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v.Berzi™ and E. Recami'®: A MODEL FOR pp ANNIHILATION IN FLIGHT

WITH MULTIPION PRODUCTION(+), -

SUMMARY -

In this work we deal with a "nucleon-exchange' model for pp anni
hilation in flight into pions. The aim of the model is to explain the observed
fact that, in the C. M. system, charged mesons seem to prefer the direction
of the nucleon of equal charge.

As suggested by S, Minami(g), it is assumed that a virtual annihila-
tion, with multipion production (treated in the spirit of the statistical model), be
preceded by a peripheral emission of one pion both by nucleon and antinucleon,

We have taken into proper account the conditions that Lorentz and
isospin invariances impose on the structure both of the contributions of the pe
ripheral-emission vertices, and of the virtual-annihilation amplitude,

A final formula for #7 (or 7~) angular distribution is given, With the
help of some physical simplifying considerations, this formula is reduced to a
numerically evaluable one (by using some phase-space techniques), and the re-
sults are compared with the available experimental data at the entering labora
tory-momenta of 1,6 Gev/c, 3.3 GeV/c and 5,7 GeV/c, B

Despite of the fact that our model neglects resonance production, a
satisfactoryenoughaccord has beenfound, Some Appendices conclude this work,
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1 - INTRODUCTION -

Recently it has been observed that the charged mesons emitted
from annihilation in flight of antiprotons, with a laboratory momentum
of a few GeV/ec, have a rather definite orientation with respect to the in
coming particles(ls 2). negatively charged mesons prefer small CM angles
with the antiproton momentum direction; positively charged mesons prefer
large ones(3), That is to say, charged mesons from pp annihilation in flight
seem to prefer the direction of the nucleon of equal charge, in contrast with
a purely statistical model,

A mechanism for producing angular asymmetries of annihilation
mesons is easily estabilished in the Koba-Takeda model(5, 6), In this model,
the pp annihilation is considered to proceed via a ''core' annihilation (trea-
ted for instance according to the statistical theory), coupled to the disper-
sion of the pion clouds without further interactions.

Thus, in pp annihilation, the proton cloud, in which positive char
ge dominates(7), continues its forward flight in the global center-of-mass,
as the antiproton cloud does, in which negative charge dominates,

For a quantitative treatment, one might assume that cloud me-
sons are emitted isotropically in the rest-frame of their mother nucleon,
But Pilkuhn(8) observed that the statistical "core''-annihilation probabili-
ty becomes then a complicated function of the CM angles and momenta of
the cloud mesons, which is difficult to calculate numerically,

Therefore Pilkuhn tried(s) to obtain the asymmetries working
with a "pole model", one pole being associated to a peripheral emission of
one meson (see fig, 1, where it is illustrated the case with one 'peripheral"
meson), His conclusions were against the assumption of exactly one pole
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FIG.1 - Graphs of the ""pole model", as considered by H. Pilkuhn(a).



for all Zt-multiplicities, and they were
doubtful about the case of postulating
exactly two poles for all multiplicities,

Recently Minami(g) proposed that

the pp annihilation be dominated by a
graph with two internal nucleon-lines

(as in fig, 2). Thus, here we consider

a model, in which a virtual annihilation,
with statistical(10) multipion production,
is preceded by a peripheral symmetric
emission of one pion by both nucleon and
antinucleon, Roughly, a priori one expects
that this "peripheroid" model explain qua
litatively the main physical characteristics
of the pionic CM angular distributions in
pp annihilation, expecially if one bears in
mind the experimental observation that
the F /B asymmetry increases as the to
tal energy increases and as the pion mul
tiplicity decreases, Moreover, for every
multiplicity, both the anisoiropy and the
asymmetry in the angular distribution of
the charged pions are experimentally due mainly to the pions emitted with
greater impulse,

[
F1G,2 - Our model for pp—=> 57T,

i3

In particular( , for pp > 57X, the model assumes the diagram
of fig, 2.

