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Abstract

We report on the application of a matched filter to the data of two-mode resonant
gravitational wave antennas for the detection of burst signals, with reference to data
obtained by direct acquisition, i.e. without going through lock-in amplifiers, sampled
at relatively high speed.

After a review of the basic model of resonant detectors, that includes a discussion
of the signal and of the noise, we present a detailed mathematical derivation of the
optimum filter matched to an input burst. We then analyze and discuss the perfor-
mance of the matched filter as regards both the improvement of the signal to noise
ratio and the observation bandwidth, also considering the adaptive realization of the
filter, based on the actual spectrum of the noise as estimated from the data.

The discussion that follows is centered on various aspects concerning the practical
application of the matched filter as well as the loss of performance due both to un-
certainties on the parameters used for building the filter and to various discretization
effects, both in the time and frequency domains.

Finally, we consider some experimental results obtained by applying the matched
filter to the data of the Explorer detector, also providing a comparison with what
we obtained by applying an optimum filter to data processed by lock-in amplifiers,
sampled at lower speed.

PACS. 04.80.4z - Experimental tests of general relativity and observation of grav-
itational radiation.
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1. - The experimental apparatus

1.1 Model of the bar-transducer system

We consider a cylindrical gravitational wave antenna of mass M and length L, whose
vibrations are observed at the frequency of its first longitudinal mode v,, which is
coupled to the gravitational radiation field. The vibrations of the bar are converted
into an electrical signal by an electromechanical transducer of mass M;, resonating
at the antenna frequency in order to improve the energy transfer from the bar to
the electronics. The capacitive transducer is bolted to one end of the antenna, and
consists of a fixed plate and of a vibrating disk. The transduction constant a between
the disk vibrations and the output voltage is

o=yt [Vm] (1.1)
where d is the transducer gap, V, the bias voltage and ~v; is a geometrical factor,
typically ~ 0.85. The transducer output signal is connected to a d.c. SQUID amplifier
through a decoupling capacitance and a superconducting transformer used to obtain
the proper matching between the high impedance of the transducer and the low
impedance of the input coil of the SQUID.

The bar, the resonant trasducer and the LC' electrical circuit at the transducer
output form a system of three coupled oscillators. Two mechanical oscillators, the bar
at frequency v, and the transducer at frequency v,; one electrical oscillator, the LC
circuit with resonance frequency vg. Since this work aims at clarifying the operation
of the filters used to analyse the data, we shall consider a specific particular case, for
which the mathematical treatment is greatly simplified. We assume in the following:
a) that the frequency of the electrical oscillator is sufficiently larger than those of the
mechanical oscillators (ve >> v;,1,) so that we can neglect its effect on the dynamical
behaviour of the system:;

b) that the frequencies of the two mechanical oscillators are very close, i.e. v, ~ v,
(within few Hz), as required for optimum energy coupling.

We consider therefore a two-mode approximation for the three-mode detection sys-
tem, which turns out to be very accurate for representing the experimental behavior
of the antenna EXPLORER [1].

The block diagram of the experimental apparatus of this detector is shown in
fig. 1.1. The signal at the SQUID output is processed by means of two different
procedures: 1) it is first filtered with a bandpass filter with flat response in the
frequency range (902 — 926) Hz, that includes the resonances of the two modes, and
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strong attenuation outside, and then it is directly sampled at the rate of 220 Hz
(At = 4.5 ms). As a result, the signals in the region of our interest between 900 and
927.5 Hz are transposed in the range 20-47.5 Hz.

2) it is sent to four lock-in amplifiers !, whose outputs are sampled at a much slower
rate, 0.34 Hz (At = 0.290 s).

The lock-in amplifiers demodulate the signal at the frequencies of the two resonance
modes, v_ and vy, at the frequency of the calibration signal ? used to monitor the
gain of the SQUID, and at a frequency in the region between the two modes that
provides information on the wideband noise.

Fig. 1.2 shows the model of the bar-transducer system. The mechanical parame-
ters of the bar and of the transducer oscillators are the reduced masses m, = M/2,
m, = v M;, the stiffnesses k, = m,w.?, k, = myw,* and the dissipation coefficients
Bz, By. The bar and the transducer are considered as point-like masses, with dis-
placements x(¢) and y(¢) from their equilibrium positions. The electrical output of
the transducer is proportional to the difference between the displacements of the bar
and of the transducer, u(t) = y(t) — z(1).

If f.(¢) and f,(t) are external forces, acting respectively on the masses m, and
m,, then the equations representing the system are [2, 3]:

M@ + Mmaw, e + 2myBea + myw,*(z — y) + 2my,B,(2 —y) = fa (1.2)
myg+mywy2(y_I)‘I'meﬁy(y'_i) = fy (1.3)
Using the Fourier transforms, we derive
X(w) = Fr(gw)Wea(jw) + 1y (jw)Way (jw)
Y(jw) = Fo(jw)Wy(jw) + Fy(jw) Wy, (jw)
where the transfer functions from the forces to the displacements are:

—w? + wz + 2jwp,

Wes(jw) = mzD(jw)

(1.4)

— g + 2l + i)

Wyy(jw) = myD(ju))

(1.5)

'a lock-in amplifier extracts the Fourier component of the input signal at a chosen frequency:
the two output signals of a lock-in are proportional to the real and imaginary part of the complex
oscillation of the observed antenna mode

2Since the gain of the SQUID amplifier, that is the slope of its V/¢ characteristics, may be not
constant in time, it is continuously monitored by applying a reference magnetic field at a frequency
Veqi- The corresponding output signal is used to normalize the data.



W y(]w) Wy (]w) mID(jw) ( 6)
with m
y
= 1.
s (17
D(jw) = wt — jWPA+ W B+ jwC + wzwj 1.8)

A =2[(B: + pBy) + 5] (1.9)
B= it 1) — B — 18,50+ 1)
C' = 2wy (Bs + By — 1) + 2B,w;
For the signal u(t) = y(t) — (¢) the transfer functions are:

Wy (o) = ZU2) _ w4 2P, (1.11)

Fy(jw) a my D(jw)

For a system without dissipations (8, = (8, = 0) it is possible to derive a sim-
ple solution of the equation D(jw) = 0, obtaining the following expression for the
resonance frequencies of the two modes

, w4 ) w2 021+ p)]? - ek .
Wl = 5 (1.12)

In the case of perfect tuning of the bar and the tranducer (v, = w, = wy) we obtain

gl
= 1+ £ Ll
W4 WO\I + 5 T+ 1

we ~wo(l £ \/7/7) (1.13)

and, being p < 1,

In this case the quantity w} — w? is minimum:

Wi —wl =2/ /(1 4 p/2) > 2w/ (1.14)

and the energy transfer between the two coupled oscillators is total. The energy
transfer is, however, still close to the maximum, and the above approximation holds,
when



|wo — wy| K (wr +wy)y/p/4 (1.15)

which we assume as the practical tuning condition for all the considerations that
follow.

If we consider the dissipations, equation (1.13) is still valid with very good accu-
racy because in the cases of our interest 3., 3, < w;,w,, being @), @), > 1. The
merit factors (), and @), of the two uncoupled oscillators are

W,y

oy = 1.16
Q 'Y 26z7y ( )
those of the modes of the coupled system

Qi = = (1.17)

28

For a very tight coupling of the oscillators, 3_ = 3, = (.

1.2 The signal

We consider here the detector response to a short gravitational wave (g.w.) pulse.
We assume the detector at rest and we model the excitation as an impulse force

fo(t) = ford(t) (1.18)

applied to the bar (m,) oscillator, whose coefficient can be expressed as a product
of an intensity fy ® and of a duration 7. We remark that the input delta function
assumption is only valid if the time duration of the applied force is small compared
with all the time constants of the apparatus and of the filters used in the data analysis
procedures, as well as with the reciprocal of the observation bandwidth of interest.
According to the above assumptions, at the time of application of the input force
the energy K, of the g.w. burst absorbed by the detector is totally converted into
kinetic energy of the bar oscillator, that is
2
E,=FE, = l@ (1.19)

2 my

from which we derive

for =\/2E,m, (1.20)

3For a short burst of g. w. of amplitude hy at wy we have fy = mengho/ﬁ2, where L 1s the
length of the bar.




