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ABSTRACT 

vVe estimate the transverse energy produced by semi-hard par­

tonic interactions in nuclear collisions at c.m. energies of the 

order of one Te V per nucleon. Keeping properly into account 

multiple partonic interactions the transverse energy spectrum 

has no longer any power divergence for small values of the cut 

off p;"in which separates the semi-hard region from the soft one. 



-

1. Introduction 

A parton that has exchanged a transverse momentum of a few GeV, in 

hadronic collisions with C.M. energies in the Te V range, will produce a small 

jet of particles in the final state (mini-jet). The events with at least one mini-jet 

in the final state define the semi-hard cross section. In the kinematical range for 

mini-jet production the interaction is in a perturbative regime, but the momen­

tum transfer is negligible with respect to the total energy available. It is then 

possible that the lowe~ threshold p;nin, which defines the scattered parton as a 

mini-jet, might be considered as an infrared cut off, at least with respect to some 

physical observables. In fact, since the regime is such that a large fraction of the 

interaction is likely to fall in the domain allowed to the perturbation theory, one 

may forsee the possibility to handle major contributions to global characteristics 

of an inelastic event without dealing with the problem of confinement, which is 

related to a momentum scale much smaller than the lower threshold for mini-jet 

production. More precisely one may expect to construct physical observables, in­

side the framework of perturbation theory, whose dependence on the choice of the 

threshold for mini-jet production becomes less and less important when increasing 

the C.M. energy. 

While large p, phenomena in high energy hadronic collisions are successfully 

described by the QCD parton model, it was realized soon that the QCD parton 

model, in the form that is used to describe large p, phenomena, is not adequate 

for mini-jets because it is based on a single scattering expression. In fact the 

expression for the inclusive cross section to produce mini-jets provided by the 

QCD parton model gives the average number of partonic collisions multiplied by 

the semi-hard cross section' and the actual value can easily exceed by far the total 

cross section in hadronic collisions with very large C.M. energies 2 • vVhen looking to 
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high energy nuclear collisions the effect is largely emphasized by the dependence on 

the atomic mass numbers: if A and B are the atomic mass numbers of the colliding 

nuclei, the QCD parton model expression for the integrated mini-jet cross section 

goes as A x B, while the total cross section goes rather as (A' /3 + B'/3
)2. As a 

consequence, in heavy ion collisions with very high energies in the C.M . system, 

qillte a large number of partons are interacting with a momentum transfer larger 

than the threshold p;"in defining the mini-jet region3 • 

In order to describe more detailed aspects of the interaction than just the 

average number of partonic collisions multiplied by the semi-hard cross section, 

one has to face the complicated task of dealing with multiple partonic collisions. 

There are two different kinds of multiple partonic collisions. One kind is the 

disconnected collision ( from the point of view of the hard interaction ), where 

each parton pair interacts independently. These are collisions localized at different 

points in the transverse plane, since the semi-hard interaction is localized in a 

region of order (p;"in)-l in size and the interacting pairs are rather at a distance 

of the order of the radius of the interacting objects. These collisions, at a given 

order in the number of interactions, maximize the incoming flux and therefore are 

the most likely ones in a regime where the incoming parton flux is large and the 

elementary interaction probability is small. The second kind of multiple parton 

interaction is represented by rescatterings, where each parton interacts more than 

once with the target. When the parton population grows the combinatorics of 

the possible interactions grows much faster and the regime where each parton 

undergoes multiple interactions becomes important. The general case will be a 

combination of the two possibilities. 

In order to deal explicitly with multiple partonic collisions one does not need 

only to handle the variety of all possible semi hard partonic interactions, one needs 
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also to provide the non-perturbative input, namely the multi-parton distributions, 

where one is facing the difficulty that multi-parton distributions are quantities 

independent4 of the single parton distributions, which represent the usual non 

perturbative input in the QCD-parton-model. 

The simplest possibility one may consider is the following: 

a- Assume independence among different partonic collisions, so that the over all 

interaction probability can be expressed in a factorized form in terms of the 

probability of interaction of a parton pair. (In most of the cases studied in 

the literature one moreover makes the simplification of taking into account 

disconnected partonic collisions only). 

b- Take a Poissonian form for the parton distribution, so that all multiple par­

ton distributions can be expressed in terms of the single parton distribution 

and a dimensional parameter (multiple parton distributions are dimensional 

quantities 5 
). 

