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ABSTRACT 

In this paper we put the basis for the treatment of the hadron- deuteron reactions, 

characterized by the break-up of the deuteron. 

To begin with we consider spinless hadrons and processes without production. We study 

the impulse approximation for a general form of the elementary T matrix; the phase space 

integration is accomplished keeping fixed the angle of the final hadron in the C.M. system 

of the hadron and the nucleon, which is chosen as participating to the reactio~. 

The impulse model is eventually checked on the momentum and angular distribution of 

the so called I1spectator" nucl eon . 
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1. - INTRODUCTION 

In the series of papers beginning with this one , we will be concerned wit h the 

deuteron br eak-up reaction induced by a particle X 

X+D -+ Y+N+N . 

In the present paper we consider only the case in which Y belongs to the same i80-

spin multiplet, but in the following ones we will consider the case of production, i.e . 

when Y is different from X, as in pion photoproduction (y D -+ 1T NN) , or when Y repre s ents 

2 or more particles, as in pion production (KIHKtrNN) . When Y is the same particle as X, 

with t he same charge as well, the process is called "elastic incoherent"; in all the o­

ther cases, as in charge exchange or production we will refer to the process as "inela­

stic incoherent rt
• The word "incoherent" refers to the contribution of this process to 

the differential cross section because this is obtained by summing incoherently all pos ­

sible states of the 2- nucleon pair (*). 

Both processes, elastic and inelastic , were explored experimentally on a large 

scale in the last few years (1) . The main reason for doing such experiments is that they 

give an information on the particle- neutron system which otherwise would not be possible 

to obtain; the information is on the behaviour of the dirferential cross - section over 

the whole angular range , of the particle neutron elastic and inelastic scattering. It 

is ve~ well known that if the energy is high enough (Plab~ 1 GeV/c), the coherent ela­

stic and inelastic process is characterized by the dominance of the double scattering 

for momentum transfers -t larger than .3 (GeV/C) 2; therefore the information on parti cle 

neutron scattering , which can be extracted from the single scattering is limited to the 

range of snaIl momentum transfers (2,3). Here , on the contrary, the shadow correction is 

ve~ small even at large angles and can in principle be isolated kinematically . The pro­

blem of the shadow correction in deuteron break up r eactions i~ ver y interesting and was 

already studied by many authors (4). However we will leave this subje ct to another sepa­

rate report and we will concern ourselves here onl y with the impulse approximation on 

the phase space . That particular problem was considered already by Stenger in his PH .D. 

Thesis: his method is reported in the paper by Goldhaber et al. (5) , which gives the 

first analysis of the process K+D ..... KOpp around 1 GeV/c . The approximation, which 

stenger uses to reduce the number of integrations is not always valid , as it will be 

shovm in the following, but the paper (5) is still a starting point for the analysis of 

that process. A more recent work was done by Jew in his Ph .D. Thesis : he uses a Lorentz 

invariant formalism to calculate the phase space volume . His computer code was used to 

analyze the process K D ..... K np and the result of this analysis is reported in the paper 

by JeVi and Kalmus (6). 

(*) When the symbol Y represents more than 1 particle, the scattering angle refers to the 
C. :11 . momentum of the particles contained in Y. 
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Beyond this, we will consider the distribution on the angle and the modulus of' the 

rnomentrun of the "spectator1!. In connection wi t h this, we quote the work by Butenschoen(" 

who considered the pr ocess yD ~ rr pp in t he energy r ange between . 2 and 2 GeV: he look­

ed a t the problem of the asymmetry in the "spectator ll angle, which is always present in 

this type of reaction and he explained it as a flux factor effect. The asyrrunetry was explai­

ned i n the same way by Hirata (8), who calls t his phenomenon Doppler effect : he gives 

numbers for the excess of high momentum "spectators II , but he doesn 1 t give a sati sfactory 

explanation for it . The most recent work on the subject is due to Dean C), who consider­

ed the syrrunetrization effect on the distribution of the tranverse part of the "spectator" 

monumentum . 

In all these papers , as in t his one, the ma i n purpose is t o establish a connection 

between the experimental data and the two body parameters for the hadron- neutr on system. 

In this paper t he i nvariant formalism ('\J , 11) is introduced from the ver y beginning 

(Sec . 2) , giving the set of Feynman rules , known f rom quantum electrodynamics (2) and 

two additional r ules , which give the expression of the deuteron vert ex and the scatt e r­

ing boxes . This formalism is elegant and gives the possibility of evaluating relativis­

tic effects . It i s besides shown in the literature (10, 11) t hat this formalism contains 

Glauber theory as its limit at small momentum transfers and high energy . The case of a 

spinless particle impinging on a deuteron i s consider ed afterwar ds (Sec. 3) and a for­

mula is given for the differ ential cr oss-section for the deuteron break-up . In t he same 

section we give the def'inition of the weight factors and we compare their expression 

wi th t he results of the previous literatur e . 

In the next section (Sec . 4) we discuss about t he general behaviour of the cross­

section in terms of the momentum of one nucleon : then we define the Ttspectator" and we 

examine the distri bution on the modulus and the angle of its momentum . 

Finally (Sec. 5) we co nsider the behaviour of the weight factors as func tion of 

the scattering angle, with special reference to the comparison between the exact calcu­

lation and the St enger e) low energy approximation . 

In the appendix A we give a practi cal method to determi ne the Feynman rule for the 

deuteron vertex. 