The transducer displacement is obtained by antitrasforming the equation U(jw) =
Wiy (jw) Fi(jw) (see equation (1.10))

foT

m[w+€_ﬁ+tsinw+t — w_e_ﬁ_tsinw_t} (121)

Usig(t) =
and the corresponding signal at the transducer output is

afor

my(wl — w?) [

Vi, (1) = wye P sinw t — w_e_ﬁ‘tsinw_t} (1.22)

1.3 The noise

The Brownian noise, that is the thermal noise of the two mechanical oscillators, is
evaluated by using the generalized Nyquist theorem which associates to each dissi-
pative element a noise generator of suitable power spectral density. The mechanical
dissipations 28,/m., 28,/m, correspond to noise force generators with two-sided
spectral density

Sty = AkTBomy 3 S, = 4kTB,m, (1.23)
where k = 1.38-107%® is the Boltzmann constant and T is the thermodynamical tem-
perature. The corresponding spectral densities of the displacement u(t) are therefore
given by

Suz = Syl Wue(GO)P 5 Suy = S, Wy () [ (1.24)

The back-action effect of the amplifier noise through the transducer on the me-
chanical oscillators may be expressed by a random force f,(¢) with spectrum S¢(w).
If this spectrum is flat, under reasonable assumptions discussed in [6], we can write
the total noise force spectra, due to both the Nyquist and the back-action force, as

St = 4T . Bomy 3 Sy = 4KT. Bym, (1.25)

where we have introduced the equivalent temperature T, defined as the temperature
which would provide the same output noise as given by both the Nyquist force and
the back-action. The total narrowband noise spectrum, at the transducer output, is

Sup(w) = S| Waa (jw)|* + 0 S 1y [Way (jw) (1.26)
and the corresponding mean square voltages, for the two modes are:

‘/bzi = 4kT602(|WuI(]wi)|2mrﬁz —I_ |Wuy(jw:t)|2myﬁy)/6:t (127)

It can be demonstrated that (1.27) can be simplified as follows when the tuning
condition between bar and the transducer is fulfilled:



kT,

‘ 2
2mywi

Vi, =a’ (1.28)
The signal to noise ratio is usually defined in terms of mean square values. Here
we consider more convenient to express this quantity in terms of ratio between the
square of the maximum of the signal and the mean square value of the noise.
When the tuning condition is fulfilled, for a signal of energy F; = kT, we have
from eqs. (1.20) and (1.22)

202k T,
Vo~ (1.29)
My
The total narrow band noise variance is
2ET,
2 V2 4 VE e 1.30
Tnb br_ + bry mng ( )
the signal to noise ratio is therefore:
(SNR)o = V2, Jor, =2T,/T. (1.31)

which means that the square of the peak value of the signal is twice the mean square
value of the noise for a signal having the same energy of the noise.



Figure 1.1: Block diagram of the experimental apparatus

Figure 1.2: Model of the bar-transducer system



1.4 Model of the electrical circuit and of the SQUID

Fig.1.3 represents the electrical circuit from the transducer to the SQUID amplifier.
Cy and (), are the transducer active and parasitic capacitances; Cy is the decoupling
capacitance. The transformer has primary inductance Ly, secondary inductance L,
with turn ratio N = y/Lo/Ls. Lj, is the inductance of the input coil of the SQUID,
coupled through the mutual inductance M.

We analyze the circuit obtaining the following expression for the current I flowing

through the input coil of the SQUID
Cy Nk,

[(jw) = Vi(hw : 1.32
where
Z(jw) ! + jwlo(1 k?)—I—R (1.33)
W)= —— + jw - — .
J jwC Jw Lo e
with v = Lzﬂ’ C = % and R representing the losses of the electrical circuit.
The impedance Z(jw) resonates at the angular frequency
1
We = - (1.34)
LoC(1 — &)

which we consider rather larger than the resonances of the mechanical modes (v ~
1.8kHz,v_ ~ v, ~900Hz). As a consequence, we can assume the impedance Z(jw)
constant in the frequency range of our interest:

Zjer) ~ Zjer-) ~ Zljoos) = Zo (1.35)
The SQUID input current is therefore

(t) Ot th’Ut(t)
7 =
Ce+Cp, 7520

(1.36)

where we have neglected the delay introduced by the electrical circuit (the impedance
can be assumed constant, but it is not real). The corresponding magnetic flux in the
SQUID is given by

o(t) = M i(t) (1.37)

and the output voltage of the SQUID amplifier, proportional to the flux, is
V(t) = Ad(t) (1.38)
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The value of A is evaluated experimentally by means of a known continuous cal-
ibration signal at a frequency vy, usually chosen between the resonance frequencies
of the two modes, providing

A= ‘/cal/qbcal (139)

where ¢4 1s the applied flux and V,,; is the corresponding output.
Overall, we represent the operation of the electrical circuit and of the SQUID amplifier
with a constant

V(O/Vi(t) = AB

where B = ¢(t)/Vi(t) is the proportionality constant between the (unloaded) trans-

ducer voltage and the SQUID magnetic flux, given by
_ C; NEM
B Ct —I' Cp V.SZO

(1.40)

According to the above model, the magnetic flux in the SQUID corresponding to
the standard signal (1.22) is

bsig(t) = aBusig(t)

where g, () is the displacement given by (1.21).
Hence the signal measured at the output of the electronic chain is:

2kT, 1

m,; (wi —w?

‘/sig (t) = aAB

) {w+e_ﬁ+t5inw+t - w_e_ﬁ‘tsinw_t} (1.41)

(where we have introduced Ts = E,/k)
The r.m.s. magnetic flux in the SQUID due to the narrowband noise at the two
modes, when the tuning condition is fulfilled, is obtained from equation (1.28)

kT,

‘ 2
2mywi

qbbr’:t =aB

(1.42)

and the corresponding r.m.s. output voltage, is

ET.
+ = aAB,| —— 1.4:
Vire = a Zmywi ( 3)

In addition to the narrowband noise we have the noise due to the SQUID and its
associated instrumentation, which we assume to have a flat spectrum in the frequency
range of our interest. This wideband noise has spectrum S, when expressed in terms
of magnetic flux in the SQUID, or S,, = S,/ B? if referred to the transducer voltage.
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Therefore the total noise spectrum referred at the transducer, using equation (1.26),

18

Si(w) = Su + 0S| Wae (jw) [* + oSy [Woy (jw) (1.44)

We remark that in addition to this noise, due to known physical effects, we may have
some excess noise of non stationary nature due to possible unknown noise sources.

10



Figure 1.3: Electrical circuit from the transducer to the SQUID. C; and C, are
the transducer active and parasitic capacitance; Cy is the decoupling capacitance;
Lg is the transformer primary inductance; L, the secondary inductance; L;, is the
inductance of the input coil of the SQUID; M is the mutual inductance.
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2. - “Slow” filtering of the data processed by the lock-in amplifiers

We briefly recall here the procedure used to filter the data of the “slow” line, that is
the data processed by means of lock-in amplifiers, where the two resonant modes are
observed and filtered separately.

If we consider the data after the lock-in amplifiers, at each of the two resonance
modes, it is possible to show [7] that the system can be represented with the equivalent
model given in fig. 2.1, where S,,; is the narrowband noise spectrum at the resonance
frequency and S, is the wideband noise spectrum observed sufficiently far from the
two resonance frequencies. Wy = (31/(81 + jw) represents the transfer function of the
mechanical oscillator, as seen through the lock-in amplifier, where (3; is the dissipation
coefficient of the mode (G- or 1) and Wy = (5/(F2 4+ jw) represents the filtering
action of the lock-in.

In the absence of signals and of non-Gaussian disturbances the two outputs of the
lock-in’s, indicated with x(t) and y(t), are Gaussian variables (the noise, both thermal
and electronic, has Gaussian distribution with zero mean). We usually consider the
quantity

ri(t) = 2*(t) +y*(1) (2.1)

which under suitable normalization represents the energy of the antenna’s resonant
mode. The variable r?(¢) has exponential distribution with mean value T, [7].

The best estimation of an input short signal, modeled as a delta function, whose
effect is to modify the vibration status of the observed mode, is obtained by using a
Wiener filter. This is done by filtering each of the two streams x(¢) and y(¢) with the
transfer function [7]

! 1 32
14T WiW, B2+ w?

