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Abstract

We have measured the cross sectionσ(e+e− → π+π−γ ) at an energyW = mφ = 1.02 GeV with the KLOE detector at th
electron–positron collider DA�NE. From the dependence of the cross section on the invariant mass of the two-pion syst
extractσ(e+e− → π+π−) for the mass range 0.35< s < 0.95 GeV2. From this result, we calculate the pion form factor a
the hadronic contribution to the muon anomaly,aµ.
 2004 Elsevier B.V. All rights reserved.

PACS:13.40.Gp; 13.60.Hb; 13.66.Bc; 13.66.Jn
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1. Hadronic cross section at DA�NE

1.1. Motivation

The recent precision measurement of the m
anomalyaµ at the Brookhaven National Laborato
[1] has led to renewed interest in an accurate meas
ment of the cross section fore+e− annihilation into
hadrons. Contributions to the photon spectral fu
tions due to quark loops are not calculable for lo
hadronic-mass states by perturbative QCD at low
ergy. However, they can be obtained by connec
the imaginary part of the hadronic piece of the pol
ization function by unitarity to the cross section f
e+e− → hadrons[2,3]. A dispersion relation can thu
be derived, giving the contribution toaµ as an integra
over the hadronic cross section multiplied by a ker

* Corresponding authors.
E-mail addresses:achim.denig@iekp.fzk.de(A. Denig),

graziano.venanzoni@lnf.infn.it(G. Venanzoni).
1 Permanent address: Institute for Theoretical and Experime

Physics, Moscow, Russia.
2 Permanent address: Budker Institute of Nuclear Phys

Novosibirsk, Russia.
3 Permanent address: Institute of High Energy Physics, C

Beijing, China.
K(s), which behaves approximately like 1/s:

(1)ahad
µ = 1

4π3

∞∫

4m2
π

σe+e−→hadr(s)K(s) ds.

The processe+e− → π+π− below 1 GeV account
for 62% of the total hadronic contribution[4]. The
most recent measurements ofσ(e+e− → π+π−) for
values of

√
s between 610 and 961 MeV come fro

the CMD-2 experiment at VEPP-2M where the quo
systematic error is 0.6% and the contribution of
statistical error onahad

µ is ∼ 0.7% [5,6]. These data
together withτ and e+e− data up to 3 GeV, hav
been used to produce a prediction for comparison w
the BNL result[7]. There is however a rather stron
disagreement between theahad

µ value obtained using
τ decay data after isospin-breaking corrections an
e+e− → π+π− data. Moreover, thee+e− → π+π−
based result disagrees by∼ 3σ with the direct mea-
surement ofaµ.

1.2. Radiative return

Initial state radiation (ISR) is a convenient mec
anism that allows one to studye+e− → hadrons
over the entire range from 2mπ to W , the center-

mailto:achim.denig@iekp.fzk.de
mailto:graziano.venanzoni@lnf.infn.it
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of-mass energy of the colliding beams. In this ca
there are complications from final-state radiat
(FSR). For a photon radiated prior to the annih
tion of the e+e− pair, the mass of theπ+π− sys-

tem is4 mπ+π− =
√

W2 − 2WEγ . Instead, for a pho
ton radiated by the final-state pions, the virtual p
ton coupling to theπ+π− pair has a massW . By
counting vertices, the relative probabilities of IS
and FSR are of the same order. This requires c
ful estimates of the two processes in order to
able to use the reactione+e− → π+π−γ to ex-
tractσ(e+e− → π+π−). The Karlsruhe theory grou
has developed the EVA and PHOKHARA Mon
Carlo programs which are fundamental to our ana
sis [8–13]. In particular, the PHOKHARA Monte
Carlo simulation has been used to evaluate the c
tribution for the ISR process (via the radiation fun
tion H ) in order to derive the hadronic cross se
tion:

(2)sπ
dσπ+π−γ

dsπ
= σπ+π−(sπ )H(sπ),

wheresπ = m2
π+π− , which coincides with the invari

ant masss of the intermediate photon for the ca
of ISR radiation only. The equation above is corr
at leading order if FSR emission can be neglec
The case of NLO terms, with the simultaneous em
sion of ISR and FSR photons, is discussed in S
tion 3.1.