I n the appendix B we write dovom in full detai l t he method to determine the kinema­

tics of the 3- Body final state if the scattering angle in the particle nucleon C. M. sy­

stem, a nd the tri- momentum of one of the two nucleons in the laboratory system are fixed. 

2 . - INVARIANT FORlMLISM 

Before starting the actual treatment we give here the rules of the game, which a r e 

very well known, but we find worthwhile to state at the beginning to make this report as 

2 7 ~ 
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much as possible self consistent. We have to tell that the particles or lines, we consider 

are all spinless : t his makes life easier , concerning the definition of the flux factor 

and the normalization factors (3). However, this asswnption doesn ' t forbid to include 

spin inside t he scattering boxes and in the deuteron vertex. We will not give here t he 

correspondence for the external lines, since in the above conventions it amounts only 

to a normalization factor, which appears in the definition of the S matrix, but disap­

pears in the T matrix. 

Choosing the metric (1,-1,-1,-1), t he rules are 

0 
q 

0 d' q i 
(2/T)' q2_m2 

internal line 

q q ' 

1 l' 
p' 

i(2rr)'8(q+p- q'-p')T(s,t;m*) 
p 

scattering box with one 

particle off-mass shell 

q 

0, -, 
q, :; 0 

q' 
i(2rr)'8(q,-q-q') 

G 
q!2 _m2 

deuteron vertex with one 

nucleon on the mass shell G ! (~ , ) 
~ 

~ (16~'.rs)'.p T 

The definition of the deuteron vertex in terms of the non- relativistic wave function 

of the deuteron ¢ is very simple J as shown above J if the momentum of the deuteron is small 

enough that vIe can neglect relativistic eff'ects. This definition can be obtained from the 

general form of the deuteron vertex in the non relativistic limit. To the interested rea­

der, we give the reference for the general invariant expression of the deuteron vertex, i n 

terms of the non relativistic wave functio ns; this is a paper by Gross (~); in this paper 

the non-relativistic limit is actually done :9-nd the result is identical to ours apart from 

trivial normalization errors. 
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The application of these rules to any diagram defines the corr esponding S matrix , 

which is connected by the following standard relation to the T matrix 

( 2. 1) 

This relation contains the normalization f actor for the 2 particles in the initial 

stat e and the n- 2 particles in the final sta te : in the above simplifying convention Ni 

i s t he normalization factor us ed for the boson in the literature 

(2 . 2) 

The calculation of such factors from the Feynman diagram are not necessary, s i nc e 

we shall , eventually t ake them out to extr act the T matrix . 

The normalization of the T matrix given by the relation (2.1) is such that the dif­

ferential cross section , is defined using 

(2.3) da 

where ~ is the flux f a ctor , defined by t he Lorentz invar iant 

( 2.4) 

The flux factor is connected with the relative velocity bet ween the two particles in the 

initial state by the rollowing relation 

The rlux ractor assumes t he mmpie expr essions in the rest system of particl e 1 and the 

tota l C. :,: . system 

4 k .j8 

where k is the C. M. momentum . 

The above def i nition of the differ ential cross section (2 . 3) is consistent with the 

following normalizat i on of the amplitude i n the forward direction, given by the optical 

t heor em 
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(2.6) Im T (0,8) 
~ 

- 2- aT 

We will use in the foregoing section the following notation for eq . (2 . 3) 

(2 .7) da 

where dV(n- 2)represents the invariant volume element of the phase space of the n- 2 fi-

nal particles. From the above formula it is clear that r lTfil2 is an invariant too . 

We will consider now the problem of two particles, one with spin 0 and the other 

with spin 1/2 (meson- nucleon) , which scatter elastically: this example, not only clari ­

fies the last f ew points of the discussion , but provides the background for the fore­

going section, where VIe limit ourselves to this case or to the isospin fl ip channel. 

This problem as an appl i cation of the invariant formalism is really trivial, but since 

we know already the answer , we learn something about the method . 

The diagram is shown in Fig . 1. We indicate the meson with a dashed l ine and the nu­

cleon with a continuous one . The T matrix element is 

( 2.8) 

where Q ~ 
2 

The Dirac spinors are defined 

(2 . 9) u. (p) 
1 

(2 . 10) 

where 

(2 . 11) y p 

y 

m I Y P 
j2m(m +~) 

(: J 
The matrix element Tfi is written in the four dimensional spin space, bu: since we 

don I t consider antiparticles , we can easily think it in boD dimensiop..al space . The techni­

que is to perform all the products of the two dimensional symbolic matrices and take only 

the first diagonal element (3) : 



(2 . 12) 
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i: i: B m< ~I(m'E) ' (m+E ' ) '[A~ ( w'w ' )] -

7 1 7! [A ~(w<.w ' )] (P' - 6'!4) + 
(m+E) ' (m+E ') , 

+ B(2m.E+E' ) p . Q+~ (E-E' )Q ·E + 

• i [A-~ (wt w' )] (j.(E x p). i B(E ' - E)a '(Qxp) t 

t i ~ (2m+EtE' ) a (ExQ) II i> = d I;: Ii > 

wher e w, w' are t he i nitial and rinal ener gies of' the meson and E, E' a r e the i nitial 

and fina l energi es of t he nucleon 

and 

~ ~ 

~ 9 +9 ' Q 
2 

~ P +p ' 
P 

2 

p' - p 

Thi s expression is very clumsy , but it becomes very simple for the laboratory sys­

tem and the C.M. system, where the number of the spin f lip ampli tudes r educe to one . In 

the C.M. , we obtain with the constraint of p + q = p' ... ql = 0 that 

(2 . 13) 

where 

and 

W= JS 

T 

fi q X 9' 
Iq x q' I 

~ , 
0: o'n 

g 

"~ m! (Etm)[A t(w-m)B] + (E- m) [A t(VI.m)B] cos ,j* I 

"g - m(E- m)[ -At(Wt m)B] sin ,j* 

E+w, E , ware the e nergies of' the nucleon a nd t he mes::m in the C. M. system . 