W (jw) (2.2)

where
/83 ~ /BI/FE (23)
defines the overall bandwidth of the detection system (i.e. including the filter),

— 2.4
S (2.4)

is the spectral ratio at the resonance frequency, typically < 1 (in the Explorer detector
it is of the order of 10~7) and

Sno = Vi /B (2.5)
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with Vi, = Vi, given in eq. (1.28). The bandwidth 5 is much larger than the me-
chanical bandwidth of the antenna oscillator (35 > (31), as can be simply understood
noticing that the bar responds in the same way to an excitation due to a g.w. burst
and to the brownian noise and, therefore, the bandwidth of the signal to noise ratio is
limited only by the noise of the electronic amplifier. The factor (W, W3)™!, eq. (2.2),
is an inverse filter that cancels the dynamics of the antenna, and 33/(33 + w?) is a
non causal smoothing filter, that minimizes the contribution of the wideband noise.

The filtered data zp(t) and yp(t) are squared and summed to obtain the quantity
pi(t) = zp(t)* + yr(t)* representing the estimate of the energy innovation of the
detector over a time scale of ~ 1/85. By performing the above operation separately
at the two modes we have two independent estimates p? (t), p3 (t) of the input energy
innovation which we combine together with the rule

Prin(t) = min(p’ (1), p% (1)) (2.6)

where each sample of the final sequence is obtained by selecting the minimum value
between the two corresponding samples of the mode sequences.

The quantity p2,,, in the absence of signals, has exponential distribution (as
p? and p3). When the filter is normalized so that pZ; (0) represents the energy
(expressed in kelvin) of a short burst applied at t = 0, the mean value of the noise
distribution of p2 . 1is the so called effective noise temperature Te;s. This quantity
expresses the overall sensitivity of the apparatus for pulse detection, as it represents
the minimum detectable energy of a burst with signal to noise ratio ! equal to 1.

It can be shown that for each mode separately, in the case of perfect tuning

(- =T4 =T), we have:

Toss ~ 8TNT (2.7)

and that the effective temperature of the sequence obtained using the rule (2.6) is
given by

TG, =T +T;" (2.8)
that is we have

Tops ~ ATANT (2.9)

The Wiener filter can be realized as discussed above, that is with fixed values of the
parameters, or using adaptive techniques, where the parameters are derived from the

!Here we consider the ratio between mean square values. When dealing with data processed by
lock-in amplifiers, infact, the quantities 2 and p? are normalized to represent the mean square value
(energy) of the signal.
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estimation of the actual noise spectrum of the data and are therefore periodically
updated [5].

Another approach to optimum filtering the data processed by the lock-in’ s consists
of applying the theory of the matched filter, which is discussed in the next section.
If S(jw) is the Fourier transform of the system response to an input burst of a given
shape and if Sy(w) is the total noise spectrum, then the matched filter transfer function
is:

Wi s(jw) = K 57(jw0)/5:(w) (2.10)

where K is a constant determined by calibrating the filter using signals of known
energy. It is shown in [5] that the matched filter, when aimed at detecting the
response to a delta input function, is equivalent to the Wiener filter, in the sense that
they have both the same transfer function.

15



Figure 2.1: Model of antenna, transducer and lock-in amplifier. S, is the narrowband
noise spectrum at the resonance frequency of the mode and S,, is the wideband noise
spectrum
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3. - “Fast” filtering using the matched filter

A matched filter [10] aims at detecting a signal of a given shape in the presence of
noise and determining its time of occurrence ¢y and its intensity, by maximizing the
signal to noise ratio. If o(t) is the observation, n(t) the noise and w(¢) the known
waveform of the signal, then

o(t) = n(t) + Au(t — o) (3.1)

where A and ty are unknown constants. For a white noise spectrum the matched
filter has impulse response h(t) = u(—t) and transfer function H(jw) = U*(jw),
where U(jw) is the Fourier transform of ().

When the spectrum of the noise S;(w) is not white, it is necessary to "whiten”
it and then to modify the filter transfer function. Hence, the overall matched filter
consists of two sections in cascade: a noise whitening section with transfer function
H,(jw) such that |H,(jw)|™* = Si(w), and a proper matched filter section with trans-
fer function H,(jw) = U*(jw) - H} (jw) Therefore the overall matched filter transfer
function results to be: ()
. Jw
A(jw) = —= @)

From the knowledge of the experimental apparatus it is possible to evaluate the
signal response u(t) to an input signal of a given shape. The noise spectrum S;(w)
may be derived from a model of the apparatus or it can be estimated from the data.
The latter is the "adaptive” realization of the matched filter.

We now consider the application of the matched filter to the data of the resonant
gravitational wave detector considered in the previous sections when sampled directly
at relatively high speed, much larger than for the data processed by the lock-in
amplifiers. More precisely in what follows we derive the filter matched to the response
to a delta function force applied to the bar oscillator. For simplicity we consider both
the signal and the noise referred to the transducer output voltage.

The signal response to f(t) = 6(¢) is obtained from (1.22), with Fourier transform
Vi(jw) = aW,z(jw). The expression of the total noise spectrum is given in (1.44).
Hence the matched filter transfer function is

aW,.*

(3.2)

H(jw) = 3.3
(]w) Sn + szsfﬂcﬂ/vms|2 + O‘QSfy|I/Vuy|2 ( )
which we write as follows
. 1 a? | Wz |? .
H(jo) L (3.4)

- aWum Sn + a25f$|WUl‘|2 —I_ a25f1/|Wu1/|2
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This function represents the cascade of two filters: an inverse filter, 1/(aW,,),
that cancels the dynamics of the antenna and of the transducer, and a smoothing filter,
that limits the bandwidth as required to reduce the wideband noise contribution.

3.1 Response to the signal

In the following we shall study the matched filter response to a delta input force
applied to the bar. We derive the time domain expression of the filtered signal, and
find a spectral ratio parameter, similar to the I' parameter of the Wiener filter applied
to the “slow” data, in order to compare the characteristics of the two filters.

Since the signal applied to the matched filter is aW,;(jw), the corresponding
output is a*G(w) where

Cw) = [Waal )P/ $1() (3.5)

is the transfer function of the smoothing filter section. The filtered signal, neglecting
the scale factor a?, is therefore the inverse Fourier transform of G(w).
The function

2 4
prw .
G(w) = 3.6
() p2wtalSe, + Sym2|D (jw) |2 4+ 2S¢y | — w? + 25w, + w22 (3:6)
can be written, by introducing the variable y = w?, as:
2,2
1y -
Gyly) = 3.7
with
L= Snmf/ ;o M = Snmf/(ZB + A?%) (3.8)

N = MQOéQSfx + Snmf/(Qwiwz + B? — 2AC) + a25fy
O = S,m2(2Bwiw? + C) + oSy, (452 — 2w7)

4

P = aQSfyw;l + Snmf/wiw

and A, B,C given by eq. (1.9). The poles of G, have been obtained by solving

the quartic equation using the software package Macsyma:
p=wi=a+jb; yr=wi=a—jb
yp=wi=c+jd ; yg=wj=c—jd

where [b] < |al| , |d| < |¢], b, d < 0.
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In terms of w, we have the following eight roots:

w; = +/a+ 3b —wy = —Va+jb
wy =/a — jb —wy = —/a — 3b
w3 =+/c+ jd —ws = —\/e+jd
wg =/c— jd —wy = —/c—jd

The real part of the roots are:
a=—(M/AL) + (A12/2) ~ wy? (3.9)

c=—(M/AL) — (A}2/2) ~ w_? (3.10)

where M and L are given in egs. (3.8), A = wi —w?, and the approximation is

obtained by neglecting terms with 83 with respect to wiQ.
The imaginary parts of the roots will be considered at the end of this section.
The inverse Fourier transform of G(w) is:

1 o0 wheivt d
t = —
90 = Grgt) . o e ™

1 . .
= WQW]ETGS (3.11)

By evaluating this integral in its region of convergence, that is considering the
poles:

—wi=—a —jb wy=d —jb —ws=—-c —jd wi=c —jd

we obtain the result

. (_w1)4€b't€—ja't w4€b/t€ja,t
g(t) = jl; 2 2/, 2 2/, 2 2\ s 2 2 : 2 Y 2 ]/(Snmi) +
Zwl(% - W2)(W1 - W3)(W1 - W4) 2W2(W2 - Wl)(WQ - W3)(W2 - W4)
. (_w3)4€d'te—jc't w4€dlt€jc/t
+J[2 2 2N 2 2N 2 2"’2 2 24 2 2\, 2 2]/(Snmi)
WS(W:)) Wl)(wza W2)(W3 W4) W4(W4 wl)(w4 W2)(W4 W3) (3 12)

that can be expressed as the following sum of two oscillating terms with two-sided
exponential decay