It was tempting to analize carefully the consequence of the model,
taking into account all kinematic coefficients and spin and isospin factors. Ob
viously our model, in this version, does not consider resonance production,

2 - GENERAL FORMULATION OF THE MODEL -
We consider in this work the particular process:
(1) pp = £t x°,

for which good experimental information (i, e, a good statistics) is availa-
ble(1,12,13,14,15)  we want to study the contributions to the transition ma
trix elements (T = S-1), for this process, arising from graphs with the sa-
me structure of the one of fig, 2,

In fig, 2 the tetravectors pq, pg, Kl, KZ' KS' K4, Kg are the fourmo-
menta of the corresponding (entering or outgoing) particles, while the
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o{;(i=1, ..., 5) indices, which can assume the values +1,0, determine the
charge state of the outgoing pions. Obviously:

5
(2) b L =

The two internal lines of the graphs refer to virtual nucleons with fourmo-
menta qq=pj- Kl and Qs =Kg- P, and with the third component of isospin equal
to ¢ and &, The § and & may assume the values +1/2 and result univocally
determined 1f we fix o, and ;, owing to charge conservation. With those no
tations, the contribution to the T-matrix element from the graph of fig, 2 can
be written:

: (4
(3) ¢ltliy=8%e p) . M
: . (186)
where, applying the standard rules, one obtains :
M = - L8 - Gu{l Gds
fi 21/2 [ 1/2
2
( 7{) 32 p10p20K10K20K30K40K50]
(4)
~ = ’a’ q +m oL ,’f’ 7 q +m
-y 7, % ! .
¢ z_mz A (9;95K) 2__2 s wpp).
qz q1
Informula (4):

a) - G+1= V2 G; G, =G, G being the (pp7°) coupling constant(”),

b) - m is the nucleon mass,

c) - w(pl) is a positive-energy spinor with momentum p1 and v(pz) is a ne-
gative- energy spinor with momentum —pz, satisfying the equations:
(ﬁ’.pl-m)w(pl) = (7’p2)+m) v(pz) 0; the adopted normalization is: w(pl)
w(pl) 1, and v pz)v(pz)--l the el1<:1ty indices are understood,

d) - £ (e, 0%, %,) and K B (K, Kq, K,

e) - .}4 lge(qlqu) is a 4x4 matrix in the Dirac-spinor space, and has the

proper Lorentz and isospace transformation properties,

Bearing in mind that the intrinsic parity of a /£ is -1, the Lorentz structure
of £ is assumed to be the following one:

fz«/go— %/P6

(5) (q,9,K) = ’7 A (qlqu),

where A% (qlqu) is a Lorentz scalar,

Keeping into account its transformation properties for isorotation,
we can write (see fig, 3):
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The <3,5 | T> and {<|T,v> are the coefficients of the decomposition
into eighenstates of total isospin T and its third component (which is not
explicitly written), respectively for a state formed by two particles with
isospin 1/2 and third components § , -6 , and for a state formed by three
particles with isospin 1 and third components o(,, %, °¢4.

It is well known that in the second case the total isotopic spin and
its 3rd component are not enough to single out the decomposition terms, and
it is necessary to introduce a third quantum number ¥ , that appears in for-
mula (6),

At this point, as more detailed dynamic informations are lacking,
we set down the "statistical''(18, 23) hypothesis that AT,¥ (q;qyK) be inde-
pendent of all those variables on which a priori it should depend, writing:

T,9
(7) |47 (a7 =A%,

where A is a constant, with the dimensions of a lenght, which -if one takes
the model seriously-will result to be, e, g., about 8 fm for an entering labo
ratory momentum of 5.7 GeV/c., (Actually, as we do not concern ourselves
with different-multiplicity processes, the A -parameter introduction is not
strictly necessary). With our assumptions, we get:

4

4/p6 lz B ; :
A (qlqu) = A Ij’,—G‘ + interferential terms,

(8)
having set:

©) e = 2y > KTl 8- o).

v,T

Let us consider the reaction:
— o= 7‘ .
(10) p(p1 »+p (p,) STK L WA (Kzﬁlz)+ (K ol )+ 7(K4o(4)+ ] (Ksoks),

the contribution of the graph of fig, 2 to the differential cross-sections, ave-
raged on the entering nucleon helicities, is given, if we neglect the interfe-
rence terms in (8), by

e,
s

{
e
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2 2 m2dWe 1 X %

a& = A% Oy Gt 9192%1.
(27) [(p,-p,)%-m*] /2
(11) [ ‘
y-6 )
. V(p ) ¥ (’J’ q.+m) *
(q:12 m2)2( g mz)2 = (he11c1t1es) &
2

dK, dK, dK, dK, d&,
« UG S -> 1 2 3 4 5
5 (0 -qy+m) Fwip )| o TP
0 o) 0 o] o

We find easil‘?)r(1 9) :

ks 2
= Z. l v(p,) ?5(’3’- qy*+m) ?5(9"q1+m) ’3'5 w(f);) =

(helicities)

(12) = —L 5 Tr {(7- qy-m)(F - g rm)(T py+m)(T e gym) -
16 m

. (?-ql-m)( 7. p1+m)}= 5 F(p1p2K1K5),

The explicit trace expression is:
o 4 2 2 2[
= 4 . - = - . - . = - =
F(p,;pyK K.) 4{m m (p;*Py-q,-q,)*m | 2(q;-q,) * (9,9,-2P;" Py-P;" 9y

2
" Pyt 9g*Pytdy Py ) - 2 (Pyy =Pyt dy)(Ry dy-Pyr ap) a4y Py Py-

1

2 2
2p,* q,)*a,(p, - P,+2p; " a4, -2p, ql—ql)] - 2 (pyray)(a;-a,)(py-agt
2 2 2
+ . . . . . . - -
Py" 4,205 (P = 9,)(Py* 9,424, (P, * 4, )Py q, )+ 2(p; - P, )(q, * q,)
2.2 0. )}
-4, 9, (PP, (.

Some details of this evaluation are given in APPENDIX B, while
in APPENDIX A we give the meaning of the invariants one meets with in
this trace calculation,

If we put:
F(p,p, K K.)

2 99 2 2.9 "
(q1~m)(q2—m)

G(1,5) = G(plp2 K. K ) =



where ql=pl-K1 and q2=K5-p2, we get:
2 2 - —
(13) A4 G(xl G45 G(1,5) I‘;, & (4) 5 dKl sz
dﬁ' = = 18 (p +p - Z K.) LR .
V 7 1758 & 00 9Ky 2K
16(21:) (p1 pz) -m i=1 0 o)

Let us now restrict ourselves to reaction (1), that is:

b= <+ + o il =
(14) p(p, +p(p,) > 7" (K W+ TTK P ZOK A X K+ (K,
n R T an‘d cc?nsider for that process the con-
\\M- 5k tributions of the twelve graphs that one

e can obtain by exchanging the identical-
(of3) K3 =TT -particle momenta one another in the
(q,) three diagrams of fig, 4,

4—

q2 With the same procedure used for

‘-&T]" the diagram of fig, 2 (and with the same
FIG. 3 - The statistical Co— an approximation), we will evaluate the con
sibilation here considerad. Note tribution of those graphs to the transition
that with our conventions: Base-gae LB oRs s ERCEIT

o'=-€: q =-q.. Then, if we neglect the intereference
2 2 i .
terms between the various graph contri-
butions, we get, for the differential cross-
-section of reaction (14), the expression:

4 4
de = Lﬁ_ﬁ {4 (1’ ; [Gu 5) + G(2,5) + G(1,4)+G(2, 4)]
16 (27) =Shg

$,-1=1 T ‘] iy (e
+207 7 |2 G1,3)+2G(2,3)]+2 I

1

2 2y 5 2° 2
S (pl+p2—Z1 K,) dﬁ’l dI—{;