With this input a number of results have been obtained both in the context of 

high energy hadronic and nuclear collisions: A series of papers6 have included the 

semi-hard component in an eikonal picture of high energy hadronic interactions 

adding to the eikonal phase a contribution proportional to the QCD-parton-model 

expression of the large Pt parton production cross section. As it has been discussed 

in Ref. 7 this procedure is equivalent to the assumptions a (with the inclusion of 

disconnected partonic collisions only) and b; a and b represent the assumptions 

for the discussions on the semi-hard cross section in Ref.8 and 9. The case of 

the semi-hard cross section in high energy nuclear collisions has been studied in 

the same framework in Ref.3 and 10 where the transverse energy flow from the 

semi-hard component of the interaction is estimated. 
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In all these references the semi hard interaction is represented taking into 

account only disconnected parton collisions. In Ref.7, however, we have made 

the observation that, for nuclear collisions with energies of the order of 1 Te V 

per nucleon in the C.M. system, the amount of semi-hard partonic rescattering 

in sizeable. The average value of the fraction of energy going into semi-hard 

interactions and its dispersion were then estimated keeping rescatterings explicitly 

into account. It was also found that as the semi-hard cross section, once evaluated 

including multiple partonic collisions, has only a smoother dependence on the cu t­

off p;nin8 ,9 in a similar way the average energy fraction and its dispersion are also 

weakly dependent on p;nin after including parton rescattering in the interaction 7 . 

The purpose of the present paper is to gain a better insight on a further 

physical quantity as far as its relation with the choice of the lower threshold for 

mini-jet production is concerned. In fact we will focus on the semi-hard contri­

bution to the transverse energy spectrum. Although a more general approach 

is possiblell , in the present paper we will remain in the framework of the sim­

plest assumptions discussed above, keeping however parton rescattering explicitly 

into account . Presently available estimates of the semi-hard contribution to the 

transverse energy flow in high energy nuclear collisions do not include parton 

rescattering in the interaction3 ,lo. The resulting transverse energy spectrum, as 

a consequence, depends as an inverse power on the cut off p;nin. The unpleasant 

feature is that a small variation on the choice of p;nin produces dramatic changes 

in the whole semi-hard transverse energy spectrum even at very large energies in 

the C.M. system. Such a dramatic dependence is not a physical effect, it is rather 

the consequence of a too drastic simplification in the interaction. Keeping explic­

itly into account parton rescattering, we will derive a semi-hard transverse energy 

spectrum with no inverse power singularity as function of the cut off. In order to 
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give a quantitative feeling on the regime of interest for the present analysis we will 

present some numerical estimates in the final part of the paper. A few remarks 

on parton correlations will be presented in appendix C. 

II. Average transverse energy and dispersion 

Following Ref. 7 we consider the case of a Poissonian partonic distribution; 

namely we assume that the probability density for having n partons with fractional 

momenta XI, . .. , Xn and with transverse coordinates b l , ... , b n in a nucleus of 

atomic mass A, is given by: 

where r~ (x, b) is the average number of partons with longitudinal momentum frac­

tion '" (scaled with respect to the nucleon momentum), b is the parton transverse 

coordinate and the index f counts the various species of partons. The normal­

ization of r~(x, b) is A times that of the nucleon parton distributions and the 

integral in Eq.(l) is regularized with a cut off related to p;nin. Multiparton dis­

tributions are dimensional quantities , in our scheme dimensionality is provided by 

the explici t dependence of r on the transverse partonic coordinate b and therefore 

it is related to the geometrical size of the nucleus. 

\Ve express Jhe semi-hard cross section as: 
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AB = J d2f3 ~ ~ 2..r" ( b) rln ( b) - f 2:1 r~(z,b)dzd'b 
UH ~ ~ 1 A xl, 1 ... A X n1 n. e n. 

n=l/t···/n 
00 

Xl: l: ~r~(x~,b~- f3 ) ... r~(x;,b;-f3) 
l=l f~ ... f: (2) 

- f '" r/' (z ' b' )dz'd ' b' [ IIn III II I I' 1 
xe 6/' D' X l-i=li=l/;.r(l-iTi;;) 

, 

where iT!;'; == iTt I; (XiXi> b i - bj) is the probability for the parton Ii from nucleus 

A to have a semi-hard interaction with parton Ii from nucleus B ( iT will depend 

on XiX i, on the difference of the transverse relative distance b i - bj and on the 

indices Ii, Ii ). 