Lt
g9(t)

= o S — ) — ) ) F (el
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!
o 1t

T Sym2d (] — ) @l — R’

[m1cos(w-t) + masin(w_t)]

where

W?(W% —W:%)(Wl —W4) ¢ — JG2

(the overline bar indicates the complex coniugation) and

ws(w] — wi)(wi — wi) =m — jn
This can be simplified as follows under the high QQ approximation, that is by consid-
ering that b, d are both much smaller than «a, c:

wieb'|t| w? o4 It]
t) ~ t
90 = gt ) gy

cos(w_t) (3.13)

that in the tuning condition (see eq. 1.14) becomes

7 7
o'l o 1t

— )+ ———— _t 3.14
16ub' S, m2wi cos(ws) + 16ud' S,m2wi cos(w-1) (3:.14)

g(t) =~

Here the parameters b and d (expressed in rad/s) represent the inverse of the
decay times of the impulse response at the modes. In appendix A we derive their
expressions and we show that, in the tuning condition,

6] 2 (1/2)wy B2/ (w2 \/(Tay) = Bo /)T (3.15)

| = (1/2)w- 32 /(w2 /(Ta-) = B/ /T (3.16)

F:I: = Sn/Snbi

where

are the spectral ratioes between the wideband and the narrowband noise spectra,
which we introduced in section 2, and

o = T8/ (dw)) = Ty /(16Q%) (3.17)

Ise ~T_3%/(40?) =T_/(16Q%) (3.18)
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As a conclusion, the decay times of the optimum filter response to an input burst
signal are the same if we consider data processed by means of lock-in amplifiers or
data directly sampled, since from eqgs. (3.15), (3.16) and (2.3) we have

|b/| ~ By |d,| ~ fB5_ (3.19)

The impulse response ¢(t), given by (3.13) or (3.14), only exhibits an overall expo-
nential decay if b = d’ (very tight coupling of the oscillators, with 5_ ~ (,). In the
general case with b # d we have two time constants: the smallest dominating at
short times, the largest at long times.

In fig. 3.1 a),b),c) we plot the functions

!
w2 ed It

9-(1) = mg=mpeos(Wit) 5 91 = =y

g(t) = g-(t) + g+ (1)

that represent, respectively, the impulse response at v_, at v} and the overall response,
for the particular case of equal values of the parameters b and d’ (d' =b =04 rad/s).
In fig. 3.2 a),b),c) we plot the same functions for the case d = 4 rad/s and b =
2 rad/s.

Note that the angular frequencies involved in the above are not the actual frequencies,
but the corresponding aliased angular frequencies !, = 27(921 —900) rad/s ; ' =
27(904 — 900) rad/s , as we would find by filtering the data with the actual data

acquisition systems of our detectors (see section 4).

We have shown that the basic parameters which describe the impulse response of
an optimum filter are the same for both the “fast” and the “slow” filtering procedures.
The basic difference is that the response of the “fast” filter is oscillating while that
of the “slow” filter is not.

More precisely, when considering the impulse response of the two filters, separately
at the two modes, we find that the response of the “slow” filter is the envelope of
the modulus of the corresponding response of the “fast” filter, as shown by the plots
of fig. 3.3. The oscillating nature of the direct response permits to obtain, for large
SNRs, a higher temporal resolution, that is to determine the arrival time of the input
burst signal with a precision of the order of 1/v/, 1/V;_ respectively for the two modes,
where v/ and I/:I_ are the aliased resonance frequencies. This resolution for the overall
response, that is the sum of two oscillations at v and I/:I_, is ~ 1/’/; (see fig. 3.1 ¢)

and 3.2¢) ).
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3.2 Response to the noise and effective temperature

We consider here the noise response of the matched filter with reference to the block
diagram of fig. 3.4, where we represent the noise process at the transducer, with
spectrum Si(w) given by (1.44), as generated by a system with transfer function
N(jw) driven by a white noise source with unit spectrum (5o = 1).

This means that |[N(jw)|* = Si(w). The filtered noise spectrum is therefore

Sm(w) = Si(w) - W (jw) I*/IN ()| (3.20)

that is, using (3.5):
Sm(w) = G(w) (3.21)

The inverse Fourier transform of this function gives the autocorrelation of the noise
at the filter output, whose value at zero delay represents the filtered noise variance

+oo
o2 = (1/2n) / G(w)dw (3.22)
Therefore both the noise variance and the maximum value ¢(0) of the filtered signal
are determined by the same quantity

+ oo

o2 = ¢(0) = (1/27) / G(w)dw = Ro (3.23)

— 00

Also the signal to noise ratio after the matched filter
(SNR),, = g(0)*/o?, = Ry (3.24)

is expressed by the same quantity Ry, which only depends on the transfer function
(/(w) of the smoothing filter.

As a consequence the function G(w), which we shall refer to as the filter spectral
gain in the following, assumes the meaning of spectral distribution of the signal to
noise ratio, thereby providing indications for the choice of the actual observation
bandwidth of the data acquisition instrumentation. Moreover, the widths of the peaks
of the function G(w) at the two modes, that are |b'| and |d |, respectively, assume the
meaning of SN R bandwidths. For the tuned case we have from eq. (3.19):

Av_ o~ 5 [m; Avy o~ (B3, [ (3.25)

Let us consider now the tuned case for tight coupling between the oscillators, that

iSWithﬂ_=ﬁ+=ﬂ1,Snb_= nby = Onb F_=F+=F.
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From equation (3.14) we have:

1 1

= 1/(S,,m?
Bo = 1/(Swme) gtz ¥ Touldr s

) (3.26)

Being [b|' = |d|' = 3,/V/T, the signal to noise ratio for a burst with for = 1 is

Ry =1 /(VTSuBim28uwg) (3.27)

that is, being 0%, = 2V;2 from eq. (1.30) and S,;, = V4,/B; from eq. (2.5),
Ry =1 [/(4VT o2, pm2ud) (3.28)

For a burst of energy B, = kT, that is with for = \/2kTym, we have
(SNR),, = 2kT,m, Ry = T,/(2VTT.) (3.29)

In order to evaluate the SNR improvement introduced by the filter we compare the
signal to noise ratio provided by the filter with that obtained without filtering the
data, that we derived in sect. 1.3 and repeat here for convenience:

(SNR) = 2T,/ T. (3.30)

Finally the ratio of the two signal to noise ratios is:

(SNR),./(SNR)y = 1/(4VT) (3.31)

This SNR improvement introduced by the filter can be expressed in terms of a
reduction of the temperature of the noise from the equivalent temperature T, to the

effective temperature T,;. Having (SNR),,/(SNR)o = T./T.ss, we obtain

T.;s =ATNT (3.32)

that is in full agreement with the result (2.9), obtained for the “slow” filtering pro-
cedure.

There is, however, an important difference between the two procedures. When we
consider, as usual, the maximum of the response to a signal burst of energy kT, the
output of the slow filter is &7 (as it behaves as an r.m.s. detector) and the noise is
kT.s¢; while that of the fast filter is 257 (as it behaves as a peak detector) and the
noise is again k7, ¢.

As a consequence, if we normalize the energy scale to the peak value of the signal,
the noise of the “fast” filter is k7.s;/2, which we assume as “apparent” effective tem-
perature of this filter. For the “fast” filter, in other words, we have an improvement
of the signal to noise ratio for pulse detection of a factor of two in comparison with
the “slow” filter.
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3.3 The distribution of the filtered data

We consider here the distribution of the filtered data, as it significantly affects the
detection probability of a signal of given intensity or of given signal to noise ratio.

For the slow filtering procedure, applied to the data processed by lock-in amplifiers,
we consider the variable p? = 2% + y# (see section 2). Since 2 and yp are zero mean
normal variables, in the absence of signals the probability density function of p? is

exponential:
9 1 —p? 2 9
fu(p®) = %eiﬂp(g) (3.33)
with
Elp*] =,

For the fast filtering procedure we consider the variable g2, where g,, is the output
of the matched filter, that is, in the absence of signals, a zero mean variable with
variance o2 . But if we represent with g2 the energy of the signal, the variance of the
noise is o2 /2. With this normalization the probability density function is therefore:

2 1 _931 o
fmlgs) = exp( > ) (3.34)
Omr/TG2, Om
with
Elgy) = 05./2

In order to compare the two distributions we now express the probability density
functions in terms of variables normalized to their expected value, that is in terms of
signal to noise ratios. With V,, = p2 /o2 the (3.33) becomes:

With V,, = ¢2 /o2 the (3.34) becomes:
1

Fn(Vi) = —meep(—Vin) (3.36)
7V,
Now we consider the functions
Po(V,) = /Oo Fu(VYAV' = exp(—Vy) (3.37)
Vi

Po(Vin) = /;: Fa(VYaV! = 1= erf(y/Vin) (3.38)
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that represent the probability to have, by chance, a value of noise greater than a
fixed value and hence the probability that a sample with SNR greater than a given
threshold V,, is due to the noise.