The present analysis is based on the observatio
Ref. [8] that for small polar angleθγ of the radiated
photon, the ISR process vastly dominates over the F
process. In the following we restrict ourself to stud
ing the reactione+e− → π+π−γ with θγ < 15◦ or
θγ > 165◦. For smallsπ , the di-pion system recoil
ing against a small angle photon will result in one
both pions being lost at small angle as well. We
therefore limited to measuringσ(π+π−) for

√
sπ >

550 MeV. In the future extension of this work we w
be able to measure the cross section near thres
This is very important, since there are no good m
surements ofσ(π+π−) at low masses, which weig
strongly in the estimate ofahad

µ .

4 Neglecting the small momentum of theφ.
.

2. Measurement of σ(e+e− → π+π−γ )

2.1. Signal selection

The KLOE detector consists mainly of a hig
resolution drift chamber with transverse moment
resolutionσpT /pT � 0.4% [14] and an electromag
netic calorimeter with energy resolutionσE/E =
5.7%/

√
E(GeV) [15]. In the current analysis, we hav

concentrated on events in which the pions are emi
at polar anglesθπ between 50◦ and 130◦. The direc-
tion and energy of the photon is reconstructed fr
the pion tracks by closing the kinematics; expli
photon detection is not required. As a conseque
a requirement on the di-pion production angleθππ

smaller than 15◦ (or greater than 165◦) is performed
instead of a requirement on the photon angleθγ . The
acceptance regions are shown inFig. 1, left. These
specific acceptance requirements reduce backgroun
contamination and the relative contribution of fin
state radiation from the pions to very low levels[16].
It will be shown in the following that an efficient an
nearly background free signal selection can be d
without explicit photon tagging.

The selection ofe+e− → π+π−γ events is per-
formed with the following steps:

• Detection of two charged tracks connected to
vertex. Two charged tracks with polar angles betwe
50◦ and 130◦ connected to a vertex in the fiduci
volume,Rxy < 8 cm, |z| < 7 cm, are required. Addi
tional requirements on transverse momentum,pT >

160 MeV, and on longitudinal momentum,|pz| >

90 MeV, reject spiraling tracks and ensure good
construction conditions.

• Identification of pion tracks. Separation of pi-
ons from electrons is performed using a PID meth
based on approximate likelihood estimators. These
timators are based on the comparison of time-of-fli
versus momentum and on the shape and energy d
sition of the calorimeter clusters produced by char
tracks. The functions have been built using con
samples ofπ+π−π0 ande+e−γ events in data, in or
der to obtain the calorimeter response for pions
electrons. An event is selected as signal if at least
of the two tracks is identified as a pion. In this wa
the content ofe+e−γ events in the signal sample
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Fig. 1. Left: schematic view of the KLOE detector with the angular acceptance regions for pions (horizontally hatched area) and photons
(vertically hatched area). The photon angle is evaluated from the two pion tracks. Right: 2-dimensional requirement in the plane ofmtrk/MeV
andsπ/GeV2.
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drastically reduced, while the efficiency for retaining
π+π−γ events is still very high (> 98%).

• Requirement on the track mass. The track mass
(mtrk) is a kinematic variable corresponding to t
mass of the charged tracks under the hypothesis
the final state consists of two particles with the sa
mass and one photon. It is calculated from the rec
structed momenta of theπ+ and π− ( �p+, �p−) and
the center-of-mass energyW . Requiring a value large
than 120 MeV rejectsµ+µ−γ events, while in order to
rejectπ+π−π0 events, ansπ -dependent requiremen
is used (seeFig. 1, right).

• Requirement on the di-pion angleθππ . The
aforementioned requirement on the di-pion an
θππ < 15◦ or > 165◦ and 50◦ < θπ < 130◦ is per-
formed.

The data used for the analysis were taken from J
to December 2001, yieldingan integrated luminosity
of L = 141.4 pb−1. After the selection requiremen
mentioned above, we find 1.555× 106 events, cor-
responding to� 11000 events/pb−1. Fig. 2 shows
the distribution of theπ+π−γ events in bins of
0.01 GeV2 for sπ . The ρ peak and theρ–ω inter-
ference structure are clearly visible, even witho
unfolding the spectrum from the detector resoluti
Fig. 2. Distribution of counts as a function ofsπ , in bins of
0.01 GeV2, after applying the acceptance and selection requ
ments.L= 141.4 pb−1; data from 2001.