These linear relations can be inverted and A and B can be expressed in terms of the 

C.M. amplitudes 
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A - - 0 + -COS V"+ - --"'-1 [VI"ro 0'+m ~ IV-m) o. ] 
2W E+m f E-4-m E- m sin ()* 

(2 .14.) 

B 
_1_ _1_ 0: 4- cos {}* _ _ 1_ ~ 

[ ( ) 
0 ] 

2W E+rn f E+m E- m sin &* 

The same reduction is done in the laboratory system and we find 

( 2.15) T ](en 

where 

(2 .16) 

m 

where 

r ,£' are the initial and final energies of the meson in the laboratory system . 

If we substitute here to A, B the expressions (2 . 14) in terms of a
f

, a
g

, we obtain a 

linear relation between the lab amplitudes and the C.M. amplitudes, which defines the 

Lorentz t ransfonnation 

(2.17) 

where 

(2 .18) 

a 
g 

.!. m J1 - t/4.m' (VI"~ ".!. '"') _ .1... w E+m 2 E-'-ID 4W 

[ 1 / 'I,(IV"m 1 W m ,1-t/4m ~ E+ID + 2 + i!.V-m - .!. f::f ')0 -
\E- m 2 E- m 

1 

4.IV 
9'-9" (cos B* 1 ),( 

J1 t/4.m' ~ - E-ro ) 
1 

3in t9* 

2W E+ro 
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1- -I (COS '" 1) 6xq E:ID - E-m 

The intuitive reason , why in general the spin amplitudes mi x i n the t ransformat i on 

from the C.M. to the laborator y system, is that the spin doesn' t t ransfor m as a vector 

in a Lorentz transformation, but as a second rank tensor like the e l ectromagnetic field. , 
The distintive feature of this treatment is the relativis t i c invariance of fi lTfil : 

this property can be verifield directly starting from (2 . 8) and calcul ating t he tr(T T~h 

by means of the projector operator technique C2
) . This invariance fixes the properties of 

the transformation of the amplitudes : that is 

(2.19) Ie 1' +le I' fg gg 

o 

which are the conditions for the invariance property 

(2 . 20) 

This can be written in terms of the conventional spin amplitudes in the C.M. System, as 

(2 . 21 ) 

The factor 64 1(2 s is the simple expressi on of 

that we are considering a two body prucess . 

~; ) ~( 2 ) where the index (2)means 
dV • 

The relations (2 .19) are direct consequences of the invariance propert y (2 .20) : how­

ever they can be checked directly , for instance in the forward direction. If we use the 

relations 

E :!:: m 

we realize very soon frOD (2.16) that for ,* 0, C
ff 

1 and C
fg 

O. For small angles 

1 and 
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3. - WEIGHT FACTORS 

We pursue here the aim to give a formula, which connects as directly as possible the 

data of deuteron break up reaction, induced by a spinless particle and the two body am­

plitudes for the scattering of this particle on nucleon. This connection is established 

through the "weight factorstl for the spin matrix elements or even more directly for the 

square modulus of the spin amplitudes in the C.M. system, which take in account the com­

plex structure of the deuteron. These factors, which should be constant for the scatter­

ing on a pure neutron target, weight differently in different angular regions the various 

spin matrix elements. 

For the moment this calculation is performed in the approximation that in the time 

lapse, needed to cross the target region, only one of the two nucleon interact with the 

incoming object, while the other one is unperturbed in the process (impulse approximation). 

This approximation is valid if the De Broglie wave length of the incoming object is smal­

ler than the average distance between the two nucleons. At loVi incident momentum Vie have 

to consider three-body effects , but for about 600 MeV/c the wave length of the incident 

particle is about .3 F which is small compared with the rn.r. af'the deuteron 2. 3 F, and there ­

fore the interaction with the nucleons will be completely independent . We will neglect f'or 

the moment corrections due to successive scattering of the fast incident particle with the 

two nucl eons and to rescattering of the nucleons in the final state , which are delayed to 

the already announced report. 

The calculation is done in the rest system of the deuteron: this system has the ad­

vantage of allowing the straightforward use of the nonrelativistic wave function of the 

deuteron, but the drawback of requiring a Lorentz transformation of the amplitude . On the 

other hand, if we work in the C.M. frame of the particle nucleon system, the complication 

of the Lorentz transformation are shifted from the amplitude to the deuteron vertex. 