P,(Vy) and P, (V,,) are plotted in fig. 3.5: we can see that the probability to have,
by chance, a sample with SNR greater than a fixed value of treshold V =V,, =V,
is always smaller for the “fast” data. This means that the fast data provide a better
safety margin in identifying a sample above treshold as a candidate gravitational
signal.

Now let’s consider the ratio between the two probabilities for equal values of the

SNR, that is with V =V,, =V,:

This ratio represents the probability gain of the “fast” with respect to the “slow”
filter. As shown in fig. 3.6 a), P,,(V)/P.(V), always greater or equal to 1, increases
as the SNR.

From a different viewpoint, we can express the improvement of performance pro-
vided by the “fast” filter in terms of an effective temperature gain G for a given
detection probability value. A given value of P = P, = P,, is in fact obtained with
a smaller SNR for the “fast” filter than for the “slow” filter.

From the condition

Py(Vy) = Pn(V5)

w

we derive the ratio Gy = V*/V* which represents the SNR gain. This quantity is
plotted in fig. 3.6 b) as a function of the probability P.
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Figure 3.1: Normalized matched filter response to a delta input signal and envelope
of its modulus. a) at v_, with |d'| = 0.4 rad s (the oscillation is at the aliased
frequency v_ ~ 4 Hz); b) at vy, with || = 0.4 rad s™' (the oscillation is at the
aliased frequency v; ~ 25 Hz); c) overall response with |d'| = [b'| = 0.4 rad s~ (the

beating is due to the sum of the oscillations at the two aliased resonance frequencies).
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Figure 3.2: a) Same as fig. 3.1 a), with |d'| =4 rad s™*; b) Same as fig. 3.1 b), with
|d'| =2 rad s7'; c) Same as fig. 3.1 c), with |d'| =4 rad s7', |b'| = 2 rad s™': here

the envelope is not a simple exponential.
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Figure 3.3: The Wiener filter (“slow” data) response to a delta input signal (a) and
b)) is the envelope of the matched filter (“fast” data) response to the same signal (c)
and d)). We have used the same parameters in both cases: I'_ = 6.2- 107, T} =
2.5-107% Bs_ =4 rad/s, B3y = 2 rad/s;|d| = 4 rad/s, |b|' = 2 rad/s
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Figure 3.4: Block diagram of the antenna and matched filter chain. N(jw) is such
that |N(jw)|* = Si(w) (the white noise at the input of N(jw) is So = 1, with S;(w) =
So|N(jw)|?). Fi(jw) is the Fourier transform of the input force.
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Figure 3.5: Probability to have by chance a sample with signal to noise ratio above

the threshold V for the “fast” (P,,) and the “slow” (P,) filtered data.
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Figure 3.6: a) Probability gain Gp = P, /P, vs. the SNR V; b) Temperature gain
G of the “fast” filtering procedure with respect to the “slow” filtering procedure as
a function of the probability P.
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Chapter 4

Data acquisition and storage: bandwidth and sampling
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4. - Data acquisition and storage: bandwidth and sampling

The detector output signal contains useful information, as contributing to the overall
signal to noise ratio, in the frequency range where the spectral gain G(w) is not
vanishing. Most of the contribution usually comes from ranges of a few hertz near
the resonance frequencies of the two modes, defined by the SNR bandwidths (3.25).

When dealing with the Explorer detector (see Table II, in section 4.1) we consider
of our interest a frequency range of the order of 27.5 Hz, which includes both the
resonancies of the system. The actual bandwidth of the signal is determined by
filtering it, before sampling, with a six pole bandpass filter with flat response between
902 and 926 Hz and strong attenuation outside.

According to the Nyquist theorem, the minimum sampling frequency, which allows
the original analog signal to be exactly reconstructed from its samples, is twice the
bandwidth, not twice the maximum frequency, of the signal. Then we may sample
the data at a rate that depends only on the observation bandwidth of our interest.

We have chosen to sample the data at 220 Hz ([12]). As a consequence the
frequency region between 900 and 927.5 Hz is transposed in the range 20 + 47.5 Hz
as obtained by subtracting 880 Hz from the above values. The overall bandwidth of
the sampled signal is from 0 to 110 Hz, corresponding to 880 <+ 990 Hz for the original
data.

The signal sampled at 220 Hz is then processed in software, before the final storage,
i.e. it is subsampled by a factor of four in order to minimize the amount of data by
storing only the information required to cover the range between 900 and 927.5 Hz.

This subsampling is performed in the frequency domain : every N = 16384 sam-

ples we perform the fast Fourier transform on the data. Then we select only the
samples in the frequency range 900 + 927.5 Hz and on these data , 1/4 of the total,
we perform the inverse Fourier transform (in practice, because the Fourier transform
is and must remain symmetrical we select the N/8 data in the range 900 <+ 927.5 and
the N/8 data in the range 1052.5 = 1080 and we concatenate these two sequences
before performing the inverse Fourier transform).
The final sampling time of the data, as they are stored, is therefore 18.18 ms. We
remark however that from them we can reconstruct the signal sampled at 4.54 ms,
by performing the Fourier transform, adding data of value zero ( we know that the
signal spectrum outside the 900 <+ 927.5 range is only due to noise) and then by
antitransforming.

The data processed by means of lock-in amplifiers are subsampled by a factor 64
with respect to those sampled at 4.54 ms.

Table I reports the exact values of the sampling rates and of the initial frequencies in
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the data sets.

Table I Explorer detector

Sampling rate Avyy 220.07042 Hz
(Sampling time At/ 4.544 ms)
Sampling rate Avy 55.0176 Hz
(Sampling time Aty 18.176 ms)
Sampling rate Av, 3.43860 Hz
(Sampling time At, 290.0816 ms)

Initial frequency, data @ Ay 880.281677 Hz
Initial frequency, data @ Avy 900.026770 Hz

As done in the previous section, we will refer to the data processed with lock-ins as
to the “slow data” and to the data sampled at 4.54 ms as to the “fast data”.
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4.1 The Explorer detector

Table I1 Explorer 1991 1994
Mass of the bar (kg) 2270

Bar length L (m) 3

Equivalent mass of the transducer m, (kg) 0.346  0.304
Gap of the transducer d (um) 52 63.4
Transducer bias voltage V, (V) 320 165

Bar temperature Tye, (K) 29 24
Frequency of the mode v_ (Hz) 904.7  907.05
Frequency of the mode v, (Hz) 921.3  923.26
Decay time 1/3_ of the mode v_ (s) 270 1400
Decay time 1/3; of the mode v, (s) 350 2000
SNR bandwidth Av_ (Hz) 1.55  0.14
SNR bandwidth Av; (Hz) 098  0.13

- 5.7-1077 2.5-107°
Iy 85-1077 1.4-107°

Brownian flux of the mode v_(T'=1 K) (¢9) 83 107" 1.8107°
Brownian flux of the mode vy (T =1 K) (¢9) 6.0 107> 2.0 1077

The characteristics of the experimental apparatus during the 1991 and 1994 runs
are shown in Table II. One of the main differences between the two runs is the value
of the () factors, that in 1994 were about five times larger than in 1991.

Fig 4.1 a), shows a power spectrum obtained with two hours of data of the Explorer
detector during November 1991 in the frequency range 0 = 27.5 Hz, representing the
range 900 = 927.5 Hz. In the graph it is possible to observe the two resonances at
v_—900 = 4.7 Hz and at vy —900 = 21.3 Hz, and the peak due to the calibration signal
at 1/, —900 = 13.0 Hz. The wideband noise level is of the order of 2-10_6¢0/\/ﬁ2 (we
recall that the flux quantum is ¢o = 2.07 107'® Wb). The variance of the brownian
resonant noise is >~ (10_4950)2, for the plus mode and ~ (1.4 - 10_4¢0)2 for the minus
mode.

