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ABSTRACT: We update the values of the n-n’ mixing angle and of the 7’ gluonium content
by fitting our measurement Ry, = BR(¢ — n'y)/BR(¢ — 1y) together with several vector
meson radiative decays to pseudoscalars (V' — P~), pseudoscalar mesons radiative decays
to vectors (P — V+) and the /, — yv, 7° — 7 widths. From the fit we extract a gluonium
fraction of Zé = 0.1240.04, the pseudoscalar mixing angle ¥p = (40.4+0.6)° and the ¢ —w
mixing angle ¥y = (3.32 £ 0.09)°. Zé and ¢ p are fairly consistent with those previously
published. We also evaluate the impact on the 7’ gluonium content determination of future

experimental improvements of the 7’ branching ratios and decay width.
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1 Introduction

The 7' meson, being almost a pure SU(3)gayour singlet, is considered a good candidate
to host a gluon condensate. The question of a gluonium component in the 7’ meson has
been extensively investigated in the past but it is still without a definitive conclusion [1].
We extract the 1’ gluonium content and the 7-7’ mixing angle in the constituent quark
model according to the Rosner [2] approach with the modifications introduced in ref. [3] as
described in the following. We use the same method of ref. [4]; in addition, we also introduce
in the fit the 7% — 4+ and 1/ — 7~ branching fractions according to the prescription of
ref. [5]. This method relates our measurement of the ratio ¢ — 7'y and ¢ — 7y branching
ratio (BR), Ry = BR(¢ — 1/)/BR(¢ — ny) [6], to the i’ gluonium content and to the n, 7’
mixing angle. The same quantities were extracted in our previous analysis [6] with some
assumptions. This has given rise to some objections from refs. [4] and [7]. Here we give
an answer to these objections and we repeat the fit taking into account their comments.
Then we repeat the fit with recently updated experimental results.

The n and 7 states can be represented in the base |N) = (|u@) + |dd))/V2, |S) = |s5)
and |G) = |gluonium) as:

|7} = costpg sinpp |N) + cos b cosp |S) + sin g |G) (1.1)
n) = cosYp|N) — sin¢p|S) (1.2)
where ¢ p is the -’ mixing angle and Zg‘; = sin?1) is the gluonium fraction in the 7/

meson, while we neglect the gluonium content in the 7 meson. According to ref. [8] the
state |G) could be the 7(1405): a pseudoscalar glue ball candidate.



The ratio Ry = BR(¢ — 1/v)/BR(¢ — 1) is related to the ¢p and ¢ parameters by
the formula [6]:

Z, tanyy 2 D 3
Ry = cot?ppeostg (1 — 224 U 1.3
¢ = cotPpcosTi < m Zssin2yp Py (1.3)

where p,, and p, are the momenta of the 1’ and 7 meson respectively in the ¢ reference
frame, mgs/m = 2mg/(m, + my) is the constituent quark mass ratio and vy is the ¢-
w mixing angle. Following ref. [3] we define the constant C; = (¢q,|qqy) as the overlap
between the spatial wave functions of the quark-antiquark pair in the p and the n meson.
Isospin symmetry is assumed exact, so that m, = my = m and the following further

relations follow:

Cq = <qgn’ qgw> = <qu’ qu>a Cs = <3§n’ 3<§¢>>7 C7T = <ng’ qgw> = <QQ7r’ qu>

where we indicate with |¢g,) and |¢q.,) the ¢g spatial wave function in the 7 and w mesons,
and with |s5,) and |s54) the 5s spatial wave function in the 7 and ¢ mesons. The parameters
Z, and Zg are the ratios: Z; = C,/C; and Z; = Cg/Cr. In this model SU(3)gavour
breaking effects are accounted for by the different values of the effective quark masses,
mg > my, = mg = m, and by Z, # Z,.