The impulse a pproximation is equivalent to assume that the Feynman graphs of Fig . 2 

describe the process. The application of the rules of the previous section gives for the 

T matrix the following express ion in the rest system of the deuteron: 

(3.1 ) 

The dependence of the amplitude on the virtual mass of the nucleon is formal: in 

practice we will neglect this dependence and therefore we will go on thinking it as on­

mass-shell amplitude . While the definition of the momentum transfer is unambiguous, there 

is a double possibility for the energy 

(3 . 2.a) 5 

t (p,-p,)' 

(3 . 2.b) 5 

28: 
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and analogously for the second diagram. For the firs t definition of energy, the interact­

ing nucleon is thought off-mass-shell, as it should be if V'8 want to conserve the energy 

in the vertex; in the second case it has been forced to have the real mass : t he reason 

is that, as stated before , in the analysis the amplitude is thought on the mass shell and 

therefore we might prefer to define the energy using the real mass of the nucleon. As we 

shall see in the following this ambiguity is not important, if the amplitude is slowly 

energy dependent, but becomes important in the region of resonances. As a first approxi­

mation we will take the second definition and fix Ps = O. This approximation is based on 

the observation that the wave function is very peaked around small values of its argument 

and the amplitude is usually slowly varying with energy . The same assumption will be done 

concerning the spin structure: in this way we will avoid the complication due to the moving 

target (see formula 2. 12). Therefore the invariant amplitude is expressed in the two di­

mensional spin space 

u . . n 
1 

where ~ is the isotopic spin operator of the scattered particle 
~ 

T j is the isotopic spin operator of the i-nucleon 

0i is the spin operator of the i -nucleon 

n is the versor orthogonal to the scattering plane . 

The spin amplitudes a
f

, a are defined in the previous section 
g 

variant amplitudes and the C.M. amplitudes . The same can be done for 

in terms of the in-

the bf , b g ' i.e. the 

i -spin flip amplitudes . We are not performing this transformation now, but we will do 

it at the level of the differential cross section , were we can use invariance properties . 

Before starting to use the above amplitudes , we want to underline that no assumptions 

at all are done on the isospin of the incident particle , nor on the normalization of the 

spin and isospin operators. So , although the following treatment is used only for isospin 

1/2 particles like K, K, we could check the procedure for the very well known isospin 

objects , the rr - mesons. 

Let us now calCUlat e the matrix elements of the above operator on the spin and iso­

spin state of the two nucleons and the isospin state of the particle, which are necessa­

ry ingredients for the calculation of the cross section. The isospin third component of 

the particle is determined by the total isospin conservation and it is not writ ten in 

the following . Since the deuteron is broken in the final state . we have to consider tri­

plet states as well as singlet states for the nucleon pair . We choose the polarization 

axis along the direction of n. 

The matrix elements are listed here with the convention that the first two numbers 

in the ket represent the isospin and the isospin third component of the nucleon pair a nd 

the se cond two , the spin and its third component. 

They are : 

2 8 ; 
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a) for the singlet state of the nucleon pair 

(3.5) 

b) for the triplet 

(3 . 6) 

o i a k [¢(p,) -¢{-P.) ] v,o g 

< 1 T ; 0 0 I T I 0 0; 1 v> 0 i b < N NIT . T.I D> x z v,o g 

x K [¢(-p,)+ ¢(-P.)] 

<00; 1 v ' ITI 0 OJ 1 v> ::: < v ! laf+i o"z ag1v > x 

<1 T; 1 v' ITI 00; 1 v> z 

x K [¢( -p,)+ ¢ (-p, )] 

d'mJT.T4In> x 

X <v' Ibf~ i 04 b lui> X 
Z g 

x K[¢(-p,)-¢{-P.)] 

where K ::: (16 1T2 m1 )Y2 and the isospin reduced matrix element on the right hand side 

<NN];.T4ID>::: <1 Tz; r T;I T.T4 Io,O;T 'z>; in the latter T
Z

' T; represent the iso­

spin third component in the initial and final state of the meson. Here we have negle­

cted the D-state of the deuteron; but the above formula can easily be generalized to 

inc lude it . 

The differential c r oss section for the three body process as function of the an­

gle of particle 3 in the center of mass of the particles 3 and 4, or 3 and 5 is (*) 

(3.8) 

or if we assume 

(3.9) 

du 
dll* 

we obtain, int egrating on all variables except 0* 

(3.10) du _ - 1- I' ± 
<ill* - f r Tfi W 

(*) We call this angle D*, from now onwards 

28~ 
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where 

The ambiguity in the definition of the system where -03 is defined is easily found 
+ 

to be only apparent : the weight factor w- can be expressed in the following way, using 

the symmetr y of the invariant phase space volume for the exchange of P4 with Ps 

(3 . 11 ) 

The second term has an integrand function , still symmetric for the interchange of 

p.t with p~: therefore the ambiguity is completely eliminated . Vie can choose for instance 

the C.M. S . of the particles 3 and 4 to calculate 0* . To complete our task, to express 

the differential cross - secti on (3 . 10) in terms of the C.M . amplitudes , we perform the Lo­

rentz transformation (2 . 17) of the ampl i tudes . For this purpose we calculate separately 

the charge exchange and t he quasi- el ast i c scatter ing. 

(3 . 12) 

(3 . 13) 

da I 
an- CEX 

da 
an- -~ - 3 w + 

We will go through all steps, only for the charge exchange cross section, while 

for the quasi elastic scattering we give later on , the final result, in order to avoid 

useless repetitions . We substitute now, to the laboratory amplitudes, the expression 

in terms of the C. M. amplitudes, taking in account the invariance property (2 . 20) 

where 

C 
I ,. ~.:...f 1_' -~I-,bf~1 ' + -
- (w - w ) 

3 

C is the ~elativistic correction to the traditional formula (~). This correction 

seems to be important only near the forward direction, because for high momentum trans-
... _ K2 

fer is regligih:.e since w "- w "'2 ~ . But around the forward direction as from (2 . 16) , 

fir'" bf , therefore t he correction is very small and will be neglected for the moment. 