+ 2(}(3,4)]}- L . )

17 2K 2K
V(Dl'pz)z-m4 L 99

. [ 2G(3,5)+

with, in general:

F(plp2 K. K )
i = = J h
(q) -m")(q,-m?)




where now q1=p1—Kj and q2=Kh-p2, and with:(zo)

L1 _§ 1 2 T 217 1,-1,-1 1,1,-1 3
101 AV K et ) e e £ ) 3 32 - e
SR SN LR R o SRR
%t 2 277D 2 2

Therefore, with our assumptions, if we define:

Hip,p, K,...K.) = 15 | G(L5)+G(2,51G(1,414G(2,4) ] +
(17)

—= [ G(1,3)+G(2, 3)+ G(3,5)+G(3,4)1 s

the C,M, angular distribution of 7zt (or s7), from reaction (14), as func-
tion of the scattering-angle cosine, will be (¢ being the light velocity):

oo o o

+ 4_4 12 [ [d&, [d&
1, _ds __AG (g_mz)]‘ ) 2 4 5 .

i dcos@1 8(275) 4 2K20 <";2K40 <’“21{50

oD -
(18) = 2
/ AR “K &N“ Z Ki,)
« Hp, P Koee  Kp)

2K30 o i ks U SR <SR
K=K, -K -K, K

3 1 2 4 5

(a) (b (c)

FIG.4 - The possible final states for reaction (14), From each dia
gram we can get four graphs by exchanging the momenta of
the identical particles one another in all possible ways.
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3 - NUMERICAL EVALUATION AND COMPARISON WITH EXPERIENCE -

If we put, for every function G(j, h) entering in formula (17):

dK 5 -

2 2 (3), = =

(19) '.Tj’h =/2K2 s, /2K4 T G(j,h) 3 (V5= 7:1 KiO)S (§ Kj),
@ 1

i=1

it is immediate to see that:

'J = 3 = = ql(s,lﬁll,cosgl);

1,5 1,4 1,3

and

']2,5 . ljz,4 J R ’JZ(S,\EI\,COSQI).

2,3 3;b 3,4
Therefore, formula (18) may be rewritten as follows:

d|K K
(20) i - /\(4) . ok (s) -\/—I—ll-—\-—i j(s\ 1\,cos()),
Q

dcos@1

where:

x ¥ Kq ;cos@ = cos@,;
)

1
4 -1/2
ol T A e cniine ' e g a8 :
(21) " s(2m)'® [S Tl )] '
T s lK \, cos@) = —45 T

3

Thus the problem has been reduced to the evaluation of the two integrals

J .(j=1,2). One may write, applying the generalized mean-value theorem,

thgt

dK|
4 5
/21{2 /2K3 2K, rG(J’ ] /21{5 '
- > o
(22) Ry Ko
5 (3) 5
LE(E- 2x;) § 3 K (5 =1,2)

is1 i=1

3
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where m stays for mean,

Let us consider firstly the integral J_. In order to be able to eva
luate it numerically, we make the assumption, apparently reasonable on phz
sical basis, that (for every fixed Ky):

em) o 2

(23) K5 & -K1 ;

which is equivalent, more in general, to substitute

- _—=(m) -~ _ (m) _
(24) d, = 4, = q;; G2, = 9, -~ 1,

into the function G(1, 5) (see also the (1A)).
If we put:

G(s,x,cos0) = G(1,5)l "
(25) ‘€= \rg—x

5
R,@€) sz /2K3 /2K4 o, S‘(Z K -§) 8 (2 %),

then we have:

(26) 'Jl = G(s, x, cos0) R4 (-K1’€ Y

The four-body ''phase-space' (for equal mass particles), Ry.can
be easily calculated(21,22), ILet us set:

3
Vs fn ) J€n+1-2xn+1‘gn+1+/‘2;

(27) (n=2,3,4)

