all done within the kinematical configurations relevant for the eikonal. More ex-
plicitly, the behavior of the integrand at inﬁnity has to be regular enough, in such
a way fhat, in all cases, the contours may be closed without need of specifying the
position of further singulla.rities other than the ones in the eikonal region. When
the contour cannot be closed, the kinematics of the interaction is not constrained
enough and configurations, far from the eikonal ones, became important as well.
To perform the integral on g, which is a variable external to the loop integrals,
one should consider, in that case, the singularities of the non-perturbative part
too.

The set of diagrams in fig.2 allows one to meet this consistency requirement. In
fact the behavior of the integrand, far from the singular points of the propagators
in the set of diagrams of fig.2, is always convergent rapidly enough, in such a way
that the contour can always be closed at infinity. One notices that this is a property
of the sum of all the space-time parts of the diagrams in fig.2, when dealing with
the uncut amplitude, and of the sum of all cut diagrams contributing to the same
final state, when looking to the cut amplitude. It is not a property of each single

diagram or cut diagram. In the sum of diagrams in fig.2 one finds, in fact, that,
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when a term does not converge sufficiently well at infinity, there is always another
one, in'the ¢? /¢ — 0 limit, with the same behavior but with opposite sign. One
may notice that, when logs appear, the convergence at infinity is not fast enough.
In that case the corresponding integration variable is not restricted to a particular
range and all possible values contribute to the final result. Consistently with this
observation, both the G; component of the amplitude My;; + My, considered in
the first part of the paper, and the corresponding cuts of the amplitude, which
have been discussed in the second part, do not contain any Ins.

Some of the different cuts of the same diagram are related. In the set of
diagrams in fig.13, one could select a few terms in the central column and com-
pare with the corresponding terms in fig.14. The contributions are related as a
consequence of the suppression of the amplitude corresponding to each one of the
first eight uncut diagrams in fig.2, which has been discussed in subsection a of
paragraph II. Rather than putting in evidence this compensation between differ-

ent cuts of the same diagram®

, we add separately all cut diagrams in fig.13 and in
fig.14 because we want to keep into account all interferences of the different con-
tributions to the same final state. Differently with respect of the cut diagrams in
fig.14, the resulting contribution, from the whole sum of cut diagrams in fig.13, is
a subleading one. Specifically, consider the first diagram in fig.2, the correspond-
ing contribution to the cut shown in fig.13 (second cut-diagram in the first line of
fig.13) is compensated by one of the contributions from the first cut-diagram in the
same line. In detail, with reference to Eq.(34), where the term corresponding to
the first diagram in the first line of fig.13 is 1/avas, one obtains two contributions
from the integration on 3, one from the pole 1/a;, the second from 1/as. The
first of the two contributions is the one which interferes destructively: For a7 = 0,
as = —afigs + O(q?) + ie. The second diagram in fig.13 is obtained from this
term by the replacement 1/ag — 1/ay, where ay = afigs + ie. The sum of the
two terms contains the factor (1/as + 1/a}) = O(1/s x (g?/s)), because the cut
in fig.13 does not allow the two propagators, 1/as and 1/a}, to go on shell. As
discussed in section II1.2, case a, the compensation just mentioned does not occur
when the cut allows the configuration with the intermediate propagators 1/as and
1/ag on shell, as in the case of the cut diagrams in fig.12. In fact, while the real
parts of 1/ag and 1/a} are canceled in the sum, the imaginary parts are, on the

contrary, added.
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In ref.8 double ladder exchanges are discussed in QCD, limiting the analysis
to the diagrams with the leading behavior at high energy. We have studied the
simplest case of the double box exchange in a three body interaction. In our
framework, which is consistent with the Reggeized gluon framework, we have taken
into account of all the diagrams which contribute, at the lowest order in g, to the
color factor shown in fig.3, which is also the color factor selected by using the
criterion of the leading behavior of ref.8. The set of diagrams, which we have
taken into account, is gauge independent and contains both leading (set IIT)
and non-leading (set II and set I) diagrams at high energy. As a consequence
of destruciive interferences between different terms, contributions subleading at
large s acquire the same importance as the leading ones in our analysis. Actually
the diagrams of set 11, which are of order Ins, contribute to the final result to the
same extent as the diagrams in set III, which are of order (Ins)?.