demonstrating the excellent momentum resolution
the KLOE detector. To obtain the cross section
0◦ < θπ < 180◦ andθππ < 15◦, θππ > 165◦ we sub-
tract the residual background from this spectrum
divide by the selection efficiency, acceptance, and



16 KLOE Collaboration / Physics Letters B 606 (2005) 12–24

aluation of

Fig. 3. Left: fit of the mass peak for muons. Right:π0 mass fit. These fits are used to estimate theµ+µ−γ andπ+π−π0 backgrounds to the
π+π−γ channel. Points are data, solid line is Monte Carlo simulation. Dashed line and hashed area represent the Monte Carlo ev
background (µ+µ−γ in the left plot andπ+π−π0 in the right one) andπ+π−γ contributions, respectively.
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tegrated luminosity:

(3)
dσπ+π−γ

dsπ
= 
NObs− 
NBkg


sπ

1

εSelεAcc

1∫
Ldt

.

The background subtraction, the evaluation of the
lection efficiency and the acceptance, the measu
ment of the integrated luminosity, and the unfoldi
of the experimental resolution onsπ (omitted from
Eq. (3) for clarity) are discussed below. Detailed i
formation on all the aspects of the analysis is availa
in [17].

2.2. Background subtraction

After applying the requirements on the fiducial vo
ume, the likelihood, andmtrk, a residual backgroun
of e+e−γ , µ+µ−γ , and π+π−π0 events remains
The population of signal and background events in
[sπ ,mtrk] plane is illustrated inFig. 1, right. Back-
ground frome+e−γ and µ+µ−γ events is concen
trated at low values ofmtrk. The amount of back
ground in the signal region is obtained by fitting t
mtrk spectra of the selected events (except for
mtrk requirement) in slices ofsπ . The mtrk spec-
tra for signal andµ+µ−γ events are obtained from
Monte Carlo simulation, while fore+e−γ events,
mtrk is obtained directly from data, using a de
cated sample of 152 pb−1. An example of such a
fit to determine the background fraction forµ+µ−γ

events is shown inFig. 3, left. Background from
π+π−π0 events appears at highermtrk values and
the missing massm2

miss = (pφ − p+ − p−)2, peaks
at m2

π0. The number ofπ+π−π0 events in the sig
nal region is obtained by fitting themmiss distribution
with the shapes obtained from the Monte Carlo s
ulation; an example is shown inFig. 3, right. The
shape of the background distribution is well rep
duced by the Monte Carlo simulation, ensuring t
systematic uncertainties are smaller than the fit err
which are considered as systematic errors of the
cedure.

The contribution of all backgrounds to the o
served signal is below 2% above 0.5 GeV2, while it
increases up to∼ 10% atsπ = 0.35 GeV2. Other pos-
sible sources of background for which the contrib
tions have been evaluated are the processe+e− →
e+e−π+π− with the electrons emitted along the bea
pipe [18] and the NLO corrections to the FSR in t
processe+e− → µ+µ−γ [19]. The systematic unce
tainties associated with the background estimates
all these sources have been added in quadrature
results are shown inTable 1.
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Table 1
Bin-by-bin correlated systematic error in % due to background sub
traction in 0.01 GeV2 intervals. The indicated values fors represent
the lower bin edge

s (GeV2) 0 1 2 3 4 5 6 7 8 9

0.3. . . 0.8 0.7 0.6 0.6 0.5
0.4. . . 0.5 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4
0.5. . . 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3
0.6. . . 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3
0.7. . . 0.3 0.2 0.3 0.3 0.3 0.3 0.3 0.2 0.2 0.2
0.8. . . 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2
0.9. . . 0.2 0.2 0.2 0.2 0.2

2.3. The selection efficiencyεSel

The selection efficiency is the product of the e
ciencies associated with the trigger, the event rec
struction, the background filtering and the track m
requirement:

• Trigger efficiency. Events in theπ+π−γ sam-
ple must satisfy the calorimeter trigger, i.e., there m
be at least two trigger sectors with energy depo
tion above threshold (for details on the KLOE trigg
see[20]). The trigger also includes a cosmic-ray ve
events with energy deposition above a certain thre
old in the outermost layer of the calorimeter are
jected online. While the calorimeter trigger itself
rather efficient for signal events (> 95%), the cosmic-
ray veto rejects a significant fraction ofπ+π−γ events
since such events mimic cosmic rays. The cosm
ray veto inefficiency is on the level of few perce
at small values ofsπ < 0.4 GeV2 but reaches up to
30% atsπ = 0.95 GeV2. The overall trigger efficiency
including the effect of the cosmic-ray veto, was eva
ated from the probability for single pions to fire trigg
sectors inπ+π−γ events wherein part of the eve
could be ascertained to have satisfied the trigger al
The fractional uncertainty associated with this pro
dure was estimated to beδεTRG(sπ ) = [exp(0.43 −
4.9sπ [GeV2]) + 0.08] (expressed in percent), and
dominated by the systematics of establishing the
rect track-to-trigger sector association.