2 2 2
. Eopg - (0T-DA
5 0 n+l 2 @

As R4 is Lorentz-invariant, it will be:

(28) R4(-K1,“€) = R, (0, ‘84),

3‘.
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23)

And, using a simple recurrence relation( , we have (4 = pion mass):

X4
d K 2 2
(29) R4(0,2°4)=/§I;{-' 9(?.? -34&) . R (0 ‘8)-2.1‘/ dx, VX4-/‘~ R3(0,'£3),
s

where the explicit expression of the Lorentz-invariant three-body '"'phase-
space' (for equal mass particles), Rg, is well-known(21):

1/2

X3 22 4 42
W I/ 3 2[%2 :
(30) 33(0,2’3) = Ji / dx g X M __-gz——
o 2

Therefore, we may rewrite the (26) as follows:

» 3 Y2402 12
(31) ql = 2f[3G(s,x,cosQ) / px - / dxg in_ﬂz _%——Zit_
7t | Ez
and we get in conclusion:
I, (s, c0s0) =5 - oL(s) - /dx5 g “0(xg-p) 0(E,-44)" I, (s, x, cos0) =

(32) lf
%.o((s)-}{ dx5 xg-,uz 'Jl(s,x,cos@v).

Considering now the integral 32 of formula (22), we could pro-
ceed as we did for J 1, assuming in this case:

im)
(33) . yargl £ A

that is to say, more in general, effecting the substitution (24), for every
fixed qq, into the function G(2,5).

But, as 7, relates to the charged pions emitted in the virtual "core' anni-
hilation, one may reasonably assume that it depend only weakly on the direc
tion of K1, thus supplying a quasi-isotropic contribution to the charged-pion
distribution, We do not make any attempt to evaluate such a 'background",
but we keep it as an additive fitting-parameter, depending only on the total
energy \ s,

In conclusion, one obtains the following final formula for the char
ged-pion distribution from reaction (14):

3o
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de 4
= A7,
(35) o Il(s,cosg) + Z(s).

The comparison with experimental data has been done for 1,6
GeV/c(1), 3.3 GeV/c(13) and 5.7 GeV/c(14) laboratory-momenta, using
an IBM-7040 elaborator,

700+ 700f
2000 p_16 Gev/e P= 33 GeV/c P= 5.7 GeV/c
4% 674 CHARGED PIONS ) 600 4x 1596 CHARGED PIONS 600F  4x 872 CHARGED PIONS
o
o
soor 2
150 3 500 5
(1 4 o
o] [T
Qo o
400
£ 4001 o
5 &
100 =
% 300+ 300 %
o
o
8 200 2001
50+ §
L
§ 100 100t I_LT_I
(a) (b) (c) .
L ? e e s -.,:...‘?.,..t... SPUTRUPIRETIRS (R U U W (PR O T I (I ¥
3 cos ¥ % 1 cos 9 £1 1 cos ¥ *

FIG, 5 - C, M. distributions of the (charged) " from reaction (14),
with respect to the direction of the incoming antiproton, at
the three experimentally-available laboratory momenta. The
continuous lines are the theoretical curves, yielded by our
model, The experimental data are respectively taken:a)from
ref,(1), for 1,6 GeV /c; b) from ref.(13),for 3.3 GeV /c; ¢) from
ref, (14), for 5.7 GeV/e.

It is shown in fig, 5, The best fit has been obtained with quite rea
sonable(lgx 23,24) A_values: namely, e, g.,/\= (13.9 i0.5) fm for 3.3 GeV/c,
and A= (7.8 + 0,3) fm for 5.7 GeV/c. The accord between the theoretical 1i
nes, normalized to the charged-pion numbers, and the experimental hysto-
grams(l, 13, 14) js satisfactory enough, except for the backward "tail",
which appears at the higher momenta, i.e. at 3.3 and 5.7 GeV /c.