The physical picture which we obtain is considerably different from the one ob-
tained by selecting the leading diagrams only. After grouping all cut diagrams,
which contribute to the same final state, and considering the leading contribu-
tions, for (¢/**")?/s — 0, only a restricted number of cut diagrams contribute at
the leading order. These are the cut diagrams shown in fig.9, in fig.12 and in fig.14.
The leading terms, corresponding to the different kinds of cuts, are all proportional
to one another with given weight factors, that are equal to the A.G.K. weights®.
The same destructive interference, which cancels the dominant real parts of the
different cut diagrams, is the mechanism which selects, as a dominant contribu-
tion to the loop integration, the imaginary part of the intermediate propagators
of the projectile and target partons. The leading configuration, where the pro-
jectile parton is on shell between successive interactions, allows, correspondingly,
the probabilistic physical picture where the three body interaction is factorized
as the product of two successive collisions between pairs of on shell partons. One
may notice that the intermediate propagator, as expected from an analysis of the

5, contributes with a fac-

rescattering diagram by means of the Landau equations!
tor of order 1/s to the loop integral. In the case of the pinch singularity, obtained
by summing two different propagators with opposite real parts, the values for the
virtuality of the intermediate propagator, while performing the loop integral, are
of order ¢7. The integration range of the relevant integration variable is however

of order ¢7/s, in such a way that an overall factor of 1/s is obtained.
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In all the leading cut amplitudes, considered here, only the projectile and tar-
get parton lines are cut. Accordingly, the main contribution to the inelastic cross
section is localized in the projectile and target fragmentation regions. Already
in an Abelian theory one can find gfa.phs with more particles in the s-channel,
which contribute rather to the production in the central region. Moreover, in the
three body scattering, graphs, which are not trivially related to the ones present
in the two body scattering, arise. An example is got if we read term 4 in fig.7 as
a standard Feynman graph: it cannot enter in the process of gluon Reggeization,
it could better, if the Reggeization program works completely, begin to build up
a three-Reggeon vertex. The feature, which characterizes the term of the three
body amplitude studied here, is that it is related to the part of the inelastic cross

section where all partons scatter without production.
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Appendix A

In this appendix we wish to discuss some problems connected with the gauge
and spin properties of the particles involved in the processes discussed in the paper
which, according to the standard point of view, are described as massless quarks
and massless gluons.

It is well known that in order to connect parton model with perturbative QCD
it is better to use a gauge where there is no need of ghosts and one of the most
usually employed is the axial gauge'®. The relevant kinematical variables of the
problem suggest for the gauge vector ¢, the choice ¢, = (1;0), so we make the
choice which is sometimes referred as temporal gauge!”. The general form of the

gluon propagator:

1 euly + culy g by
AW(I)_P{g“V" cl +c(c-l)2}

is then reduced to:
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1 l;l;
Boo=0, Aoj=0 Ay {‘“5:':' + Tz’} (41)
0

B

When we take into account the lines carrying momenta p or k we assume consis-
tently with all the treatment that ¢ < pg or kg so that the most important term
in the numerator is:

_51.1. + p_'.z_-"
Py

and since p, = pg, the propagator, in this case reduces to:

1

B g s Tl
) (P+9q2 =

a,b=1,2 Ags = Ags = O(q/po) (A2)

Now one inserts between two propagators the vertex Jy,, (figlba):

Iapw = (20 + @Q)pgrv + (=P — 2¢)29uv + (4 — P)ugun (43)

It is evident that the first addendum alone builds up the leading term because
the large, longitudinal parts of the second and third addendum are eliminated by
contracting the expression of Eq.(A3) with the ones of Eq.(42). The conclusion
in that the leading term corresponding to the horizontal line of fig.15a is:

Crta)n Crtate)n (2Pt Y Q. (44)
“ta)P (rta+tae)P T (p+X9)?