• Background filter efficiency. During reconstruc
tion, an offline filtering procedure identifies and r
jects background events as soon as they have
reconstructed in the calorimeter[21]. The efficiency
of this filter has been studied using a dedicated s
ple of π+π−γ events that were rejected by the filt
itself. Since the filtering procedure is very sensit
to the presence of accidental clusters in the elec
magnetic calorimeter, the efficiency of this filter w
parametrized as a function of the background con
tions during data taking and averaged over time.
filter efficiency was found to be uniform insπ and
96.6% on average, with a flat systematic error of 0.6

• Tracking efficiency. The tracking efficiency (96%
and uniform insπ ) was evaluated usingπ+π−π0 and
π+π− events identified by calorimeter information
plus the presence of one fitted track. The single-tr
efficiency as a function ofpπ andθπ was compared
with Monte Carlo simulation; the difference, on th
order of 0.3% and flat in momentum, was taken as
systematic error of this procedure.

• Vertex efficiency. The efficiency of the verte
finding algorithm has been evaluated via Monte Ca
simulation and checked with a sample ofπ+π−π0

andπ+π−γ events obtained from data. The absol
vertex efficiency at low energies is 91% and is incre
ing up to 97% at high values ofsπ . An uncertainty of
0.3%, uniform insπ , is taken as the contribution to th
systematic error for this efficiency.

• Pion identification. The efficiency forπ/e sepa-
ration has been evaluated by selectingπ+π−γ events
on the basis of one track and examining the dis
bution of the likelihood estimator for the other on
In the analysis, only one track is required to sati
the likelihood requirement, for which the efficien
is > 99.9%. Therefore, no correction for the ine
ficiency on pion identification needs to be applie
the contribution to the systematic error is taken
be 0.1%.

• Track mass. The efficiency of themtrk require-
ment is obtained as a by-product of the backgro
evaluation; the result of the fit provides the efficien
in eachsπ bin. However, this efficiency depends up
the treatment of multi-photon processes in the Mo
Carlo simulation. Themtrk efficiency has been ob
tained with our reference Monte Carlo simulatio
which uses PHOKHARA. To check the efficien
determination we have compared PHOKHARA w
BABAYAGA [22], which is the generator used fo
the luminosity measurement.In the latter generato
ISR is treated using the parton-shower approach.
resulting value for themtrk efficiency differs from
that evaluated with PHOKHARA by 0.2%. Effects



18 KLOE Collaboration / Physics Letters B 606 (2005) 12–24

the

Fig. 4. Left: smearing matrix representing the correlation between generated (sπ,true) and reconstructed (sπ,obs) values forsπ ; the high precision
of the DC results in an almost diagonal matrix. Right: track-mass distribution expected from the Monte Carlo simulation compared to
experimental one.
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Table 2
Bin-by-bin correlated systematic error in % ondσ(e+e− →
π+π−γ )/dsπ and σ(e+e− → π+π−) due to unfolding in
0.01 GeV2 intervals. The indicated values fors represent the lowe
bin edge

s (GeV2) 0.58 0.59 0.6 0.61 0.62 0.63 0.64 0.6

δunf 0.4 0.9 1.4 3.6 0.9 0.8 0.5 0.4

on the efficiency from the simultaneous emiss
of an ISR and a FSR photon are discussed in S
tion 3.1.

2.4. Unfolding of the mass resolution

To obtaindσππγ /dsπ as a function of the true valu
of sπ , we unfold the mass resolution from the me
suredsπ distribution. The measured value ofsπ,obs
is related to the true value via the resolution ma
G(sπ,true− sπ,obs|sπ,true), which has been obtained b
a Monte Carlo simulation carefully tuned to reprodu
the data. The resolution matrix is nearly diagonal,
can be seen inFig. 4, left. A comparison of the track
mass distribution for data and Monte Carlo event
shownFig. 4, right.