The square bracket in Eq.(2) represents the probability of having at least 

one semi-hard partonic interaction between nucleus A and nucleus B, and the 

cross section is constructed summing over all possible partonic configurations of 

the two nuclei and integrating on the nuclear impact parameter f3. Eq.(2) repre-

sents the incoherent sum of all possible interactions b etween partons of nucleus A 

and par tons of nucleus B including all possible semi-hard rescatterings in nuclear 

matter. 

Disconnected collisions, being localized at different points in the t ransverse 

plane, add incoherently when one evaluates the semi-hard cross section. Incoher-

ence is less obvious in the case of rescatterings. The rescattering contribution to 

the integrated cross section is obtained summing over all possible discontinuities 

of the rescattering diagram. It has been shown that, in QeD, the leading contri-

bution of each cut in the rescattering diagram is the same12 , apart from a weight 

factor that is the one given by the AGK rules 13 . The sum of a ll contributions 
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amounts, as a consequence, to the introduction of an absorptive correction which 

is given by the iteration of the single scattering term. The interaction, in the form 

given by the square bracket in Eq.(2), represents therefore the semi· hard cross 

section in a consistent way. 

From the expression for the semi-hard cross section one can obtain the average 

number of wounded partons (actually partons that have suffered at least one semi-

hard interaction). In fact, following Ref.7, one can write the average number of 

wounded partons of nucleus Bas: 

(/)<ri'}B = Jd2(3f 2:= ~r~(xl,bl) ... r~·(xn ,bn) 
n. 

n=1 h ... J. 
00 I 

x 2:= 2:= ~ 2:=2:=r~(x~,b~ -(3) ... 
1=1 f~ .. . f: ,,=1 f~ 

... r~ (x~, b~ - (3) ... r~ (x;, b; - (3) 

-J" r~(z,b)dzd'b - J" , r~' (z',b')dz'd'b' Xe 0J xe 0J 

x [1- IT II (1 - &~;~J;)] 
m=l 1m. 

XdXld2bl ... dxnd2bndx~d2b~ ... dx~d2b~ ... dx;d2b;. 

(3) 

This expression shows explicitly the content in terms of multiple collisions on the 

wounded parton: the factor [1 - IT:=1 ITJm (1 - &!;.~J;)] represents all possible 

interactions of one parton from B (labelled with s) and (I) is obtained summing 

over all configurations where the parton s interacts with A at least once. In anal-

ogy with Eq.(3) one can evaluate the average number of wounded partons with 

transverse momentum K in the final state multiplied by the semi-hard cross sec-

tion , 'D(K), expanding the product and requiring the total momentum transferred 

to the wounded parton to ha\'e a fixed value, After having dropped the flavour 

indices to simplify the notation, we obtain: 
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V(K) = J d2f3 f -\r A(Xl, bd ... r A(Xn' bn)e - jr A(z.b)dzd'b 
n. 

n=l 

00 I 

X I: ~ I: rB(X~, b~ - (3) ... rB(X:, b: - (3) ... rB(X;, b; - (3) 
1=1 ,=1 

XdX l d2 b1 ... d~nd2 bndX~ d2b~ ... dx~d2b: ... dx;d2b; 

(4) 

The factors d20- / d2k are understood as probabilities for successive rescatterings 

of the wounded parton; we will however neglect in the following the kinematical 

correlations induced by the successive collisions, the validity of the assumption 

will be discussed in appendix A. 

In order to evaluate V(K) one proceeds writing the .5 function as an expo­

nential and introducing accordingly the Fourier transforms of d2 0- / d2 k: 

.5
2(I:k - K) = (2~)2 J ex+(I:k - K). U]d2

u 

-( ) = J d2 K d
2

0- iK·u au d2Ke. 