In our previous analysis [6] the parameters Z,, Z,, 1y and ms/m were taken from
ref. [3] where BR(¢ — n'~) and BR(¢ — ny) were fitted together with other V' — P~ decay
rates (V indicates the vector mesons p,w, ¢ and P the pseudoscalars 7°,7,7') assuming no
7’ gluonium content. We fitted [6] our measurement

_ BR(¢ = 1n'7)

Ro = BR(¢ — 177)

= (4.77 £ 0.095101. £ 0.195y5.) x 1072

together with the available data [9] on T'( — v7)/T(7% — +¥), T'(n' — py)/T(w — 7°7)
and I'(n’ — wy)/T(w — 7%y). The dependence of these ratios on the mixing angle 1)p and
the gluonium content ¢ is given by the following equations:

X,y = sinp costpg, Y, = cosyp costg

/ 3 2
M = E <M> <5ﬁ costg sinyyp + \/Eﬁ cosya COS?/)p) (1.4)

(@0 —7) 9 \mgo Jq [s
3
F(n/ — pfy) B Zg m%/ — mi My, 9
=3 — | X (1.5)
[w — 70) cos?(py) \ mZ —mZ  m,y K

3
T —wy) _ 1 (my—m my m ?
! "V -4 _—. L. Xy +2—7 -t Y, | . 1.6
Twoa0y) 3\ m2_mZ my g Xy + .2 anyyY, (1.6)

where fr is the pion decay constant and f, and fs are the decay constants of the isospin
singlet states (mainly 7,7’ mesons) in the no-anomaly limit [5]. The fit result was p =
(39.7 £0.7)° and Z} = sin®ig = 0.14 £ 0.04, P(x?) = 49%. Imposing ¢ = 0 the x>
probability of the fit decreased to 1%.



In ref. [4], a procedure similar to [3] has been adopted, but they fitted also the gluonium
component in the 1’ wave function that was previously fixed at zero. The result Zg‘; =
0.04 £ 0.09 deviates lo from our value but with a larger error. In refs. [4] and [7] this
difference was attributed to the use in our fit of the parameters Z, and Z, obtained in
ref. [3] assuming no gluonium content. However further tests of the fit procedure showed
that Z% and 1p are marginally sensitive to large variations of Z, and Zs [10]. Here we
repeat the fit with a larger number of free parameters, including Z, and Z,.

2 Fit description

In order to enlarge the set of parameters used in the fit we add to the equations (1.4)—(1.6)
the following further relations that can be derived directly from [4]:

3
Nw — ny) 1 m ) 2 m? - m??
m = § Zq COS'[/JP — 2m_SZS tan’l/}v Slnwp W (21)

0
3
Lo =) - gocostip (1= my m, (2:2)
Iw — 797) Ycos?ypy \ mZ —m2, my ‘
3
L—m) _ 1 Z, tanyy costp oy sine) 2 M@ (2.3)
T(w — n0y) g |Fo eV eosvr o, S S0P |\ 2 Zm2, my '
2 2 3
Lo =m0 _ gy . [ M6 a0 M (2.4)
INw — 79) ma—mfro me
[(K* — K*7) 2me —1\? (Ml — M g\
DEO = K%) — \1+2 ) "\m2,—m, m 29
mn K*0 KO Kt

Notice that, differently from [4] where the VP~ couplings are fitted, we fit directly ratios
of partial decay widths. This allows both to reduce the parameters involved in the fit
(two of them cancel out in the ratios), and to simplify the error treatment using quantities
proportional (directly or inversely) to the experimental measurements. As an example, a

ratio of I's is written as:

I'(n'—py) _ BR(@W —py) Ty
INw—7m%) BR(w—m%)T,

In this way the correlation matrix among the 7’ branching ratios and the decay widths can

be used directly . The fit is performed minimising the y? function:

X = wi— ) (V7Y (5 — )
0.
where y; are the experimental measurements of the ratios on the left side of equations (1.4)—
(1.6) and (2.1)-(2.5), y* are the theoretical predictions on the right side of the same
equations and V™! is the inverse of the covariance matrix. This last quantity is obtained
summing the contribution from the experimental error on branching ratios, decay widths



Py -0.34

7% | -0.78  -0.29

wy -0.35  -0.24 0.32

vy -0.26  -0.12 026  0.08
370 -0.28 -0.11  0.35 0.11  0.09

Ly 032 -0.02 -0.24 -0.05 -0.88 -0.08

fan py 77 wy gy 370

™

Table 1. Correlation matrix of the 1’ branching ratios from PDG-2006 fit [9].