Fig 4.1 b), shows a power spectrum obtained with two hours of data of the Explorer
detector during April 1994. The two resonance frequencies are at v_ — 900 = 7.0 Hz
and at v; — 900 = 23.2 Hz and the peak due to the calibration signal at v.,; — 900 =
14.5 Hz. The variance of the brownian resonant noise is >~ (3 - 10_5¢0)2, for both the

resonances, and the wideband noise level is of the order of 1.6 - 10=%¢/v/Hz.
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4.2 Spectral parameter estimation

In order to construct the matched filter it is necessary to know the values of the two
resonance frequencies and of the two decay times of the system (in the next paragraph
we shall discuss the precision we need). To get these information it is necessary to
determine a spectrum with high frequency resolution.

We perform a new spectral estimation every 2 hours, by averaging 12 different
periodograms to reduce the variance of the estimation. This is the result of a com-
promise between the necessity of using a long period of time to obtain high resolution
and the problems of the non stationarity in the data. Each periodogram is performed
on 32768 samples (corresponding to the observation time T=595.59 s with sampling
time Aty = 18.176 ms) thus obtaining a frequency resolution of dv;, = 1.68 107* Hz.

The algorithm used for estimating the resonance frequencies is based on the
Lorentzian behaviour of the theoretical power spectrum around each one of the two
resonance frequencies:

1
(W — )2 + 452

where w; indicates w_ or w,, §; indicates 3_ or 3,. Putting z = w? in the above, we

L(w) = (4.1)

consider

y(x) = =z’ + Zx(Zﬁf — w?) + w? =azx’+br+c (4.2)

where
a=1 ; b=2028-w}) ; c=w!

K3

Equation (4.2) represents a parabola, whose minimum occurs at
b 2 2/ 2 .
Tmin = =5~ = wi (1 =26°/w}) (4.3)
2a
From (4.3), considering that 3;/w; ~ 1/(2Q) ~ 107° < 1, we derive

In practice we evaluate the resonance frequency w; using the parameters ¢ and b
obtained from a fit of the spectral data to a parabola.
The decay times may be estimated from the bandwidth of the resonance peaks:

2
Awi

T = 1/52 = (45)
where Aw; is the width of the spectral peak.
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But the spectra we estimate are different from the actual spectra. More precisely,
if L(w) is the power spectrum, its estimate L®*(w) is the convolution L(w) * W(w),

where W(w) = ngi(j? is the Fourier transform of the time window of duration 7T
used for the data. T)he frequency dependence of the estimated spectra is therefore
different from the Lorentzian behaviour, depending also on the time T.

Fig 4.2 shows the Lorentzian curve, the window and the convolution of the two,
for T=10 minutes and for T=2 hours, in both cases using 7, = 2000 s: the width
of the spectral estimate considerably differs from the expected Lorentzian behaviour
when T is 10 minutes, that is T' < 7;.

As a consequence, for constructing the matched filter, we use the values of the
coefficients #_ and 3, obtained from direct measurements on the apparatus, instead
of estimating them from the spectra.

The frequency estimation algorithm, on the other hand, provides good results also
using windowed data, with errors of ~ 0.01 mHz *. using T=10 min.

As regards the estimation of the resonance frequencies, tests performed on sim-
ulated data obtained using the 1991 and 1994 parameters of the Explorer detector
gave the following results:

Frequencies for Explorer 1991

actual values v_ = 904.80167 vy = 921.38023 Hz
estimates v_ =904.80160 (0 =4-10"%) vy =921.38040 (¢ =1-10"°) Hz

Frequencies for Explorer 1994

actual values v_ =907.05129 vy = 923.26330 Hz
estimates v =907.05123 (c=1-10"") vy =923.263300 (¢ =4-10"°) Hz

In the above estimations we note the presence of a systematic error, always less
than 0.2 mHz. We found that this error is due to the position of the resonance
frequencies with respect to the discrete frequencies of the spectrum. Its consequencies
on the overall performance of the filter are discussed in section 4.4.2.

The estimation of the coefficients f_ and 34 becomes more satisfactory when we
consider the data processed by means of lock-in amplifiers. In this case, performing an

!The resonance frequencies of the apparatus are measured in hardware with an error of +0.2
mHz.
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estimation on a time 7' ~ 2 hours requires an FFT on 32768 samples (corresponding
to 2.63 hours). We have applied the algorithm to the spectrum of one mode (v4),
obtained by averaging 14 periodograms each done on 32768 samples (for a total time
of 36 hours). We have obtained 7 = 2721 s with a standard deviation of 367 s on a
file of April 1994 where the measured 7 value was 2066 s. We have also applied the
estimation to a file of February 1994 where the measured 7 value was higher, 4000 s.
We have obtained 7 = 3376 s with a standard deviation of 323 s. We remark that
this procedure, that requires long periods of data to perform the estimation, has to
face the problems of the non stationarity in the data.

4.3 Adaptive matched filter transfer function

The performance of the matched filter may be degraded by the imperfect knowledge
of the parameters required for building the filter, the effect of time variations of these
parameters and also by a possible inadequacy of the model used to represent the noise
(assumed as the superposition of two Lorentzian curves and a flat spectrum). To
overcome these problems we use adaptive filters, whose parameters are derived from
the estimation of the actual noise spectrum of the data and are therefore periodically
updated. Tipically, we update the filter every two hours, when we perform a new
spectral estimation.

In order to construct the matched filter transfer function, given by eq. (3.3), it is
necessary to evaluate the Fourier transform of the signal u(?), eq. (1.21), that is the
transducer displacement when the input force acting on the bar is a delta function.
Since we are now dealing with sampled and aliased data, we consider

naty , _raty ,
u(nAty) = Ure 71 sin(w_nAty) + Use 7 sin(w+nAtf) (4.6)
where Aty = 18.18 msis the sampling time, n an integer index, W =w_— (900.02677-
27) and w, = wy — (900.02677 - 27) are the aliased angular resonance frequencies,
and V| = w_/(mm(wi —w?)) -V, = —w+/(mz(wi — w?)) are the amplitudes.

Fig. 4.3 shows u(nAty), computed using the parameters of Explorer 1991, over two
different time scales.
The filter transfer function is

U*(jnév)

H(jndv,) = 5.3

(4.7)

where U(jndv,) is the discrete Fourier transform of u(nAts) and Si(ndv;) is the power
spectrum, estimated by averaging spectra obtained from 4096 samples (corresponding
to the frequency range 900.026, 955.026 Hz with resolution dv; = 13.36 mH z).
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Fig. 4.4 a) shows the matched filter transfer function obtained with the above
procedure for the two hours of the 1991 data, whose spectrum is shown in fig. 4.1 a).

Fig. 4.4 b) shows the same function for the two hours of the 1994 data, whose
spectrum is shown in fig. 4.1 b).

The spectral gain, defined by eq. (3.5) is computed with the expression:

Ujnsn)l
oy) = ——— 4.
Gnon) Si(ndv) (48)
and the filter gain Ry, defined by eq. (3.23), is computed with the expression:
2048
Ro =612 (D G(ndw)) (4.9)
n=1

Figures 4.5 a) and 4.5 b) show the spectral gain for the data of fig. 4.1 a) (1991)
and 4.1 b) (1994). Note that the 1994 spectral gain is significantly different from zero
only in a very narrow band around both the resonances, less than 2 Hz, while in 1991
the bandwidth is of the order of ~ 4 Hz for both the modes.

In order to express the filtered data in terms of energy innovation in the bar in
units of kelvin, we multiply the filter transfer function with the volt-to-v/K conversion
factor Y. This quantity is obtained by putting 75 = 1 kelvin in eq. (1.41), which
expresses the voltage signal at the output of the instrumentation when the bar is
excited by an energy burst of F; = kT joule. We obtain:

2 2

1 my (Wi —w?) K
W=V e oy (4.10)

with A and B given by eqs. (1.39) and (1.40).

The quantity A is evaluated in frequency domain from the data spectrum with
lower frequency resolution. Hence its value is updated every two hours.
Figure 4.6 shows a) the system response (in volt) to a simulated input burst of known
energy Ts = 5.98 K; b) the filtered signal in kelvin whose maximum is 5.98 K, as
expected.
Then, the filter transfer function, including the normalization, is

U*(jndv)VY
Si(nduv) Ro

The discrete signal g(nAts) at the matched filter output, if the input force acting

H'(jnéy) = (4.11)

on the bar is a delta function, in the absence of noise, is (see eq. (3.14))

g(nAty) = ‘/16_53+|”Atf|cos(nw+Atf) + ‘/2€_ﬁ3_|nAtf|COS(nuJ_Atf) (4.12)
with Vi >~ V5 and (31 = 1+ //T+.
Fig 4.7 shows |g(nAt;)|?, expressed in kelvin units, for the Explorer 1991 and 1994.
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4.4 Discretization effects

We have shown in section 3.2 that the effective temperature 7.y, that represents
the minimum detectable energy, is the same for both the “fast” and the “slow” data
filtering procedures. But this is a theoretical result, derived considering continuous
time ideal filters.