The differential distribution of Eq.( 4) can then be expressed as: 

D(K) = Jd2f3 f -\rA(Xl,bl) ... fA (Xn,bn)e- jrA(z, b)dzd'b 
n. 

n=l 

00 I 

X 2: ~ 2:rB(x~,b~ -(3) .. . fB(X~,b~ -(3) ... r B(x;,b; -(3) 
1=1 ,,=1 

X - jrD(z'.b' )dz'd'b' _ 1_ J d2 - iK·u 
e (2:lIy ue 

X t (~)U"l(U) ... u,,",(u)(l- 0-,,",+1)'" (1- o-,.n) 
II . =1 
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where the notation iT(O) == 0- is used. Keeping into account the symmetry of parton 

distributions one can write 

t (~) 0-.,1 (u) ... iT ,,v. (u) (1 - 0-"V.+1) ... (1 - 0-.,n) = 
".=1 

(7) 

- (1 - 0-,,1) ... (1 - o-"n)' 
All the terms gIve the same contribution when summmg over s, the result is 

a factor"Z and the Ill! is replaced by 1/(1- I)!. The sum over Z can be done 

giving the average number of partons of nucleus B as a result; the sum over n 

exponentiates the terms in r A. Since the range in b of r is of the order of the 

nuclear dimension while the range in b - b' of 0- is rather of the order of (p;nin)-1, 

we use the approximation 

J L r~ (x', b )0-1 f' (xx', b - b')dx'd2b ;:::, J L rf' (x', b')o-' f' (xx')dx' 
/' I' 

where o-f!' (xx') represents the elementary cross section integrated on the polar 

angle in the partonic C.M. system with the cut off provided by p;nin. The term 

iTr A is treated analogously. The resulting expression takes the simple form: 

'D(K) = J d2(3dx'd 2b'rB (x', b' - (3) (2:)2 J d2ue - iK
.
u 

x {exp[j dx(iT(u)-o-)rA(x,b')]-exp[- J dxo-rA(x,b')J). 
(8) 

Integrating over d2 K and d2 b' we verify that the average number of wounded 

partons is expressed 7 as: 

( 1 ) (T~B = J d2 {Jdx ' d2 b' L r' (x', b' - (J) x '7~' (x ', b') 
. f' 

(9) 
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where 

17~(:Z:' b ' ) =' 1- e:z:p( - J 2: r~ (:z:', b').;.If' (:z::z:I)d:z:I). 
I 

(10) 

In Eq.(8) only the first exponential describes the actual distribution in the 

transverse momentum K of the scattered parton, the second one being propor-

tional to a S function. In fact, the presence of a 0 function for K = 0 is an 

indication that the present estimate is too rough at small K . In appendix B a 

lower limit of validity for the small K region will be obtained . Let us consider the 

argument of the first exponential: 

Since d2
.;. / d2 k depends only on the modulus* of k the angular integration can 

be done giving as a result a Bessel function. In perturbative regime d2 ';' / d2 k is 

roughly 1/k4 at small k, one can then notice that the expression above has only a 

logarithmic divergence in the lower limit of integration. More explicitly 

and 

d';' 1 
-:----;:-- = --g( cosO') 
dcosO' :z::z:1 S 

where s is the nucleon-nucleon C.M. system energy squared, O' is the polar scat-

tering angle in the partonic C.M. system and g( cosO') is a pure angular function 

which depends on t he spin of the partons. 

* \Ve do not consider polarization effects: everything is summed, or averaged, 

over spin variables 
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The effect of the Rutherford like power singularity of the elementary cross 

section at O' = 0 is to induce a (much smoother) logarithmic dependence of X as 

a function of (p;nin)2 /3. The leading contribution to the integration in C030' is 

obtained from the most singular part of dO- / dcosO' and the leading behaviour of 

Jo - 1 for small values of the argument. The result of the integration is a constant 

multiplying the logarithm of the ratio of the integration limits for cosO' (actually 

o and [1 - 4p~ /XX' s], with Pc = p;nin). As a consequence one may express X, in 

the large energy-small cut off regime, as 

(12) 

and a is a constant, flavour dependent, proportional to a;. In the case of gluon 

gluon interactions a = 97ra;/8. 