and their correlations and the uncertainty from theoretical inputs. The method is the
same of our previous fit [6], but only the parameters f,/fr = 1.00 £ 0.01 and fs/fr =
1.440.014 [11] are taken as input, while in the past also Zs, Z,, ¥y and m,/m were fixed.
The parameters f,/fr and fs/fr involve only the ratio I'(f — ~v)/I'(7° — ~v). The
contribution from theoretical error is evaluated by standard error propagation:

vth — A CAT

where C is the covariance matrix of the uncorrelated parameters x; = f,/fr and 2o = f5/ f=
and A is:

(), =
g aﬁﬂj
The covariance matrix V is indeed:

V = VexP + Vth

where V&P is the covariance matrix of the data used in the fit. Particularly relevant is the
correlation between the ' branching fractions and the decay widths shown in table 1.

The 7’ width and the 7 — 77 branching ratio are 88% correlated. This is because
the 7 width is evaluated dividing the I'(n’ — 77), obtained by measuring the cross section
o(eTe” — nete™), by the  — ~v branching ratio. The fit results and the correlation
matrix are shown in table 2. The gluonium fraction Zg‘; = 0.105 £ 0.037 is 2.8¢ from zero.
In order to identify the measurements which require the presence of the gluonium in the 7’
we have repeated the fit fixing Zg at zero. The results of the fit are shown in table 2. The
x? probability is now quite low, reflecting the 2.80 effect seen in the previous fit, while the
pseudoscalar mixing angle is quite stable.

In figure 1 we show for each measurement the pulls of the two fits, defined as p; =
(yi — y*)/oy,. The measurement which does not fit in the no-gluonium hypothesis is the
ratio I'(n’ — ~v7)/T(7® — ~7), whose pull is less than —3, bringing the x? probability to
1.1%. Tt becomes ~—1 when gluonium is allowed. We have then repeated the fit without
using the I'(f — ~7)/T(7° — ~~) information. The result is compared with ref. [4] in
table 3. The results of the two fits are in agreement, making it evident that the origin
of the discrepancy with ref. [4] is due to their neglecting the I'(f — ~v)/T(7° — ~7)
datum. In ref. [4] the couplings among the vectors and the pseudoscalar mesons are used



Za free Za =0
x%/ndf (CL) | 5/3 (17%) 13/4 (1.1%)
ZZ 0.105 % 0.037 0 fixed
Vp (40.7 £ 0.7)° | (41.6+0.5)°
Z, 0.866 4 0.025 | 0.863 + 0.024
Z, 0.79 + 0.05 0.78 + 0.05
Yy (3.15 £ 0.10)° | (3.17 £ 0.10)°
ms/m 1.24 4+ 0.07 1.24 4 0.07
Yp | -0.513
Z, | 0.003 0.041
Zs | 0.088 -0.188 0.050
Yy | -0.068 -0.019 0.150 0.077
ms/m | 0 0 0 093 0
ZZ Yp Zy Zs Yy

Table 2. Fit results using the PDG-2006 data [9] and their correlation matrix.

F - yW/r (- vy F( = yW/r (- yy)
r(n' - pyIr (- 1ty) I r(n' - pyIr(w - 1ty) -
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T - WY/ (w-Ty) - T’ = WY (0 = TO\ e—
(1Y (AT | Y R— M (0 nY/F (e - 1Y) —_
M (p - Ny (w - 18Y) - M (p - Ny (w - 18Y) L
M (@-ny/r (@ -1ty) L M(@-ny/r(w-1ty)
M (@- 1ty (- 1ty) L M (@- 1ty (- 1ty)
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Figure 1. Pulls of the fit shown in table 2, left: Z¢ free, right: Zg = 0 (fixed).

in place of the width ratio. The couplings are related to the partial decay width by the

following formulae:

2
9v Py
a7

L9vpy
3 4w

I(V — Py) = D(P—Vy) = |7 °

125,

In order to make a full comparison between the two methods we have performed the fit

also using the couplings and we have obtain the same results [12].