The results obtained in practice, dealing with sampled data processed by dis-
crete time filters, may be somewhat different, depending both on the values of the
sampling time and of the parameters of the experimental apparatus, due to various
discretization effect that degrade the filtering performance.

An analysis of these effects for the “slow” filtering procedure has been reported
in [7]. We discuss in what follows the case of the “fast” filtering procedure.

4.4.1 Dependance on the “phase” of the input signal

When dealing with discrete time data, the maximum amplitude of the impulse re-
sponse depends on the arrival time of the input delta function with respect to the
sampling time interval, which we call the “phase” ¥ of the input signal.

When the phase is zero, that is the input delta function is synchronized with the
sampling time, the above maximum coincides with the theoretical value. It decreases
for increasing values of the phase, with the minimum value typically obtained when
the signal arrival time occurs near one half of the sampling period (¥ ~ 0.5). This
effect reduces the SNR and therefore increases the actual effective temperature of
the detector. For the “slow” filtering procedure [7], we have found that it strongly
depends on the product B3At.

In the tables below we report the results obtained for both the “fast” (At;; = 4.544
ms) and the “slow” (at the two modes) filtering procedures using simulated data with
the parameters of Explorer 1991 and 1994, that is with 83_At,=1.43 and B3, At,=0.90
for the 1991 data; (§5_At;=0.13 and (3, At;=0.12 for the 1994 data. Those results
have been obtained by averaging the data corresponding to ten different values of the
arrival phase ¥, from 0 to 0.9, thereby simulating random arrival times.

Explorer 1991

fast filter slow filter
Reduction of the square of the max amplitude r=20092;, r_=0.68,ry =0.74
Relative standard deviation c=0.06;, o_=028,0, =021
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Explorer 1994

fast filter slow filter
Reduction of the square of the max amplitude r=2098 r_=0.95ry =0.95
Relative standard deviation c=0.01; o_-=0.03,0p.=0.03

The above results show that this effect is rather weak for the 1994 data, while it
degrades the “slow” data sensitivity by a factor ~ 1.5 in the 1991 data where the
product (#3At is ten times larger than in the 1994 data. This is consistent with the
results of the analysis on the real Explorer data, reported in section 5.

We now want to show the results we obtain when considering the sampling time
of Aty=18.18 ms. As shown in the table below the effect for the fast filter with
At;=18.18 ms is stronger, as expected because of the greater sampling time.

Explorer data sampled with At; =18.18 ms

1991 1994
Reduction of the square of the max amplitude r=0.743 r=0.904
Relative standard deviation c=10.209 o=0.06

For data sampled at At;=18.18 ms, fig. 4.8 shows the filtered response for different
phases, fig 4.9 shows the reduction of the square of the maximum amplitude of the
filtered signal as a function of the phase of arrival (normalized to the maximum
obtained at ¥ = 0). The smallest amplitude of the maximum occurs for ¥ = 0.5,
when two consecutive samples take about the same value. An interesting parameter
is the ratio of the amplitude of the main peak of the signal to the amplitude of the
sidelobes. According to eq. (4.12), the two first side lobes occur with respect to
the main lobe at times 1/v; ~ +48 ms, and 1/v_ ~ £142 ms. The above ratio is
maximum for ¥ = 0 and decreases as ¥ moves to 0.5, when it reaches its minimum
value.

For the impulse responses computed with the parameters of Explorer 1991, this
ratio is larger than unity for any value of . While using the parameters of Explorer
1994 the ratio decreases below 1 (for ¥ = 0.5): this means that the maximum of
the response, in this case, is displaced from the time of application of the burst (the
error is +142 ms). Fig. 4.10 shows this situation: we have plotted the filter response
for U = 0 and ¥ = 0.5 on two different time scales in order to have both the whole

39



behaviour of the response and its behaviour near the time ;. We note, moreover,
that the presence of noise may alter the waveform, introducing an additional cause
of uncertainty for the timing of an event.

As a conclusion, the reduction of SNR due to different phases of arrival of the input
signal is a function of G3At, as for the “slow” data, and the amplitude reduction is
maximum when the phase is 0.5. The filtered signal is distorted, compared to that
obtained with phase equal to zero, and this distorsion may affect the determination
of the signal arrival time, still depending on the G3At value.

4.4.2 Dependance on the resonance frequency

We report here on the dependance of the matched filter performance on the position
of the resonance frequencies with respect to the discrete lines of the spectra used to
represent the data, with frequency resolution év; = 13.36 mHz (4096 samples with
Aty = 18.27 ms).

We have studied this effect by filtering 15 hours of simulated data with fixed
values of all the parameters (Explorer 1994) but with different values of the resonance
frequencies within the spectral bin width of 13.36 mHz, that is with values

vo=1_ +ady vy =, + o du.

The frequencies vy_ = 907.05172 Hz, vy, = 923.26419 Hz correspond to exact
values of the spectral lines and we have used a=0, 0.25, 0.5 and 0.75.

Fig. 4.11 shows the two power spectra estimated from the simulated data, when
the resonance frequencies are equal to the discrete frequencies (o« = 0) and when they
are at 1/2 of the bin width (o = 0.5) near the two resonances.

Both the amplitudes and the widths of the peaks are very different in the two
cases, as a consequence of the different discretization of the same continuous process.
Fig. 4.12 show the spectral gains, around the resonances, for « = 0 and a = 0.5.

While, ideally, the performance should be the same, we have obtained the fol-
lowing values of the effective temperatures, and of their dispersion, over 15 hours of
simulation:

a=20 Tefr= 8.6l mK o=0.15mK
a=0.25 Ty;=1512mK o0=024mKk
a=0.50 Tigyr=1230 mK o =0.53 mK
a=0.7 Ty;=1472 mK o0 =033 mKk

Thus, this discretization effect produces, with the parameters of our simulation,
a SNR degradation that is, in the worst case, ~ 1.7.
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4.5 Effect of non optimal choice of the filter parameters

In this section we consider the effects due to errors in the parameters used to con-
struct the matched filter. Since the filter is adaptive (the noise spectrum is estimated
periodically), the only parameters we need to know are the two resonance frequencies
and the two decay times, which determine the function W,.(jw), that is the waveform
of the expected signal to be filtered (as given by eq. (4.6)). The frequencies are esti-
mated as explained before and the decay times are usually measured experimentally.

When the values of the parameters used for constructing the filter differ from
their actual values, the filter is no more adapted to the signal, as shown in the block
diagram of fig. 4.13, where W, # W,,. In this condition the signal at the filter
output is

1 +OO : 1 1
t)=(1/2= / e W (jw Wi (jw)dw 4.13
gt)=Q1/27) | A (J@) W,z (jw) (4.13)
and the noise variance is
1 +OO 1 1 1
c?=1 27r/ W (3)W E (jw)dw 4.14
e [ s WL WG (1.14)

The filter gain is now different for the signal at the noise and the SNR is smaller than
its optimal value given by equation (3.24):

(SNR) = g(0)%/0? (4.15)

m

4.5.1 Errors in the resonance frequencies

We consider here the loss of the filter performance due to errors in the resonance
frequencies. We have studied this problem by performing simulations, with fixed
values of the parameters of the apparatus (Explorer 1994) but with different values of
the resonance frequencies v_ and vy for the experimental apparatus (W,;(jw)) and
for the filter (W, (jw)): v_ =v_te_;v, = vy ey

On the basis of the results of section 4.4.2 we have considered both the case of v_
and v4 conciding with spectral lines (a« = 0) and a few cases of v_ and vy values in
various positions within the spectral bin (a # 0).

The contour graph of fig. 4.14 shows the dependance of the effective temperature
on the frequency errors e_ and ey for @« = 0. Note that the minimum is slightly
displaced (~ 2 mHz) from the origin, but the effective temperature at the origin
is only 2% larger than the minimum. Moreover, for larger deviations, the effective
temperature increases rapidly.