The dominant contribution to V(K) is finally expressed as 

(13) 

The average transverse momentum acquired by a wounded parton and its disper-

sion at fixed x' and bare 

(K) = V7rHA 
(14) 

(K2 ) _ (K)2 = (4 - 7r)HA 

One can estimate the transverse energy flow keeping into account that the average 

transverse energy is given by the average number of wounded partons multiplied by 

the average transverse momentum acquired by each one of them and the dispersion 

is obtained combining the dispersion in K and the dispersion in the number of 

wounded partons. More precisely 
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(Ei(f3)) - (E,(f3))2 = 

= J dz 'd2br(z',b -13) x ((K2) - (K)2)+ (15) 

+ J dz' d2br(z', b - 13) X (K)2 

where the first term is the average number of partons multiplied by the dispersion 

in the transverse momentum acquired by each wounded parton (Eq.14) and the 

second is the dispersion in the number of partons (actually r, given the Poisso­

nian distribution) multiplied by the transverse momentum squared acquired by a 

wounded parton. The average transverse energy, at a given value of the nuclear 

impact parameter 13, and its dispersion are then: 

(E,{f3)) = J dz' d2bre(z' , b - 13) X • ./rr HA + (A ..... B) 

D,(f3) = J dz 'd2brB(X', b - 13) X 4HA + (A ..... B) . 
(16) 

The transverse energy distribution is finally expressed ( by means of the Central 

Limit Theorem) as 

d(jH = J d2f3 (1- e-<n<!3))) 1 exp [- (E, - (E,(j3)))2] (17) 
dE, J27f D t (j3) 2D,(j3) 

where 1 - exp( - (n(j3 ))) represents the semi hard cross section at fixed impact 

parameter j3. 

We emphasize the different dependence on the cut off p;nin of the transverse 

energy spectrum, as expressed by Eq.(17), with respect to previous estimates. In 

fact the averages (E t (j3)) and D,(j3), as given by Eq.(16), are functions of the 

In(s/(p;nin)2) while in previous estimates the dependence was as an inverse power 

of p~in . 
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III. Conclusions 

We have estimated the contribution from semi-hard parton collisions to the 

transverse energy distribution in heavy ion collisions with C.M. energies at the 

scale of ITe V per nucleon. The main point in our analysis has been to improve 

previous estimates that are affected by a st rong dependence on the cut off that 

defines the semi-hard regime. In fact, in previous estimates, the average transverse 

energy was characterized by an inverse power dependence as a function of the cut 

off. The origin was the dimensional behaviour characteristic of the quantities com­

puted using the single scattering expression of the QCD parton model. Even if the 

semi-hard component of the interaction was constructed adding incoherently many 

elementary partonic interactions, the average semi hard transverse energy was still 

obtained by the single scattering expression of the QCD parton model, since rescat­

terings were not taken into account3 ,lO. While the single scattering expression is 

in fact proportional to the average number of partonic collisions (rescatterings 

included?, the measurable physical quantities are rather related to the wounded 

partons, namely the partons that have suffered at least one semi-hard interaction. 

With an analogous observation, measurable physical quantities in heavy-ion col­

lisions where obtained, in ReLI4, from averages involving the wounded nucleons. 

In a regime where the average number of partonic rescatterings is sizeable, the 

average transverse energy is not any more linked to the average number of par­

tonic collisions in a simple way. The procedure we have followed, to estimate the 

average transverse energy, has been to evaluate the average transverse momentum 

acquired by each wounded parton, after several rescatterings with the target and 

to multiply it by the average number of partons. The main result is that the aver­

age transverse momentum acquired by each wounded parton, when rescatterings 

have been included, has a much smoother dependence on the cut off p;nin than 
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previous estimates that did not include any rescattering. It is in fact expressed 

[ ]

' /2 
by Eq.(14) and (12) and it is a function of the In(s /(p;"in)2) . The trans-

verse energy spectrum that follows becomes less and less sensible to the choice of 

the cut off at larger and larger C.M. energies as a consequence. It may be noted 

that, in the present case, the cut off dependence is softened by the unitarization 

of the semi-hard parton-nucleus interaction that induces, in the wounded parton, 

a random walk in transverse momentum though successive rescatterings. 