Fit with PDG-2006 Fit of
ref. [4]
2 /ndf (CL) 1.8/2 (41%) 4.2/4 (38%)
Z(Q; 0.03 &= 0.06 0.04 £ 0.09
b (10 £ 10)° (12 £ 13)°
bp (41.6 £ 0.8)° | (414 £ 1.3)°
Zq 0.85 = 0.03 0.86 &= 0.03
Ly 0.78 £ 0.05 0.79 £ 0.05
by (3.16 £ 0.10)° | (3.2 £ 0.1)°
ms/m 1.24 £ 0.07 1.24 £ 0.07

Table 3. Comparison among the fit results without the " — v/ — ~vv measurements and the
results of ref. [4]. PDG-2006 data [9] have been used in both fits.

Za free Za = 0 fixed
x%/ndf (CL) | 7.9/3 (5%) | 15/4 (5 x 1073)
Zg 0.097 + 0.037 0 fixed
Vp (41.0 £ 0.7)° | (41.7+0.5)°
Z, 0.86 4 0.02 0.86 4 0.02
A 0.79 + 0.05 0.78 £ 0.05
Yy (3.17 £ 0.09)° | (3.19 £ 0.09)°
ms/m 1.24 £ 0.07 1.24 £ 0.07

Table 4. Fit results using the PDG-2008 data.

Pp -0.502

Zy -0.072  0.161

Zs 0.081 -0.180 0.028

vy -0.082 0.013 0.169 0.078
mg/m 0 0 0 0.940 0

ZZ Yp Z, Zs v

Table 5. Correlation matrix from the fit shown in table 4.

3 Update with the recent PDG results

In the Review of Particle Physics [13] new measurements of the p, w, n and 1’ mesons have
been included, which change slightly the partial decay widths used in the fit. Therefore
we repeat the fit using these updated values together with our Ry measurement. All the
correlation coefficients among the measurements are taken into account in the fit. The
results of the fit are shown in table 4 and the correlation matrix in table 5; the pulls of the
fit are shown in figure 2.

The results in table 4 show that the gluonium hypothesis is still highly favoured with
respect to the null gluonium hypothesis. Nevertheless the fit probability is quite low also
in the gluonium hypothesis: it goes from 17% using PDGO06 data to 5% using PDG08 data.



rM' - yWir -y rn' - yWir e -yy
r(n' -~ pYIT (0 1ty) I r(n' -~ pYIT (0 1ty) -
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Figure 2. Pulls of the fit using PDG-2008 data, left: Zg free, right: Zg = 0 (fixed).

The reason of the worsening of the fit is found comparing the pulls of the new fit (figure 2)
with the previous one (figure 1). In particular, the pull of the ratio I'(w — 1) /I'(w — 7°7)
goes from -0.93 using PDG-2006 data to -1.5 using PDG-2008 while the pull of the ratio
I'(p — n7y)/T(w — %) goes from -0.14 to +0.39. This happens because the PDG estimate
of the BR(w — 1) has changed from (4.9 40.5) x 10™* to (4.6 £0.4) x 1074, lowering the
I'’s ratio and worsening the pull.!

The BR(w — ny) and BR(p — ny) PDG values are dominated by the measurement of
the ete™ — 7y cross section by SND [14] as a function of 1/s in the p, w, ¢ mass range. From
the measured cross section they extract the p, w partial decay widths assuming the Vector
Meson Dominance model and a parametrisation for the p’ resonance. Some correlation is
therefore expected between the p and the w partial decay widths which are not discussed
in ref. [14], moreover the decay widths are model dependent. The average value reported
by PDG-2008, BR(w — 7y) = (6.3 + 1.3) x 107%, is dominated by a model independent
measurement [15] and is 1.20 away from the PDG fit. Using this value for BR(w — 1) we
obtain a much better x? probability: P(x?) = 28% in the gluonium hypothesis and 1.1%
fixing the gluonium at zero [12]. Both gluonium content and pseudoscalar mixing angle are
unchanged (ZZ = 0.11 £ 0.04, 1p = (40.6 £ 0.7)° in the gluonium hypothesis). Therefore
we will use the average value for BR(w — 7y) in the following.