2 8 · 
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The last step is to change the normalization of the C. M. amplitudes, such as to con­

nect the usual formalism of the phase shift analysis 

(3 .1 6) 

where 
1 2 [ r,-r,] for i-spin 1/2 

and 

for i - spin 1 

and analogously for the spin flip amplitude. 

The factor 1/2 is the squared ratio between the isospin matrix element for the 

deuterium and for the nucleon; that is 

where 

(P I".T.IN> = < T T ' ;1/21/2 1 ~.~,IT T; 1/21/2 > z z 

the above relation in general and holds for K, K and ~. 

The relation between the conventional amplitudes r CEX 
,gCF:I.. and the amplitudes f3fJf3

g 

1
- - I ra;w 1 reEl{ 

flr <P T,T, N > ~~ ;\» = 

Going through the same steps, we find for the charge preserving scattering 

(3.18) 

where for isospin 1/2 

')8"-
'"' " 



f 

and for isospin 

f = 
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1 
4 (3 f, + fo) 

~ (f, - fo) 

1 
3 (2f,+f , ) 

1 "3(f,-f,) 

The connection with the 0: and f3 amplitudes is 

-_JaV(2) 
f _ "no 

w, • (,) 

In the charge preserving differential cross section, there are no factors coming from 

the isospin matrix elements because the rnatrixelements for the bound nucleon are equal to 

the ones for free nucleon 

+ 
The W- are the v,eig.l1t factors calculated by Stenger et a1. CS). He uses certain appro;:i-

mations to calculate the kinematics and the factor d~:) , which will be examined in detail 

later on. The result of Glauber and Franco (4) is found by noticing that the three body inva­

riant phase space volume element contains the two body phase space volume element 

(3 . 21 ) 
(21r)'2E, 

This volume element is cal culated with the exact kinematics with Ps 'I 0 : however it 

is easy to convince oneself that it is a alowly varying function of P5, compared with the 

wave function, and can be calculated for ?5 = 0, taken out of the integration symbol and 

cancelled (*) : the n 

(3 . 22) 

(*) This implies that the definition of 0* is given in the situation P5 =0& as shown by 
Stenger (5) this makes a very small di:ference. 
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As 

(3.23) 
+ w- 2 [ 1 ± S(6») ( closure) 

if = 

where S is the deuteron form factor 

The result of Jew (6) is obtained taking iLto account the Fermi motion in the factor 

d~;) ~(2), that is considering this kinematical factor for an inelastic scattering of the 

incident particle on a light nuc l eon (m*2 ? m2 - 2 p~). 

In the interference term there are choice problems: we assume that the scattering oc­

curs on the particle 4 like in the first diagram of Fig. 1; this is not a bad approximation, 

as the overlapping between the two diagrams is inportant when P4 and Ps have similar values. 

In this way the cancellation occurs inside the integral and we obtain 

(3.24) 

Here the first definition of the energy (3.2a) was implicitly chosen and the flux 

factor is 

(3.25) 4 J(p,p*)'-(m,m*)' 

As seen from the above formula the factor is strongly dependent on the angle of Ps with 

the beam direction. This variation is actually seen in the experimental data (7), as it 

will be discussed in the next section. Since only this definition of the weight factors 

has this asymmetry built in, we believe that this is a good reason to prefer this last 

one respect to others. 

The same procedure can be followed in the C.M. system of the particle 3 and 4: if 

we neglect the relativistic correction of the deuteron, or in other words we manta in the 

rule for the deuteron vertex, given in Sec . 2 , we arrive to the same formula for the dif­

ferential cross -section (3.14), with the difference that C is rigorously zero. However 

the main difference is that we don't need to make the approximation that nucleon 5 is at 

rest in the laboratory system, to simplify the spin structure of the amplitude: this is 

very simple and uniquely defined in the C.M. system. 

28':' 
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4 . - NUCLEON MOMENTUM DISTRIBUTIONS 

Before actually doing the integration on the phase space and to discuss the behaviour 

of the weight factors with the scattering angle , Vie study here the features of t he integrand 

function 

that we call extraction factor . Vie will t hink for the moment that particles 4 and 5 are phy­

sically distinguishable , as it actually occurs for a charge preserving process, where we 

have a neutron and a proton in the final state . In t his case we can keep the form (4. 1) for 

the extraction factor and study its b ehavi our , a s function of P5 a (ps , {j5 ,tps): Fig . 3 a nd 4 

represent the perspective of the function E+ ' dV(3)/d03 dps aDs for tp5 ~ w, cos Bj ~ 0 ~~d 
cos (1! = .9 in the process K+n - KOpp at .6 GeV/c . In both drawings we s ee a moraine and a 

peak: t he first is the region wher e t he particle 5 has small moment um and therefore is cal­

led specta tor, the second is charact erized by large momenta of particle 5 , whi ch is recoil ­

ing after having interac t ed with the incident parti cle . While the first is characterized by 

a negligible depencence on {)5 , the second is h i ghly dependent on t he angl e . The top of the peak 

(socalled " quasi-elastic peak!!):is moving with the sca ttering angle a nd its coordinates ps , 115 

repr esents the recoil momentlUIl of the co rresponding two body process : in other words , wi th 

a hydrogen target we would obtain a peak , much thinner , exactly in the same position. 