We point out that there is a kinematical condition which is always present in 

our treatment, i.e. the requirement that the transverse momenta have to be small 

with respect to the longitudinal ones (see also appendix A). This gives a limit of 

applicability to the results: they cannot refer to the very central rapidity part of 

the partonic spectrum, because, in that region, the longitudinal momenta of both 

the interacting partons are of the order of the transverse momenta. Moreover, in 

the central rapidity region, the radiation process, that we have neglected on the 

grounds that it represents a higher order correction to the elementary partonic 

interaction, plays its major role. The inclusion in our scheme of the radiation 

processes IS a non trivial step and it will not be addressed here . As far as the 

kinematical limitations we remark that the central rapidity region, where our 

treatment is not an adequate one, does not grow with the C .M. energy of the 

reaction. As a consequence, when integrating over all the kinematical range, as we 

have done in obtaining the transverse energy spectrum (Eq.1 7), our error becomes 

relatively less important when increasing the C.M. energy. 

On the purpose to give a quantitative indication on the regime of interest for 

the present analysis, we have done some numerical estimates of the transverse en-

ergy spectrum as given by Eq .(17) . The averages (E,(f3) ) and D,(f3) are evaluated 
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using Eq.(16). We made an approximate estimate of (n({I)) keeping into account 

disconnected partonic collisions only. More explicitly: 

(n(f3)) = JLr~(x,b)r'(x"b-f3)a-fj'(xx')dxdx'd2b (18) 
fI' 

For the average number of par tons r f (x, b) we have used the factorized expression: 

where Gf (x) is the average number of partons with flavour f and fractional mo-

mentum x in a nucleon, A is the atomic mass number and the dependence on 

b corresponds to a uniform spherical distribution. R is the nuclear radius and 

we take R = ToAI/ 3 with TO = 1.12fm. Effectively we have considered the case 

of two flavors only, gluons and quarks, the elementary cross sections being equal 

apart from a relative scale factor. In performing the calculations we have used the 

parton distributions from reL15. As a scale factor in the parton distributions and 

in Ct, we have used Q2 = (p;"in)2. In the elementary partonic interaction a k = 2 

factor has been assumed. 

The results are presented in two figures: In the first one the differential cross 

section as a function of the transverse energy produced is shown in the case of Pb 

against Pb with a C.M. energy of lOOGe V per nucleon and for two different cut off 

values p;"in = 4GeV (dashed curve) and p;nin = 2GeV (continuous curve). In the 

second figure the same cross sections is plotted after increasing the C.M. energy to 

lTeV per nucleon. While at lOOGeV the dependence on the cut off is dramatic, 

when the Te V scale is reached most of the spectrum is rather insensitive to the 

choice of the cut off. 

Our conclusion is that at C.M. energIes of the order of lTeV per nucleon 

a value of p;nin of 2 - .jGeV can be considered as an infrared cut off, with the 
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meaning that most of the contribution to the transverse energy spectrum from 

semi-hard partonic collisions shows little sensitivity to this choice. 
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Appendix A 

When we wish to take into account the effect of multiple scattering among 

partons we encounter the following problem: even if we start by taking all partons 

aligned, i.e. we neglect their intrinsic transverse momenta,we are not allowed to 

neglect the transverse momentum they acquire in the successive hard scatterings. 

In fact the interpretation we suggest is that the final transverse momentum is 

precisely built up in many hard-scattering processes, but, if this happens for the 

parton which in the description acts as projectile, the same happens for the par­

tons playing the role of targets. The barycentric frame of the hadronic system is 

not the barycentic frame of the colliding partons, because they may have different 

fractional momenta x, x' . In fact we may even expect that the main contribution 

to the rate of the whole process will come from the configurations where either x 

or x' is small, because there the parton density is larger. While in the simplest 

situations the two frames are related by a purely longitudinal Lorentz transforma­

tion, so that the transverse momenta remain unchanged, this is not the present 

case. Fortunately in all the processes the momentum transfer, although large with 

respect to the intrinsic transverse momentum, remains, in the mean, small in com­

parison to the longitudinal momenta of the two partons when we go in a frame 

where the energies of the two scattering partons are equal; it is therefore meaning­

ful to distinguish between "forward" and "backward" particles. It is convenient to 

follow one "forward" parton in its subsequent scatterings by "backward" partons. 