Unfolding of the spectrum is performed usin
GURU [23], an unfolding program based on the s
gular value decomposition (SVD). We found that t
systematic error due to unfolding is dominated by
uncertainty on the value chosen to regularize the p
cedure itself.Table 2shows the systematic uncertain
as function ofsπ , introduced into theπ+π−γ spec-
trum due to the unfolding. These values are taken
be correlated errors, and translate into a 0.2% sys
atic uncertainty onaµ.5

In addition, the unfolding procedure correlates
statistical errors in theπ+π−γ spectrum (see als
Section4).

2.5. Acceptance correction

After all corrections discussed above, we obtain
spectrum forπ+π−γ events defined by the acceptan
requirements 50◦ < θπ < 130◦, θππ < 15◦ or θππ >

165◦, pT > 160 MeV, andpz > 90 MeV. To derive
the cross section for the processe+e− → π+π−γ

with θππ < 15◦ or θππ > 165◦, the effects of the othe
requirements on the momentum and polar angle of
pions have been evaluated using PHOKHARA. T
systematic error of 0.3% on the acceptance fractio

5 This value should be considered as an overestimate of the
effect introduced by theunfolding procedure onaµ, as discussed in
[17].
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has been estimated by a comparison of data and M
Carlo distributions.

2.6. Luminosity measurement

The integrated luminosity is measured with t
KLOE detector itself using very-large-angle Bhab
(VLAB) events. The effective Bhabha cross sect
at large angles (55◦ < θ+,− < 125◦) is about 430 nb
This cross section is large enough so that the sta
cal error on the luminosity measurement is negligib
The number of VLAB candidates,NVLAB , is counted
and normalized to the effective Bhabha cross sect
σMC

VLAB , obtained by Monte Carlo simulation, after su
traction of the background,δBkg:

(4)
∫

Ldt = NVLAB (θi)

σMC
VLAB (θi)

(1− δBkg).

The precision of the luminosity measurement
pends on the correct inclusion of higher-order ter
in computing the Bhabha cross section. We use
Bhabha event generator BABAYAGA[22], which has
been developed explicitly for DA�NE. In BABAYA-
GA, QED radiative corrections are taken into acco
in the framework of the parton-shower method. T
precision quoted is 0.5%. The result for the effec
tive Bhabha cross section has been compared with th
from BHAGENF[24,25], a full order-α event genera
tor. We find agreement to better than 0.2%.

VLAB events are selected with requirements
variables that are well reproduced by the KLOE Mo
Carlo simulation. The electron and positron polar
gle requirements, 55◦ < θ+,− < 125◦, are based on
the calorimeter clusters, while the energy requ
ments,E+,− > 400 MeV, are based on drift cham
ber information. The background fromµ+µ−(γ ),
π+π−(γ ) and π+π−π0 events is well below 1%
and is subtracted. All selection efficiencies (trigger
EmC cluster, DC tracking) are> 99% as obtained
by Monte Carlo simulation and confirmed with da
We obtain excellent agreement between the exp
mental distributions (θ+,−, E+,−) and those obtaine
from Monte Carlo simulation, as seen inFig. 5. Fi-
nally, corrections are applied on a run-by-run ba
for fluctuations in the center-of-mass energy of
machine and in the detector calibrations. The exp
mental uncertainty in the acceptance due to all th
effects is 0.3%. We assign a total systematic e
on the luminosity ofδL = 0.5%th ⊕ 0.3%exp. The
luminosity measurement is independently chec
using e+e− → γ γ events. We find agreement
within 0.2%.
ribed
Fig. 5. Data–Monte Carlo comparison of theθ+,− (left) andE+,− (right) distributions for Bhabha events selected at large angle as desc
in the text.
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Fig. 6. Left: differential cross section for thee+e− → π+π−γ process, inclusive inθπ and withθππ < 15◦ (θππ > 165◦). Right: cross section
for e+e− → π+π−.
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2.7. π+π−γ cross section

Our results for the differential cross secti
dσ(e+e− → π+π−γ )/dsπ with 0◦ < θπ < 180◦ and
θππ < 15◦, θππ > 165◦ are plotted inFig. 6, left, and
are presented in numerical form in the second colu
of Table 3.