while if one of the indices of the line carrying momentum p is either 3 or 0 we

get only a subleading contribution and the terms in ¢ are there only as a remnant
of many subleading terms. If we consider the lines carrying the momenta k the
result is the same. Now we proceed to connecting the subgraphs in order to obtain
the general form like fig.15b. For the vertical line the form of the propagator is
given by Eq.(A1l) and, if we come back to the light cone variables, we find that
the factor of the general expression corresponding to two vertices and a vertical

propagator takes, in its leading term, the form:

8 dagf, (45)

o @ B
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This expression, by suitable iteration gives finally rise to the whole expression of
the leading terms in s of the amplitude represented by figl5b. which has the prop-
erties we used in the discussions of this paper, in particular in the individuation
of the most important terms in the cut graphs.

If the horizontal lines are fermionic the problem is simpler, it is known from stan-
dard QED that for large energy and small momentum transfer the convective part

of the current is the most important. A simple exercise on y—matrices reproduces
the result:

P+d P+i+q
(p+9)? *“(p+qg+4a)

2  P+i+d ., Bt P+i+d
“lo+9)? (p+e+d)? “(p+e?(pta+d)?

=2(p+

In the second addendum, using the fact that p? = 0, we get a factor of p less than
in the first one, which gives just the convective part of the current; the procedure
can be iterated and we end up with an expression like Eq.(A4). Since there is
no way in which the terms till now considered might disappear it is correct to
classify all the neglected terms as subleading ones. The case, finally, where there
is a quark in the vertical line corresponds in our kinematical frame to a backward
scattering of a gluon by a quark and is therefore suppressed. This result, obtained
in axial gauge, can be translated in Feynman gauge. It is well known that there
is no straightforward correspondence between the graphs drawn starting from the
two gauges. Nevertheless it holds for the graphs which we have chosen, because
there are no graphs containing ghosts at that perturbative order and with the

prescribed quantum number exchange between the projectile and the targets.

Appendix B

The aim of this appendix is to review with some more detail the high s be-
havior of the uncut graphs,with particular attention to the role of some subleading
terms.As already seen the 24 graphs of "eikonal type”,i.e. graphs where neither
gluon branching nor four-gluon interaction are present can be easily grouped into
three families which can be called the two-boxes,box in the box and pentagonal
graphs and correspond respectively to graphs 1-8,17-24,9-17 of fig.2 (see also
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fig.5). Since there is an obvious symmetry between the two target quarks it is
enough to study 12 graphs,four in each of the three families. As in all the previous
discussions the integration will be performed over the longitudinal variables at
fixed transverse ones;since we integrate also over the longitudinal variable which
represents the difference between the "minus” component of the target momenta
we have,in the whole,a five-fold integral.

two-boz graphs
For this family nothing relevant has to be added to what was already said, in fact
even if we keep in the expression those transverse variable that were discarded in
the previous discussion it is still possible to bring the integrand in g in a form
having all its poles on the same side of the real axis and decreasing fast enough to
the infinity so that the overall result is zero.

boz in the boz

One of the possible integrands,the one corresponding to the term 17 in fig.2 is

1 i
ipzag
. az(Br, + B2)s — q;'?.’t a1(Br, + P1)s — th
y 1 il 1 1
az(B2 — Bo)s — a3, 228 — @3, e (Br + BQ)s — ¢}, 118 — g3,
1 1 1
X
(a —a3)(Bo — B2)s — 3, (o — a2)B28 + 3, (@ — a1 — @2)(B1 + B2)s 'l('gf )
i )

whereas the other three terms 18,19,20 in the same fig.2 show analogous forms
which are not reported here. The integration over the variables f;, 82, 8¢ leads to

the expressions

P i(2m)3 ol ( 1 11
T (@ = a1 — ) Bk, \arazfir, s — A A2 %21 (B.2)

I | 1 1
araz(Bry, + Br,)s — A A G, c1azfi,s — Aca(l — az)Bi,s + q'."»'t)’

where the following notations have been used:

A =al‘1§t -+ az‘ﬁt + f-"ﬂ‘.i.’t2
o (B.3)

) =—mm8M8M——,
a-+ ay + as
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It is useful to note that all the four expressions consist,as the one explicitly

displayed, of two addenda showing this common feature:the first one gives a larger
contribution for s — oo because it has fewer s in the denominators,the second
one gives a relevant contribution only when the a-parameters are very small,so
that they can cancel the effect of the s in the denominators;the origin of this
difference may be traced back to the integration over the 8 variables,where it
is unavoidable, at a certain step,to take into account at least two poles;one of
which has its position depending on the external variables [, , Bk, ,which are of the
order 1. We are interested in keeping the cutoff on the transverse momenta,since
this justifies the use of the perturbative expansion,but the sign of the transverse
variables is irrelevant,so q; is wholly equivalent to —q;.
We realize that the ”large terms” in eq. B.3 cancel in pairs whilst the subleading
term of the four expressions are in general different so that they do not cancel. If
we study the large s behavior of the single large term of eq. B.2 we find that it
behaves as s~°(In s)? ;moreover when the overall phase makes this leading term real
there is an imaginary part going as s~°(Ins). The "small terms” give in general
contributions going as s~° so this is the behavior of the sum.

pentagons

One of the possible integrands,corresponding to the term 9 in fig.2 is

1. 1
.
" aa(Bi, + B2)s — @2, c1(Br, +B1)s — &,
» 1 1 1 1
a2(B2 — BQ)s — 43, @228 — ¢3, a1(B1 + BQ)s — ¢3, a1 s — ¢,
1 1 1
X
(@ —a2)(Bg — B2)s — ¢}, (@ — az)B1s + ¢}, (@ — a1 — a2)(B1 + B2)s + ¢}

(B.4)

with other three analogous expressions for the terms 10,11,12. We perform

the integrations over the three variables # and we find here also larger and smaller
contribution due to the necessity of taking the contributions of two poles. We could
use only the larger contributions, arising from terms Iy, I1¢, 11,12 producing in

this way the expression:

i(2m)® 1 1 1
=5

j -
" (e — a1 — @2)8% B, Br, 1Bk, s — Aaraafr, s + Add, ¢,

1
=
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were it not for an end point singularity which is produced in this way,but which is
wholly artificial;if we consider also the small contribution,at least for the relevant
integral ,i.e.

i(2m)? 1 1 11

L= .-
(a — a1 — @3)s%Br, Br, —o1(ax — @1)fk, 8 a10afr,s + Agé, A

(B.6)

we find,in fact,by studying in detail the behavior of the expression at the end
points of the integration domain that the singularity is no longer present. The
actual evaluation implies the separation of the principal part and of the pole
contribution,both of them give contributions going as s~°,whilst in single terms
of B.5 we can find behaviors like s In s.

This analysis confirms that the logarithmic behavior in the total energy is present
in the single terms,even the squared logarithm growth,in the graphs of the family
"box in the box” but summing the terms family by family only the power behavior

survives.
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Figure captions

Box-isospin diagrams up to order g® for the two body interaction.

The set of three body eikonal diagrams under consideration.

: Isospin diagram associated with the set of diagrams in fig.2.

One of the graphs in fig.2 with the kinematical variables explicitly indicated.
The three graphs corresponding to Eq.(1).

Graphical representation of the commutation relations. The signs of the sec-
ond addendum are the consequence of the convention for the ordering of the

color indices in the triple gluon vertex (clockwise for +).
The color factors G;, ¢ = 1...16 in Eq.(12) and (14).

The three different ways of cutting a graph that give a result different from

ZETO.
The graphs corresponding to Eq.(18).

The graphs corresponding to Eq.(25).

Graphs of kind "Two Box cuts, case ¢”.

The graphs corresponding to Eq.(30).

The graphs corresponding to Eq.(34).

The graphs corresponding to Eq.(35) and Eq.(36).

Representation of the propagator in Eq.(44), 15 a), and eikonal diagram for
the three body parton interaction, 15 b).
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