YA fit without the I'(y’ — ~v)/I'(r° — ~v) ratio has been performed in order to check its effect on the
w — 1y and p — 7y pulls. In this case the x?/ndf of the fit is high also in the null gluonium hypothesis,
nevertheless the T'(w — nv)/T(w — 7°y) pull is -0.68 while the T'(p — nv)/T(w — 7%y) pull is +1.1.
In other words the BR(w — 7) fits better while the BR(p — ny) fits worse. The difference of the two
measurements from the best fit is still ~ 20, therefore the poor x? with PDG-2008 data is not due to
n" — 77 but to the inconsistency between I'(w — 7y) and I'(p — 1y) measurements.



Za free Za = 0 fixed
x%/ndf (CL) | 4.6/3 (20%) | 14.7/4 (0.5%)
Z2, 0.115 + 0.036 0

VYp (40.4 £ 0.6)° | (41.4+0.5)°

Z, 0.936 4 0.025 | 0.927 + 0.023

Zs 0.83 + 0.05 0.82 + 0.05

Yy (3.32 £ 0.09)° | (3.34 £ 0.09)°
ms/m 1.24 4+ 0.07 1.24 4 0.07

Table 6. Fit results using PDG-2008 inputs, BR(w — ny) from PDG direct measurement average
and the KLOE BR(w — 7°y) and R4. The equations (4.1) have been used for the f,/fr and fs/fx
parameters.

Yp | -0.507

Zy 0.063 -0.018

Ly 0.092 -0.189 0.013

Yy -0.059 -0.012 0.045 0.028

ms/m | -0.002 0.003 0.001 0.949 0.000
25 Wp Zy  Zs Wy

Table 7. Correlation matrix of the fit shown in table 6.

4 Update with the new KLOE measurement of BR(w — 7%)

The relations (1.5), (1.6) and (2.1)-(2.4) are dependent from the w — 7’y decay rate.
Recently we have improved the measurement of this branching fraction BR(w — 7'v) =
(8.09 £ 0.14)% [16]. This value is about 30 different from the PDG 2008 value: BR(w —
707) = (8.9240.24)%. We then performed the fit using our measurement of BR(w — 7%v).

Moreover f,/f= and fs/fr have been fixed according to ref. [5]. In the exact isospin

fs=1/2f% — I

hold, where fr and fx are the 7 and K decay constants. Therefore fs/fr = \/2f%/f2 — 1.
Using fx/fr from lattice calculation [18] we get:

Jo v s 350 40007, (4.1)

fr fr

The results of the fit are shown in table 6 and the correlation matrix in table 7.

symmetry approximation the relations

fq = f7r;

The n-n’ mixing angle and the 7’ gluonium content are not substantially modified, but
the x? probability is improved with respect to the previous fits. The ¢ — w mixing angle,
1y, is also slightly changed from (3.17 £0.09)° to (3.32 £0.09)° by our new measurement
of BR(w — 7v), ¥y being directly related to the ratio I'(¢p — 7V)/T(w — 7%) (see

eq. (2.4)).
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Figure 3. 68% confidence level regions of the shown measurements in the Zé, 1p plane.

width ratio | fitted value | error width ratio | fitted value | error
L(n'—77) Too—m7)
= 570 35 e 0.061 0.004
n—py —ny
Iﬁ(&ﬂoy)) 0.0735 0.007 Tu—rt7) 0.072 0.003
—n'y L(p—7"7)
I{‘((diﬂm)) 0.0047 0.0002 (W ) 0.0079 0.0004
2\ —wy) NK*tSK
s 0.0087 | 0.0010 || DKy 0.43 0.06
s 0.0064 | 0.0015
w—mly)

Table 8. Fitted values of the I' ratios.

In figure 3 we show the 68% CL contour of the 1’ related measurements in the Z(z;, Pp
plane where the contribution of each measurement to the fit results can be appreciated.
The best fit values of the width ratios are shown in table 8 together with their correlation
coefficients in table 9.