It i s seen from the drawing a t l a r ge a ngles t hat the re is no overlapping between the two 

bwnps : in experimental terms a t l arge angles , we knoVl that the slower nucleon i s the spe ctator. 

However at small angl e s t here is overlapping or, in othe r words , the wave character of the phe­

nomenon shows off: therefore it is not possible to make the choice of t he spectator, in the 

same way as in the two slit s experiment it i s not possible to determine the slit crossed by the 

part icle . The range of a ng l es , vlhere thi s difficulty occurs , is obviously ene r gy dependent: it 

tends to become more and mor e limited with raising ene r gy . 

One can ask oneself : why the choice of the spect a tor is necessary? The a nswer i s that 

Vfe want to de t ermine t he ener gy and t he C. M. angl e of t he two body process for any e vent . 

This can be done , only i f we assume a spectator model and know the mome ntum of t he spectator . 

In the forvlard r egion, i t is t he r efore not possible to define t he kinematics of the two body 

process , and the analysis has to be done in t erms of the ext ernal variables, as for i nstance 

the invariant momentum t r ansfer. 

Howe ve r , if Vle are interested in the whole angular distribut i on, we can forget about 

this problem and define the "spectator": the procedure is to give a def inition for it and 

to check afterwards its momentum and a ngle distribution. We define it as the nucleon which 

has lower energy . If we consider the distribution of e vents on the momentum of the nucleon 

satisfying this condition , as shovm of Fig . 5 for the case K+D--~pp a t . 98 GeV/c , we realize 

that up to 250 MeV/c , t he experimental spectrum is reproduced by the simple function depend­

ing only on the deuteron wave function and the kinem3tics 
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The region of high momentum (so called "tail rr ) is however showing the still unex­

plained disagreement. 

In the same way we can study the distribution in the spectator angle with the sane 

model, for various momentum region. We consider to gain statistic, the forward-backward 

asymmetry for different momentum regions , that is the difference between the number of 

events with O~cos 85~1 and -15008 85~O, normalized with the sum of all events in the con­

sidered momentum bin. As shown in Table I , for . 98 GeV/c the agreement between theo~ and 

experiment i s satisfactory between O. and .2 GaV/e , but surprisingly the agreement is 

broken in the . 2 l' .3 GeV/e bin. On the "tail l! region the agreement is restored, but it 

is not very significant because of the disagreement in the momentum distribution. If we 

go to higher energies, the simple function (4.2) tends to be not sufficient to explain 

the angular behaviou:-. The reason is that at 1.13 and 1. 5 GeV/c the total cha:oge exchange 

cross section is rapidly decreasing with energy and the energy of the K+n system is very 

sensitive to the spectator angle 

(4.3) s 

Thllj fact is an indication that the ana1.ysis o:f these data should take in account o:f the 

Fermi motion. 

TABLE I 

The forward backward asymmetry as function of the momentum (in percentage) . 

P. GeV/c p, = . 98 GeV/c p, = 1 . 13 p, = 1 . 5 

Exp Th Exp Th Exp Th 

0 • .1 10.0' 4 .3 9.1 3.2:t 4 . 8 8 . 9 o.o± 7.3 8. 9 

.1 • .2 16.7± 9 .8 19.1 4 .3± 9·5 13.9 8.4±13 . 0 13 . 7 

. 2 • .3 2.1 ±13 .5 24.7 23 .4±14. 2 22 . 3 o .0±20 . 4 12. 8 

.3 • .6 44.7!10.7 60.0 28.6± 9. 7 51.7 42.9±15.3 43 . 2 

We choose E- because we assume that the process occurs through a charge exchange 
without spin-flip (see (3.4), (3.7)). It is reasonable to assume that the ampl:.tudes 
contribute in this distribution only as a normalization factor . 

'>8(1 
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5 . - COMPARATIVE DISCUSSION AND RESULTS 

The present section is devoted to the analysis of the stenger (5) procedure and to 

the comparison of his and our results. Eventually, we consider the weight factors of J ew 

(') and compare it with ours . 

The procedur e of Stenger is very similar to ours : the main difference i s in the norm~ 

li zat ion of the scattering amplitude , which doesn r t a f f ect the result for the cross- section ; 

Therefore the ki nematical factor is in our notation 

A!d dE ' k'd 
(5 . 2) 

__ f k 
k" dk ' ;W 

are the correspondi ng 

pr ocess on t he nucleon at rest in the laboratory system , and 

where k 4 
, E

f 
= E3 +E,j +Es andk t

, E
f 

p quantities fo r 
4 4 

the two body 

P ~ 
2 

His approximation is to take out of the integr ation symbol in k and 0P' t he phase 

space volume element and the flux f actor for the two body process , but mantaining the de­

pendence of t he integration variables i n the three body phas e space volume el ement . The 

value of P is calculated for any value of k and Op using ene rgy conservation 

where 

Q i s thou&~t fixed in the integration and determined with the two body kinematic s on 

the nuc l eon at rest , from t he C.M. scattering angle . 