After some collisions the parton carries some transverse momentum,so its 

four momentum is p~ = (E; Pa , -E) (a = 1,2) up to terms of the order p2 / E. 

It scatters against a backward ,probably not very energetic parton,which already 

suffered some scattering and has,therefore , a fourmomentum q~ = (qO; Qa, Q3), 
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possibly with qO,q3 ~ Qa. By means of a longitudinal boost we can reach the 

frame F where the two fourvectors become: 

P~ = (E';Pa,-E') 

q~ = (E';Qa,E') 

with (2E')2 = (2E + qo - Q3)(QO + Q3), and we consider only the processes with 

E' > > Q a, Pa . By means of a Lorentz transformation one can eliminate, to first 

order,the transverse components of both p and Q. We write 

with 

faO = -fOa = (Qa + Pa)/2E' 

fa3 = -f3a = (Qa - Pa)/2E' 

fab = 0 

f03 = O. 

We get P~' = 0 and Q~ = 0 and we are,up to second order terms,in the barycentric 

frame B .Here a further scattering takes place and the two momenta become,up 

to second-order corrections: 

k" = (E' ; K a , - E') 

I" = (E'; La, E') 

When we work out their components in the frame F ,the result is: 

k~ = (E ' ; Ka + Pa, -E') 

I~ = (E';La +Qa ,E') 
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From tills we learn that, for a forward parton, the transverse momenta of the 

backward partons have no effect,within the kinematical limitations already dis-

cussed,whereas the momenta acquired in the subsequent collisions add up,as in-

t uitively expected. Clearly the same result holds symmetrically for the backward 

partons. This explains why in the multiparton scattering we can ignore the previ-

ous history of the target partons, provided in every process the transverse energy 

be small with respect to the longitudinal energy. 

Appendix B 

The final expression for the inclusive spectrum seems to be well defined also 

for very small values of the transverse momentum. However we must remember 

that an infrared cutoff is necessary to define the theory, our aim was not to ignore 

it but to find the conditions in which the dependence on this arbitrary parameter 

is less important. The expression of the inclusive one-particle spectrum contains 

a delta singularity with negative coefficient which requires an interpretation. This 

may be obtained giving a spread to the distribution,the easiest form is a Gaussian 

shape: 

hdp) = ~ J F(q)e-(p-q)' /K' dp 
7rK-

lim FK(P) = F(p) 
K-O 

So the singularity is now transformed into a regular expression ,which is still neg-

ative. The request that the spectrum remains positive puts conditions on the 

minimum allowed spread. To evaluate it we take the expression for the spread out 

spectrum around p = O,where the situation is the worst;by approximating u(u) 

with u - Cu 2 we get for [( the condition 
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In the small cutoff limit both C and the exponent diverge (actually the exponent 

faster than C) and so the limitation tends to the trivial form K > O. A more 

dangerous configuration may arise when one looks at the border of the hadronic 

system,where r is very small,we must however remember that in these configu-

rations all the resummation procedure becomes questionable, because the mean 

number 'of collisions may become less than one. The relevance of these configu-

rations is expected not to be very large,at least for large nuclei because the area 

relevant for them grows as AI/3 while the total area grows as A 2/3. 

Appendix C 

In this appendix we present a few remarks on parton correlations. We start 

from the average number of parton pairs with transverse momenta K and K ' in 

the final state V(K, K'). The expression is the straightforward generalization of 

Eq.(4): 

V(K, K') = J d2(3 f ~r A(XI , b l ) ..• r A(Xn, bn)e - Jr A(z, b )dzd'b 
n. 

n=l . 

00 I 

'" ~ '" r ( , b' - fJ) r ( , b' _ fJ) - JrB(z', b ')dz'd'b' 
X L..t ,L...t B Xl' 1 fJ ... B Xl' I fJ e l. 

1=1 r,l=l ,,,. 