Our model does not keep into account the production of resonances,
that seem to appear largely in the more recent data, for the pion-multiplici-
ty here considered (expecially the § , which enters very abundantly)., A natu
ral modification of the model would be the one represented in fig, 6. But we
believe - as it may be argued also a priori - that the CM distributions of the
charged pions would not be substancially affected by this change, On the con-
trary, the aforementioned ""backward tail' could possibly be obtained conside
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FIG. 6 - A natural modifica- FIG.7 - Another proposed '"'model",
tion of the model, We believe whose contribution at high energies
that the C, M, charged-pion could possibly explain the "backward
distributions would not be af tail'" we can observe in the charged
fected substantially by this pion distributions (see in particular
changement, Here N means fig, 5).

Nucleon,

ring also graphs of the type of the ones one gets from fig, 1, substituting a
peripheral § -emission vertex to the one-pion vertex (see fig, 7). Finally
another model, similar with the one shown in fig, 6 but with only one "peri-
pheral' vertex, has been proposed very recently in ref, (14),
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APPENDICES

APPENDIX A -

The kinematics of interest for reaction (14), in the global CM
system, is the following one.

f)‘ :'_.., . o -=-I . 2: 2‘5 2"' 2'

= K +K_+K_+K +
P ¥Py = Byt R FK K .

By definition (see fig. 2):
9~y ~Ky =K 5Py}
5,115, 1213l==.

Limiting ourselves to the diagram of fig. 4a, we can choose the
variables:

01,04 scattering angles of pions 1 and 5 relati-
ve to the entering antiproton direction,

Then we get:
S-4m2=2P; 2“?)2+m2=Vs_;
= 2 2 1= 2 2
lKl =UE1_/“ ;lK5\=UE5_/k 'l
T R .
] 2 2 .
. -Elvg ‘-bl
Kl P, = 9 + P K1 cosfy;
_El\rS— |-—>|
Kl * Py = 2_—P K1 cosGlg
& _E5VS \.,,
5- p1 —2—+P K5 cosQS;
K ._Es\JE \u»
5" p2 = =P K5|c0595;



1:8;

b—1 2 - -
Py 9 =m -Ky°pg

Py 9 K5 pp - Py * Py

Pz'q1=P1'p2‘K1'p2;

n

q? m2+,lt2 -E1 v—s - 2Pl§1100391;

2
9

S
m2+,¢02-E5V§+2P\K51c0305;
2_ Q2
A« 9y = 47777 TPyt Py Ry Py H Ky - Py
The assumption:

> > _
(1A) q; = 9y G = =y

which is equivalent to set in the present case (see the (23) of the text):

-

-
K.=-K.; BE_=E_;

5 1 5 1i*
ccrsG)5 = —cosQl;

Q2 - 4E12 = 4x2,

brings many simplifications,

APPENDIX B -

We want evaluate the spin factor for the first graph (fig, 4a), i, e.:
1.2
1 <3 |~r 2 1
3 > W (py)O ws(pl)l = 5 F(plszle).
r,s 16 m

with:
The proceeding is ""classic'., The explicit expression of the function F of
formula (12) is:

F(p p,K Kp)

Tr { (gz'm)(5{1+m)(ﬂ2+m)(ﬂz+m)(¢1'm)(Vl*'m)} -

T +T
o

2+T4+T6;

30
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where first of all:

T0=4m.

Observing that:

Tr A} = 4A-B,

one then finds:

2

L 2
Ty =4m (p;*Py-q; -dy ).

Besides, noting that:

L e {FZP - (A-B)(C-D)-(A-C)(B-D}+(A-D)(B-C),

one gets:

2
T, =4m [z(q1 9,)(q;° 4y -2P1 " Py-P1" 4y -P;" Ay tPy" A1 tPy" dp) +
+ 2 (ql'pz)(pl'qz‘pl' ql)+2(QQ° Pz)(pl' o qz) +

2 2 2
+q;(P,Py-2P,y" dg) + a4, (P Py*2p; " qy -2py- ql—ql)].