,',here 

Squaring twice the relation (5 . 3) , one obtains 

(5 .4) 

A ::::: m1+E2 -E,3 

B2= m2 +Q2 

C == Q cos P"Q 

, 
P 

A2 _ 4 B2 

4( 1-4C'/A') 

The main approximation of Stenger consists in neglecting the t ern 4C 2/ A2 wi th r espect 

to 1 and obtaining therefore for P the simple relation 

(5. 5) 
, 

P 

This approximation allows the immediate integration on the angle 0 . He claims to ob-
p 

tain this relation simply expanding the square roots in (5 . 3) in terms of 2PQ cos P"Q/(m2+ 

+p2+Q2) ; but this expansion is possible only if the scattering angle is sufficiently small : 

in the backward direction p ...... Q ..... P4/2 ..... E:w P2 (where E, ware energies of the meson and 

the nucleon in their C.M. system) therefore poQ ~ p2; the above expansion parameter becomes 

2P2/(m2+2p2), which is very small only if m2»2 p2 . 



- 23 -

This condition is obviously violated for high energy and we expect this procedure 

to fail in this region . To point out the depende~ce on the angle PAQ of the value of p2 

we have inserted in the Stenger calculation the exact determination of p2 in terms of 

various fixed values of cos (PQ) (Fig. 4) . 

As shovm on the Fig . 6 the Stenger calculation corresponding to cos PAQ ~ 0 (dot­

dashed curve) at . 98 GeV/c for K+D ~ KOpp is ve~y low in the backward direction . If we 

give to COB PAQ va lues . 5 and 1 , (dashed and full curve respectively), the behaviour 

in the backward direction changes considerably and it tends to the exactly calculated 

curve (see Fig . 7). 

that is 

This last calculation is done using the same method of Stenger, 

1) taking out of the integration the term 

2) determining the 3 body kinematics in terns of cos 0·, using the approximation Ps = o. 

but no approximation is done to reduce the number of integrations and a numerical method 

is used t o calculate the three- fold integral on the volume element d3 ps= p;d Psd t.psd cos {}s. 

+ + 
On Fig . 7 we show the results for VI at the different momenta of the K .65 (- - -) 

and 1.51 GeV/c (---). From that figure we see t hat the overlapping region which is 
. + 

characterJ.zed by W > 1, is rapidly decreasing with energy . 

On Fig . 8 we show t he behaviour with energy of the VI in the "closure " approximation 

(3 .23). The main difference with t he exact calculation is in the backward direction, where 

the closure result is, for P2 = . 65 GBV/c , 10% higher than the "exact" r esult . This is due 

either to the cut of the spect ator momentum Ps S 250 MeV/c either to the exclusion from 

the integration region of the kinematically impossible values of Ps. 
In Fig . 9 we show the behaviour of vt with the momentum cut at P2 1.51(- ---

p, ~ 100 MeV/c; - ' -'-'-' - p, < 150 MeV/c ; p, < 250 MeV/c) . 

Eventually in Fig. 10 we compare the results of vt obtained by the method, described 

abo'Te, (dashed lines) with the r esults of the calculation without making any approximation 

(continuous line) , that is 

1) keeping inside the integration 

• 2) determining the 3 body kinematics in terms of cos OJ taking in account the Fermi motion 

of the nucleon . 

The result for the weight factors is very simple (3 . 24) : however, we have to say that 

in the second term of formula (3 . 24) we carmot in principle determine the three body kine­

matics because , as from appendix B, we have to lmow the energy of the two body scattering 

which in this case has to be chosen between S34 and S35 ' However we make the choice S34 

and calculate it, remembering that the overlapping term is large only aro\ll1d the fon'/ard 

direction and in this region S34 - S3S' 

The results for the two different procedure look quite similar , a part from the back­

vrard. region , 'which is influenced by the different approximations for the phase space volume 

Fig. 10 , 11) . 
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APPENDIX A 

A practical method to determine the constant in the relation between the deuteron 

vertex and the non relativistic function is given in this appendix. The method consists 

in the calculation of the pole diagram and the comparison of its expression with the T 

matrix with one pole in potential scattering. The diagram is 

then 

P 

(A . 1 ) i (2rr)'8(q, +'l2-p) 

where M is the mass of the deuteron. 

G' 
i ...,....",­

P -M 

qi 

d' 
~,. 

Let us now consider this expression the C.M. system and the non relativistic limit: 

(2 jq'+m')' 
, , 

= 4 m2 
+ ~ + 4 q2 '" 4 m2 + 4 

, 
P m 

q 

(A . 2) , , 
lcm 

, 
(M+IC. ) = M2+X4 + 21.\ X' "'M2+4X 2 = m m 

where ill is the mass of the nucleon, .L 
m is the binding energy of the deuteron. 

Extracting from the above expression the invariant T matrix, we obtain 

T 

let us now calculate the scattering amplitude in potential scattering, assuming that it 

is simply a pole t erm in q2 plane 

F= fg(g)-VS) 
2iq f, ( q 

where 

N' = 1OOf5(-i x,r)dr 
, 

and fo(q), fo(q,r) are respectively the Jost function and the irregular solution of the 

radial Schroedinger equation -

I 
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The relation between the invariant T matrix and the scattering amplitude in the C.M . 

system is 

T 

The comparison between the two results gives the relation between G and N 

(A .6) 

where E is the energy of t he nucleon . 

Let us now consider the deuteron vertex , 

====(M::::,O=) ::::::o:: .. <p, 
p, 

and assume ~hat P2 in on the mass shell. The expression of this vertex , apart from the 

delta function in energy and momentum and factors , i s 

(A.7) 
G G 

The asymptotic wave funct i on in momentum space is 

(A.S) "'( q) 
1 - :;;--:m 1 

q2+X2 

which compared with (A . 7), gives the following relation 

(A.9) ) Y, 
(32 rr" E ¢ (q) 

where E is the energy of the on-mass-shell particle . 