3. Extraction of σ(e+e− → π+π−) and |Fπ(s)|2

In order to extract thee+e− → π+π− cross sec-
tion, the radiation functionH is needed (see Eq.(2)).
This function is obtained from PHOKHARA, settin
Fπ(s) = 1 andswitching off the vacuum polarization
of the intermediate photon in the generator. Apply
Eq. (2), and taking the FSR contribution into accou
as described in the following section, the hadro
cross section as a function of the invariant mass
the virtual photon,s = m2

γ ∗ , is obtained, as shown i
Fig. 6, right.

3.1. FSR corrections

Events with one or more photons emitted by the
ons (FSR) without any photons in the initial state m
be considered as a background to our measurem
Our event selection strongly suppresses the contr
tion of such events to well below 1% over the ent
range ofsπ .

However, events with the simultaneous emiss
of one photon from the initial state and one pho
from the final state must be included in our select
in order for thee+e− → π+π− cross section to b
inclusive with respect to FSR (see Ref.[7] for de-
tails). More specifically, since the radiator functionH

only describes the ISR partof the radiative correc
tions, the processe+e− → γ ∗ → π+π−γISR(γFSR),
with one photon from initial state and possibly anoth
from the final state, corresponds toe+e− → γ ∗ →
π+π−(γFSR) after the division byH .

Therefore,

σ
(
e+e− → π+π−(γFSR)

)

(5)= πα2

3s
β3

π

dσππγ (γFSR)

csπ ,sA(s) dσππγ (Fπ = 1)
,

wheredσππγ (Fπ = 1) is the NLO cross section fo
e+e− → π+π−γ (initial state radiation only), inclu
sive in θππ andθπ under the assumption of pointlik
pions, and corresponds to the quantityH of Eq. (2);
A(s) is the fraction ofπ+π−γISR(γFSR) events se-
lected by the angular cutsθππ < 15◦ or θππ > 165◦,
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n

Table 3
Cross sectionsdσ(e+e− → π+π−γ )/dsπ , σ(e+e− → π+π−) and the pion form factor in 0.01 GeV2 intervals where the value give
indicates the lower bound. Note that while theπ+π−γ cross section is given as a function ofsπ , theππ cross section and|Fπ |2 are given as
functions of the invariant masss of the intermediate photonγ ∗

sπ π+π−γ π+π− |Fπ(s)|2 sπ π+π−γ π+π− |Fπ(s)|2
(GeV2) (nb/GeV2) (nb) (GeV2) (nb/GeV2) (nb)