Finally one has to evaluate:

T6 = Tr (9;‘9;‘?;797&9(:),

where we have put:

B=T =T-a; Gu=e=7q; B =Ty % =7p,

With an iterative procedure of the following type:

T

6 =2 8uy Tr (K% T) - Tr (2, %%7) =

8 g)\,u (gp'r gge - 8ps B9 + gpy gG‘I‘) -

2 gpy Tr (%G 70 %) + Tr (59,00 96 02) =

one arrives to the expression:

R =4 {2(q1- q,) [(pl- Py)(d;*ay)-(py =y )Py gy)-(p; - a, )Py ql)]+

2 2 g 49
+2q (p1 qz)(p2 C12)+2q12(p1 ql)(pz 011)—q1 qz(pl'pz)}.
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From a computative point of view, with the simplifying assumption (1A),
one gets in the C, M, (see the (23) of the text):

1 ik ¥ Do g 1o
4F(p1p2K1K5) =7 F(s,x)=QR + i cosQl+ ¥ cos 91+ cos 91,

where x=E1 =K1 , and where:
o

6 4 2.2 _2 2 2
A = m +m*(t-2d)+rm2(2w>-2a2-202_4 +2cd+2dt+4ac+4ad-4aw-4ew-dwt)+
+2azw+2c2w+2w2t—d2t—4acd;

D
1]

4 2
b [4m +m (SW—Ba—4c—4t-2d)+4ad+4cd+4dt-4aw—4cw+8ac]

.
k]

¥ =41 (2m%+w-2a-2c-d-t);

oﬂ .=_8b3,

being:
-2 x5
. ol 1/2
be[E-mded-pd)]
cs—g—E(X—ﬁ)+m2,
dsmz-e;
esxl[s—u/"\z;

e .
=P "Py "y Tm

w = M 2—2x2-t+xﬁ— 2bcosgl.

Besgides, in the adopted approximation:

2 2 2
(ql g ~T ) = (2bcos91 + e)

2
-m?)(q
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APPENDIX C -

While considering the kinematics of our reaction with five equal-
-mass final bodies, we evaluated also the CM ''volume'', in the impulse-spa
ce, of the allowed kinematical reglon for the three-momentum Kg of a final
particle, at fixed three-momentum K1 of one of the other four flnal particles,

Owing to its intrinsic interest, we report here that evaluation, We
purpose calculating the integral:

(1C) g(s. K;) = / dI?:'5

where Cl—Cl(Kl) is the set of the values of K5 for which, at fixed Kl, the
following system (Ki =y K2 A2):

5
é -0

can be satisfied, That is to say, we have to determine, for each fixed?{',l,
the set of the values of Kg, in corrispondence to which there exist vectors
szKs and K that satisfy the system (2C).

As we already did elsewhere, often the dependence on s is understood.

Let us firstly notice that, whatever K be, the se_%ond equatlon of
the (2C) can be satisfied, provided that one choose K4 = —(K1+K2+K3+K5)
Thus one is driven to look for the values of K in corrispondence to which
there exist some K2 and K3 that satisfy the:

5 .2 .
5+K2+K3) +/“- - K50 = 0,

(3C) \E—Klo—Kzo—K%-\} (K, +K

We may undertake a gradgla‘l clealing._f‘irstly, one may look for
what conditions wehavetoimposeonKj, K5 and Ky in order that (3C) may be
satlsf1eg by some values of K3, Those conditions s1ng1e out ag certain region
C(K1K5K2) Next, one looks for what condltlons on K andK are necessa
ry to the existence of some valueg of K3, for which C(KIKSKZ) is not empty.
Thus _one obtains a new region C(KIK ): the set of the values of K for which
C(K1K5) is not empty, will be the integration domain Cl(Kl) we are looking
for,

To make this program progressing, let us put (xEKlo):
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¥ = r-Kl = Vs - x;