We want to stress her e that although this rela"tlon seems to be valid only for an 

asymptotic wave function, it turns out to be true even fOr a general deuteron wave func ­

tion, as shown more rigorously by Gross ( 1
) . In this case G is thought as a function of q. 

29 
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APPENDIX B 

In this appendix we consider in detail the procedure of calculating the full kine­

matics of the 3-body final state once 4 variables are fixed. 

The method is based on the kinematical relation between the invariant qu::mti ties built 

with the energies and momenta of the 5 particles involved in the process 

3 3 

.XJt:::----- 4 

2 
2 5 

4-5 

These relations are easily derived if we consider two of the 5 particles as a single 

one and reduce there~ore the 3-body to a normal 2 body process; the relations are of the 

following type: 

(B.1 ) 

This is the usual relation between the Mandelstan variables for the two body case. 

The definition of the invariants is the usual one : 

, 
s .. (Pi+p) lJ 

(Bo 2) , 
t ij (Pi - p) 

Obviously we can consider as one body any pair from the 5 different particles and 

obtain therefore 10 different relations, relative to the 10 possible pairs of "incident!! 

particles . 

In the analysis of the experimental data and the successive phase shift analysis, 

the best choice of the independent variables is given by the three-momentum of one of the 

outgoing nucleons and the C.M . angle of the incident particle-nucleon process . 

The definition of ps and the complete knowledge of the initial state fixes the in­

variants S' 2, tlS and t 25 ; the energy and momentum conservation fixes S34 =(P2+P1-PS)2. 

The knowledge of t'l; gives the possibility of determining the squared four momentum 

transfer b3, once the energy of the two body process is known. There are now two diffe­

rent ways of choosing this energy: 

1) taking the internc.l line off-mass-shell and keeping energy conservation on the upper 
vertex of diagram 

29~ 
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(B . 3) s 

2) t aking the internal line on the mass shell and violating energy congervation 

(B . 4) 

Once t 2J is determined through ene of these two IIEthods , the procedure follQ1.'/S without 

further ambiguities . 

The first step is the determination of t24 using equation (B . 3) and t he one of the 

same kind obtained considering as one body particles 1 and 3 . 

(B .5) 

Summing these two relations it follows . 

(B .6) 

The second step is t he derivation of linear equation for the in'/ari ants 835 and t 1 3 i 

considering the two Mandelstan relations 

it f ollows 

(B . 7) 

t 1 4+t24 +S 1 2 

t 1 3+t1. +SJ 4 

S35+m~ + ~ + In! 
t25+m~ + m; + In! 

The imrariant 835 can be also expressed using (B . 2) 

(B .8) 

where 

(B .9) 

s" 

EJ (m~ + m~ -t, J )/2m1 

(t23 -m~ -m~+2E2EJ )/2p2 p, z 

By substitut ion of (B . 9) in(d .8) we obtain another relation between 335 , t 13 and t 23 • 

Subtracting (B . B) from (B . 7) we find a quadratic r elation for t 13 ' The solution for t1 3 

suffers for a sign ambiguity , which is solved comparing with the two body kinematics . 

The knowledge of t 13 allow8 the complete derivation of P3 and mooentum conservati on 

gives then P4 • 

2 9 r 
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FIGURE CAPTIONS 

Fig. 1 - Two-body scattering diagram. The dashed lines correspond to mesons and the full 

lines to nucleons . 

Fig . 2 - Feynman graphs descr ibing the deuteron break-up in the impulse approximation. 

1 is the deuteron, 2 and 3 are the incoming and outgoing mesons , 4 and 5 are 

the two nuc:'eoI13 in the final state. 

Fig . 3 - Perspective representation of the function E+av(J)/dOJdPsdDs for ~5 = " and 

cos n! = O. The quasi elastic peak and the spectator moraine are apparent . 

Figo 4 - As Figo 3 w:.th COB t'Jj = 0 . 9 . In this case the overlapping of the quasi elastic 

peak and the spectator moraine clearly shows off. 

Fig . 5 -

Fig. 6 -

+ Momentum distribution of the spectator nucleon for the K d ~ KOpp process at 

0.98 GeV/c. Thick line refers to the experimental data and the thin line to the 

simplified Dodel descr ibed in the text . 

vt versus cos {J* for the + 
K d ~ KOpp process at 0 . 98 GeV/c, as calculated in 

ref.(') for , 

cos p"Q 0 .0 dot-dashed 

cos P"Q 0 . 5 dashed and 

cos P Q 1 . 0 full line . 

Fig . 7 - W+ versus cos {J* for the K+d -Jo J<.Opp process at 0 .65 (dashed curve) and 1 . 51 

GeV/c (full line), calculating the three-fold integral on the volume element 

d:5 ps exactly. 

Fig . 8 - As Fig. 7 but in closure approximation . 

+ + 
Fig. 9 - W versus cos {J* for the K d ~ KOpp process at 1.51 GeV/c f or three different 

cuts on ps : < 0.100 GeV/c dashed, < 0.150 dot-dashed and < 0.250 full line . 

Fig.10 - Comparison of V/ versus cos {J* for the :r+ d -Jo KOpp process at 0065 GeV/c with 

Ps < 0 . 100 r:eV/c. The two curves are computed with the two different proce­

dures explained in the text. 

Fig . 11- As Fig. 10 vrith ps < 0 . 250 GeV/c. 
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