0.35 13.40± 0.24 330±7 7.68± 0.16 0.65 59.40± 0.28 714± 4 24.69± 0.15
0.36 14.59± 0.24 349±7 8.26± 0.16 0.66 56.38± 0.24 657± 4 23.05± 0.14
0.37 15.78± 0.24 370±7 8.92± 0.16 0.67 53.04± 0.23 595± 4 21.18± 0.13
0.38 17.04± 0.24 392±6 9.60± 0.16 0.68 49.87± 0.26 543± 4 19.57± 0.13
0.39 18.63± 0.23 416±6 10.35± 0.15 0.69 46.98± 0.22 493.2±3.1 18.02± 0.11
0.40 20.34± 0.27 450±7 11.40± 0.17 0.70 44.16± 0.21 447.0±2.9 16.54± 0.11
0.41 22.64± 0.24 489±6 12.59± 0.16 0.71 41.54± 0.19 405.0±2.6 15.17± 0.10
0.42 24.56± 0.27 521±7 13.63± 0.18 0.72 39.05± 0.21 367.1±2.6 13.92± 0.10
0.43 27.07± 0.28 564±7 15.01± 0.18 0.73 36.87± 0.17 333.3±2.2 12.78± 0.08
0.44 29.99± 0.27 608±7 16.43± 0.18 0.74 35.20± 0.18 304.6±2.0 11.81± 0.08
0.45 32.65± 0.28 649±7 17.82± 0.19 0.75 33.22± 0.16 277.8±1.8 10.89± 0.07
0.46 36.24± 0.27 710±7 19.79± 0.18 0.76 31.99± 0.16 257.2±1.7 10.19± 0.07
0.47 40.10± 0.29 769±7 21.78± 0.20 0.77 30.51± 0.17 233.8±1.7 9.37± 0.07
0.48 44.34± 0.31 830±7 23.86± 0.20 0.78 29.60± 0.16 217.7±1.6 8.82± 0.06
0.49 48.94± 0.28 895±7 26.11± 0.20 0.79 28.52± 0.13 200.3±1.3 8.20± 0.05
0.50 54.1± 0.4 967±8 28.60± 0.23 0.80 27.53± 0.14 184.5±1.3 7.63± 0.05
0.51 59.77± 0.32 1041±7 31.23± 0.22 0.81 27.00± 0.14 172.1±1.2 7.20± 0.05
0.52 64.93± 0.32 1102±7 33.50± 0.22 0.82 26.48± 0.13 160.0±1.1 6.76± 0.05
0.53 70.24± 0.35 1171±8 36.05± 0.23 0.83 25.84± 0.15 148.4±1.1 6.33± 0.05
0.54 75.6± 0.4 1226±8 38.20± 0.26 0.84 25.45± 0.13 138.5±1.0 5.97± 0.04
0.55 80.2± 0.4 1279±8 40.32± 0.24 0.85 25.16± 0.13 129.2±0.9 5.63± 0.04
0.56 83.47± 0.35 1288±7 41.07± 0.24 0.86 24.96± 0.12 120.3±0.8 5.29± 0.04
0.57 86.06± 0.34 1302±7 41.98± 0.23 0.87 24.81± 0.15 111.8±0.9 4.97± 0.04
0.58 87.85± 0.34 1297±7 42.36± 0.23 0.88 25.09± 0.14 106.3±0.8 4.774± 0.035
0.59 89.5± 0.4 1282±7 42.46± 0.24 0.89 25.17± 0.12 99.5±0.7 4.516± 0.030
0.60 90.31± 0.35 1266±7 42.58± 0.23 0.90 25.37± 0.13 93.1±0.6 4.269± 0.030
0.61 74.20± 0.35 1006±6 32.43± 0.20 0.91 25.86± 0.12 87.6±0.6 4.059± 0.027
0.62 65.49± 0.28 857±5 27.99± 0.16 0.92 26.87± 0.14 83.0±0.6 3.886± 0.026
0.63 64.14± 0.28 817±5 27.32± 0.16 0.93 27.94± 0.14 79.1±0.5 3.741± 0.025
0.64 62.09± 0.26 772±4 26.27± 0.15 0.94 29.49± 0.16 75.3±0.5 3.599± 0.025
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50◦ < θπ < 130◦ as a function of the invariant masss

of the virtual photon; andcsπ ,s is a correction which
must be applied due to the fact that, in the presenc
simultaneous emission of initial- and final-state ph
tons,sπ is not identical tos, as it is in the case of ISR
only. BothA(s) andcsπ ,s have been obtained using th
PHOKHARA Monte Carlo generator[13], which sim-
ulates the simultaneous emission of initial- and fin
state photons.

Note thatσ(e+e− → π+π−) is obtained under th
assumptions of (i) radiation emission from pointli
pions (the scalar QED model for FSR) and (ii) fa
torization, i.e., the absence of interference effects be
tween the initial and final states[13]. We have used
an alternative method which provides some test
the validity of the factorization ansatz and a valua
cross-check of the entire analysis. In this method,
correct the observedππγ cross section for the relativ
amount of FSR expected from PHOKHARA, obta
ing, in this way, a cross section that corresponds to
emission only. Next, we perform the event analysis
which the acceptance correction and track-mass
ciency are taken from a Monte Carlo sample in wh
only ISR events are simulated. After dividing by t
radiator functionH , the full (i.e., real and virtual) FSR
corrections to the cross sectione+e− → π+π− are ap-
plied [26,27].

The results forσ(e+e− → π+π−) obtained with
the two methods agree to within≈ 0.2%. Taking into
account the additional uncertainty arising from the as
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Fig. 7. Pion form factor.

sumption of radiation from pointlike pions, we assi
an error of 0.3% due to the FSR corrections discuss
in this section.

3.2. Vacuum polarization corrections

To obtain the pion form factor and thebare cross
section, leptonic and hadronic vacuum polarizat
contributions in the photon propagator must be s
tracted. This can be done by correcting the cross
tion for the running ofα as follows:

(6)σbare= σdressed

(
α(0)

α(s)

)2

.