I? (K '" k ) d2
irt ,1 d

2
irt ,w, ( • ) ( • ) 

X - ~ i d2 k' ... d2 k' I - O't,w,+1 ... I - O't,n 
I w, 

x o2(K' - Lkj)dxld2bl ... dXnd2bndx~d2b~ ... dx;d2b; 

X IT d2 
k;d2 kj 

(C.I) 

22 

I 



This expressIOn can be elaborated along the same wa.ys already used in order 

to discuss in detail the dispersion in the number of wounded parton. in Ref. 7 ( 

appendix B ). Beyond the combinatorial complications,what is explicitly said is 

that there are some forward partons each of which is scattered by more than one 

backward partons on the same line of flight.In this situation the zero range ap-

proximation of the hard interaction in no longer allowed. The two-body spectrum 

is in fact decomposed into a factorized part plus a non factorizable term: 

7)(K,K') = jd2{3dx ldxlld2bld2bllrB(xl,bl_ {3)rB(xll,bll -(3) 

x (2:)4 j d2ud2u'e-iK.u-iK'.u' [F(u, U') + N(u, U')] 
(C.2) 

The term F is dealt with as in the previous calculations and is brought to the 

form: 

F(u, U') ={ exp [j dx(iT(u) - iT)r A(X, bl)]- exp [- j dxiTr A(X, bl)l} 

x{exp[j dX(c7(U I )-iT)rA(x,b ll )]-exp[- j dXiTrA(x,bll)J} . 

(C.3) 

The term N reqUIres a better treatment, because, in the zero range limit for 

the interaction, we would get terms like exp[8(b - b'll. In practice, since the 

interaction range T, which depends on p;nin, is anyhow small with respect to the 

typical dimensions of r, we can write: 

iT(b - bl,x,X') "" e(21T(b - b' )2 - T) 

and using the relation: 
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the non factorized term can be put into the form: 

2 

N(u, U') =B( 27r(b" - b')2 - T) I) _ )c+d 
cd=l 

xezP[J dzsc(u)f A(Z, h') + J dZSd(U')f A(Z, h")] (0.4) 

x { ezp [j dxsc( U)Sd( u')f A( x, h')/T]- 1 } 

with 

The term N may be considered perturbative,because it is directly proportional to 

the elementary hard cross section,in fact, within the approximation, the term B is 

the same as a term T X c. This correlation term is produced by the dynamics even 

if one starts from a totally uncorrelated parton distribution,as in the present case. 

More in general intrinsic correlations may be found,which exist already at the 

level of parton distributions,in this case,however,the typical size of the correlation 

should be provided by the hadron scale because we expect that one to be the 

dimension characterizing the non perturbative dynamics. As a consequence, for 

any acceptable value of the cutoff, we expect the dynamical correlations,of the 

type discussed above, to be overwhelmed by the intrinsic correlations,if they are 

there. A general treatment of the intrinsic correlations among parton could be 

performed,e.g.,by means of the functional formalism for the parton dist ri butions 

discussed elsewhere ll . 

The two body correlations of the partons could,clearly,influence the observed 

quantities, but the process of hadronization can heavily blu r the signal. It must 

be noted, however, that the correlat ions influence also less detailed observables, 
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like the transverse energy. If we start from the set of exclusive cross sections S 

defined in such a way that: 

L ~! J S"(PI ... p,,) IT dp = UH 

" 
and: 

L _n(,-nn_~--"l) J S,,(Pl,P2,P3 .. ·Pn) IT dPi = J(Pl,P2) 
n i>3 

are the one-body and the two-body inclusive spectra,we get for the mean transverse 

energy: 

(E)UH = J F(p)pdp = {p)(n )uH 

and fo r the mean squared energy: 

(E2)UH = J F(p)p
2
dp + J :l(PI ,P')PIP2dp1 dp2 

= [(p2 )(n) + (PIP" nln -! i'] UIl 

If the two body spectrum is not factorized. !!"." '.\" ,' ::Ju st write: 

and finally the dispersion of the energy .-o::1.\JI., ., . " em directly related to the 

correlations: 

, I 
? 

" 

(C.5) 
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Figure Captions 

Fig 1. Contribution to the transverse energy spectrum from semi-hard partonic col­

lisions in Pb against Pb with a C .M. energy of 100 GeV per nucleon. The 

continuous curve refers to a cut off p;nin = 2Ge V while the dashed curve to 

a cut off p;nin = 4GeV. 

Fig 2. Same as in Fig. 1 after increasing the C.M. energy to the value of 1 TeV per 

nucleon. 
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