5 Prospects with improved measurements

We have shown that within the precision of the available data the crucial measurement
sensitive to the 1’ gluonium content is I'(n’ — ~7)/T(7® — 7). The theoretical framework
used to describe ' — ~v and V' — P~ transition is different. In fact while in the first
case we have a quark-antiquark annihilation into two photons, in the second case we have
a transition among two mesons with photon emission via the spin flip of one of the two
quarks. Therefore it is important both to reach a sensitivity to the gluonium independently
from the 7 — v decay and to measure again the ’ — ~~ branching ratio.



n py 0.28

on'y 0 0

n'wy 024 048 0

wny 0 0.04 0 0.28

oy 0 013 0 008 005

oy 0 028 0 018 010 0

PO 0 017 0 011 006 0 0.36

KKty | 0 0 0 0 0 0 0 0
Wy ey ey mwy wny py dny om’y

Table 9. Correlation coefficients of the best-fitted values.

with n’ — vy/7% — vy | without ' — vy/7° — v
Zé 0.12 4+ 0.03 0.11 + 0.04
bp (40.5 £ 0.6)° (40.5 + 0.6)°
ZNS 0.93 4+ 0.02 0.93 4+ 0.03
Zg 0.83 4+ 0.05 0.83 4+ 0.05
by (3.32 + 0.08)° (3.32 + 0.09)°
ms/m 1.24 + 0.07 1.24 + 0.07

Table 10. Fit values assuming 1% error on the  branching fractions: left: using ' — vv/7% — v,
right: without using ' — yy/7% — 7.

The i’ — ~v branching ratio affects directly the 1’ decay width while the ' — 7T

™
and the 7 — 7%7%) branching ratios affect the systematic errors on the R, measure-
ment [6]. The increase of the precision on all main 7’ branching fractions at 1% level could
lead the gluonium contribution to ~ 40 (see table 10). The results shown in the table are
obtained assuming as central value of all measurements the width ratios shown in table 8
and assigning to all 7' branching ratios a 1% error (the error on I';y and Ry has been re-
computed accordingly); the correlation matrix is taken equal to the present measurements.
The fit gives a large 7' gluonium component even without using the ' — yv/7° — vy
measurement (see table 10, right column).

In figure 4 the expected 68% CL contour in the plane ¢p, Z(Q; is shown. Notice that
the ’ — ~v measurement would be not needed anymore to have a significative gluo-
nium component.

A big improvement in the gluonium content determination can be obtained by mea-
suring the 7’ decay width directly through the measurement of o(ete™ — ete y*v* —
ete™n'). The measurement of this cross section at 1% level and the 7’ — ~v branching
ratio at the same level of accuracy would allow to determine the n’ width:

r, - Yo' =)
" BR( =)

with a fractional error of ~ 1.4%. In figure 4, right the 68% CL contours in the (¢ p, Z(Q})
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Figure 4. Future prospects: one sigma confidence regions in the (¢p, Z2) plane assuming present
fitted measurements but with reduced errors: left: with 1% error on 1’ branching ratios, right: as
before plus 1% precision on I'(n’ — 7).

parameter plane are shown for all 1’ related measurements. The improvement in the fit
accuracy is evident. The gluonium contribution would be measured at ~ 5¢.

6 Conclusions

The origin of the difference between the KLOE result [6] on the " gluonium content and
ref. [4] is the use of the I'(n’ — 47)/T(7® — ~7) measurement. A global fit to all measured
V — P~ and P — V- transitions of light mesons has been performed extracting all the
relevant parameters. The new results are slightly different from our previous results but
confirm the presence of a significative gluonium contribution in the 1’ meson. The origin
of this contribution has been investigated and found to stem mainly from the T'(n’ —
) /T (%) measurement. The fit has been updated with all recent measurements from
PDG [13] and some disagreement with the PDG fitted value of the BR(w — 7y) has been
found. The average of the w — 7y branching ratio is therefore preferred to the PDG fit and
a better fit is obtained while the gluonium content and the mixing angle are unaffected. The
result has been updated using the recent KLOE measurement of the w — 7’y branching
ratio and the lattice results for f,/fr and fs/fr assuming exact isospin symmetry. The
mixing angle and the gluonium content are again marginally affected by this measurement
while a slightly larger ¢ — w mixing angle is obtained.

Finally, we have estimated the impact of future improvements in the measurements of
the i’ branching ratios and n’ width in the gluonium content determination. A 50 evidence

could be obtained with a 1% precision on each measurement.
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