While the leptonic contribution
αlep(s) can be an-
alytically calculated, for the hadronic contributio

αhad(s), we have usedσhad(s) values measured pre
viously [28].

The pion form factor|Fπ(s)|2 obtained after addi
tional subtraction of FSR is shown inFig. 7. Note that
in this case, since the FSR effects have been remo
sπ = s.

4. Results

Our results are summarized inTable 3, which lists:

• the differential cross sectiondσ(e+e− →
π+π−γ )/dsπ as a function of the invariant mass
,

Table 4
List of completely bin-by-bin correlated systematic effects

σππγ σππ |Fπ |2
Acceptance 0.3% flat insπ
Trigger exp(0.43− 4.9sπ [GeV2])%+ 0.08%
Reconstruction filter 0.6% flat insπ
Tracking 0.3% flat insπ
Vertex 0.3% flat insπ
Particle ID 0.1% flat insπ
Trackmass 0.2% flat insπ

Luminosity 0.6% flat insπ

FSR resummation – 0.3%
Radiation function

(H(sπ ))
– 0.5%

Vacuum polarization – – 0.2%

the di-pion system,sπ , in the angular regionθππ <

15◦ or θππ > 165◦, 0◦ < θπ < 180◦;
• the physical cross sectionσ(e+e− → π+π−),

which includes FSR and vacuum polarization effe
as a function of the invariant mass of the virtual ph
ton s;

• the pion form factor with FSR and vacuum p
larization effects removed, as a function ofs (equal to
sπ in this case).

The errors given inTable 3are statistical only, while
the common systematic error is shown inTables 1, 2,
and 4. It should be noted that the statistical errors
count only for the diagonal elements of the covaria
matrix. The bin-by-bin errors are correlated as a re
of the unfolding procedure; for error propagation,
for example in the calculation ofaµ (see below), the
covariance matrix must be used.

The unfolding procedure is necessary in order
provide a table of data points at meaningful values
sπ . However, the procedure itself introduces additio
systematic uncertainties because of the numerical in
stability of the problem. For the comparison of o
data with a specific theoretical prediction, we stron
recommend fitting our observed spectrum with a c
volution of the theoretical curve and the detector
sponse matrix, which is available upon request.6

6 The covariance matrices forσ(π+π−γ ), σ(ππ), |Fπ (s)|2,
the detector matrix, and theπ+π−γ observed spectrum are ava
able from the corresponding authors.
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Table 5
List of systematic errors onaµ

Acceptance 0.3%
Trigger 0.3%
Reconstruction filter 0.6%
Tracking 0.3%
Vertex 0.3%
Particle ID 0.1%
Trackmass 0.2%
Background subtraction 0.3%
Unfolding 0.2%

Total exp systematics 0.9%

Luminosity 0.6%
Vacuum polarization 0.2%
FSR resummation 0.3%
Radiation function (H(sπ )) 0.5%

Total theory systematics 0.9%

The σ(e+e− → π+π−) cross section, divided b
the vacuum polarization, has been used to evaluate
contribution toahad

µ due to theπ+π− channel in the

energy range 0.35 < sπ < 0.95 GeV2. The resulting
value (in 10−10 units) is

(7)

aππ
µ (0.35,0.95) = 388.7± 0.8stat± 3.5syst± 3.5th.

The various contributions to the systematic error onaµ

are listed inTable 5.

5. Conclusions

We have measured the cross section for the pro
e+e− → π+π−γ with the pion system emitted a
small polar angles with respect to the electron
positron beam (θππ < 15◦, θππ > 165◦) in the en-
ergy region 0.35< sπ < 0.95 GeV2. Using Eq.(2), we
have derived the cross section for the processe+e− →
π+π−, as listed inTable 3. These values, corrected f
the vacuum polarization, can be used to derive pa
the hadronic contribution to the muon anomalous m
netic moment with a negligible statistical error a
with a systematic error of 0.9%(exp) ⊕ 0.9%(th).

Future improvements are expected using data ta
in 2002, where more stable background conditions
an improved trigger logic should allow for a consi
erable reduction of the systematic effects stemm
from the offline reconstruction filter and the trigge
A similar analysis, applied to events withθππ at larger
angles, can probe the energy region down to thresh
Moreover, improved Monte Carlo generators both
the luminosity measurement and for the ISR proc
are expected to be available in the near future, wh
will help to reduce the theoretical contribution to t
systematic error.
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