(4C) -~

wseaBy  wslll;

k1=|§i]. 5 I W - I

The (3C) may be rewritten, setting z''=cosKgu:

(5C) B- ’} k32+/-.2 + Vu2+k:+2uk3z”+ﬂ2 =0,

The above-defined region C(K1KgKy) is determmed by the condition that the
(5C) may be satisfied by some values of ks and 2", with ko= 0, [z"] £ 1.
One obtains:

- > > 2 2
(6C) C(K1K5K ) B= V 4 +u
e
> 5
More explicitly, if one sets z' = cos sz, one has:
e e 2 2 v 2,2 2 e
(7C) C(K1K5K2). A- \J kz-/\ - V4apm+v +k2+2vkzz =0,

The request that the (7C) be satlsf_l,ed by some values of k,, and z',

with k2 0, 12z'\ £1, picks out the region C(K1K5)

2

= - 2 2 2
C(Kle): (A= 0, and A" -v -3 M7 20),

(8C)
or (Az-vz-ka2 = 2/“}IA2—V2).

/-.
This condition (at fixed K ) depends only on k_ and z = cos KlK Let us now
identify K5 by means of 1ts polar cohordinates ke, 2, P, being 7‘5 the azymu
thal angle with respect to a reference polar-plane passing through KI- It is
then clear that, for every allowed pair of values of kg and z, all the $ values
are allowed too, Consequentl_j_r‘ 1(K ) is the topological product of the inter
val (0,27 ) and of the set C (Kl) consisting of all the pairs k and z for which
at least one inequality (8C) may hold,

. e
Thus one reaches this result: CI(K1) is empty, unless (for \[s > 5);

/o
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2
< S - 1564
(9C) X2 Ty

If the (9C) is verified, EI(KI) results formed as follows (x=x):

2 2
() it x < (US-A) -8
- 2(Vs-pm)
—
(10C) Cl(Kl): -14€ z= zl(s,x, KBO); Mz KSOE Ez(s,x),
where:
1, when: Sl(s,x):‘: Kg = 22(s,x),
2y (8%, %5, = 2.2 2 E
€7k -8 -28 Ky
, when: Ky < E (s,x);
el et L le) 1
2k, VK502 -/~2
9 .92
(ii) if xa(ﬁ‘#) =B i
2(VE= /)
—_— =
. 1< < . <
(11C) C,(K): -1=z2z,(s,x,K5 )i £ (s,%)<K5 = &, (s,x),
where:
y klz = gpt - 0K,
2,(8,x,K5) = 2 k. k

s

al(S,X) and € 2(s,x) are the two solutions of the equation:
a[(8 -k ) €208 - ) [(€- %k Po3p’] €

(12C)

+ {[(f ko3 e s a 2} = 0;

that is to say:

g(gzpkz_g/h?) K v
él(s,x)= 1 2 ‘

+
2 Ty B TR Te P

i 4/l~2(‘82-k12)] 1/2-

( 'gg—ki—Bz‘*z)Z—

-

(13C)

}13_
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According to these results, g(s, K ) depends - besides on the
total energy-only on k1

(14C) g(s,'ﬁl) = B(s, x),

and finally we have:

B(s,x) =270 (

2 - R
5-154 _X){O((VE—#) -8

S 2(V5 ) — x) gl(s,x) +
(15C) 2 2
- -8 M
+ 0 (X—(U—EZ(I\T-E)_/‘S) ) g (S’X)} g
with:
£s, s
s, %) =l W5 By K5?3‘/*2 l__z (8,3, Kg,) + 1] .
de) _g(ég_kz)s/z (2 iy )3/2
1 2 2 3 4.
+E [(f -X “7/* )(El“/“‘- i = f(&'l_,u)],
52(8 x)
EZ(S"X) = / dK5 K5 VKE) [Z (s, x, K5 )+ 1]
€ (s, %)
(16'C) S A CHO S AR N CI R MAR

rqi- (B ndneled - gueled].
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