The results obtained with a = 0.5 and a = 0.25 are very different: the effective
temperature has no definite minima in the region we have explored, with values
comprised between ~ 11.5 and ~ 12.5 mK for & = 0.5, and between ~ 14.5 and
~ 15.5 mK for oo = 0.25.
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4.5.2 Errors in the decay times

We report here on the effect of errors on the decay times used to construct the
matched filter. The analysis has been done using 15 hours of simulated data, with
the parameters of the Explorer detector during 1994 (7_ = 1437 s; 7. = 2066 s) and
with the resonance frequencies equal to the discrete frequencies, that is with a = 0.
We have studied the performance of the filters obtained by changing the decay times
of the two modes as follows:

=T fe; Ty =74 e

We have evaluated T.;; over each one of the 15 hours; in the following table we
report the average T.s; and its standard deviation.

0.001 0.001 8.67 0.15
0.01 0.01 8.67 0.15
1 1 861 0.15
10 10 8.64 0.19
1000 1000 10.64 0.16

The above results show that the effective temperature is quite unaffected by the
use of wrong values of the decay times, even for large deviations of these quantities.
Thus we conclude that the time decay values do not represent a critical point for the
adaptive filter realization.

4.5.3 Phase shift between the two resonances

In section 1.4 we have considered the impedance of the electrical circuit at the trans-
ducer output, given by eq. (1.33), which we have taken constant in the frequency
range of our interest. This is not exactly true, and as a result there may be a phase
shift of the response between the two resonances, which we evaluated to be smaller
than 0.1 rad, in all practical cases. The results of a simulation performed to study the
effect of this phase shift on the effective temperature show that it is totally neglegible.
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Figure 4.7: Matched filter response |g(¢)|* to an input delta signal of energy E, =
k- 5.98 joule, for the Explorer detector with the 1991 (a) and 1994 (b) parameters

(see table II).
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response g(t). The parameters are those of Explorer 1991, with a sampling time
of 18.18 ms. The response is distorted when the phase is different from zero; the
maximum reaches its minimum value for ¥ = 0.5.
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Figure 4.13: Block diagram of the antenna and matched filter chain, for the case of
errors in the parameters of the filter
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Figure 4.14: Loss of the filter performance due to errors in the resonance frequencies.
Dependance of the effective temperature on the frequency errors e_ and e, for o = 0.
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Chapter 5

Experimental results with the Explorer data
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5. - Experimental results with the Explorer data

5.1 Explorer 1991

We report here the results obtained by filtering the data of the Explorer detector from
June 19 to December 16, 1991, whose parameters are given in Table II, in section 4.1,
and by comparing the events found with different filtering procedures.

We have excluded from the analysis the data recorded during tests and cryogenic
refillings or with clear signs of unproper functioning of the apparatus. In addition,
we have used the auxiliary channels as vetoes for eliminating the data collected in
the presence of disturbances in the laboratory. The effective number of days is 122
days, corresponding to a duty cycle of 67%. These data have been filtered with both
the procedures discussed in this work:

“slow” filtering, i.e. adaptive Wiener filter, with selection of the minimum (see
section 2), applied to the data processed by lock-in amplifiers and sampled with
Aty = 290 ms;

“fast” filtering, i.e. adaptive matched filter applied to the data sampled with
Atff = 4.5 ms.

The theoretical values of the sensitivity, computed using the known parameters
of the experimental apparatus, are the same for the two cases: Tetj}f;}or ~ 4 mK, which
means that the “apparent” temperature of the “fast” filter (over the scale normalized
to the peak value of the signal) should be ~ 2 mK. The best experimental values
obtained are:

“slow” filter : T.s; ~ 8mHK (corresponding to h ~ 7.1 - 1079, see [1])

“fast” filter : T.;y ~ 4mK (corresponding to h ~ 5.1 -10719)

Fig. 5.1 shows the hourly averages of the effective temperatures, for 10 days during
December, of the “slow” and “fast” filtered data, both a factor 2 above the theoretical
value.

We have done a simulation to compare the results obtained from the two different
analysis procedures (using the parameters of Explorer 1991). We have added to the
noise process a number of standard signals, with very large signal to noise ratio and
with different phases of arrival with respect to the sampling time. Using 40 events
of energy 20 K we have obtained SN Rfys:/ SN Rsion, >~ 2.5. This means that the fast
procedure has an overall sensitivity for the detection of bursts with random phases of
arrival a factor 2.5 better than the slow procedure, in fair agreement with the result
obtained using the real Explorer data as well with the theoretical value of 2.

Considering again the data collected by Explorer, the number of events with

energy above the threshold of 80 mK are Ny, = 25098 and Ny, = 19440. Fig.
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5.2 shows the two distributions.

We have searched for coincidences between these two streams of events. Since
they originate from the experimental data of the same detector using two optimum
filters both aiming at detecting short bursts of g.w. radiation we expected a very
large number of coincidences. But the number of coincident events between the two
data streams is only 187, within a window of £0.15 s, that is only 1% of the total
events. For understanding the problem we have performed a simulation analysis,
that is we have processed with both the “fast” and the “slow” procedures simulated
data consisting @) of noise only, b) of noise plus the response to “short” and “long”
excitations (with various values of SN R). The results of this analysis are reported in
[14, 15]: we found that the events due to noise fluctuations and those due to “long”
excitations were different in the two cases. Only those events due to input delta
forces, with very large SN R, were seen at the same time by both the filters.

5.2 Explorer 1994

As shown in Table II, section 4.1, the Explorer parameters during the 1994 run were
very different from 1991, in particular the overall bandwith being smaller roughly by
a factor of ten. In section 4.3 we have shown how different the two spectral gains are
(see fig. 4.5 a,b) Hence, with these parameters, we do not expect a big improvement
of the “fast” filter with respect to the “slow”.

Fig. 5.3 shows the hourly averages of the effective temperature for both the filters
(here again considering the “apparent” temperature for the “fast” filter), during ten
days in March 1994, from day 70 to day 80. The level is of the order of 14 mK for
the “slow” data , and of 15-16 mK for the “fast” data.

Fig. 5.4 shows the same data for 4 days from 29 March to 1 April (days 88 to 92).
Here the level is of the order of 10 mK for the “fast” data and still of the order of 14
mK for the “slow” data.

We have investigated the reason for this change of performance of the “fast”
filter, occurring after few days with no evident modifications of the experimental
apparatus. We found that the above effect is related to a small variation of the
resonance frequencies of the detector, as shown in fig 5.5: from day 80 to day 82 the
frequency v_ changes abruply from 907.0475 Hz to 907.051 Hz, and v, from 923.261
Hz to 923.2633 Hz. This is due to the fact that on day 80 the working point of the
SQUID was changed (it can be shown experimentally that a working point change
may cause a variation in the resonance frequency of a few mHz).

Note that the latest frequencies almost coincide with discrete frequencies of the
spectrum (907.05172 Hz and 923.26419 Hz). For this reason, the loss of performance
described in section 4.4.2, disappears and the effective temperature gets closer to its
theoretical value.
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Appendix A

The signal response after the matched filter

We derive here the expressions for the quantities ¥ and d considered in section
3.1. The solution of the quartic equation in (3.7) gives the following results for

the imaginary terms:

b: —\/| — 60/A12 — €1 —A12/4|

d= —\/| + eg/A1p —e1 — Az /4|
with eg, e; functions of the coefficients M, N,O, L, P (see eq. 3.8)

_ —MN/(28,m?) + M?/(852m}) + O

€y = P
4Snm§

8mINS, — 3M?

T T T65m!

It is useful to put the solutions in a polar form, that is

wi = p(cosh + jsinb) ; w2 = o(cosd + jsing)
p=Vat+b=x~a c=vVcZ+d~c

b d
0 =arctg— ¢ = arctg—
a c
Then
6 .0 b
wi =/p c05§ —|—jsm§ =a + jb

w3 =0 (cos% —I—jsing) =c +jd

64

(A1)

(A.2)



/ 0 ) 0
a = \/ﬁc05§ b = \/ﬁsin§

¢ = \/Ecosg d = \/Esz'n%
We have b' ~ wy sin (0/2), with § = arctan (b/w?) and d ~ w_sin(¢/2), with
¢ = arctan (d/w?).

For the two modes we obtain
eap(— B |[t) ~ exp(—wysin (0/2) |t])

exp(—|d||t]) ~ exp(—w_sin (¢/2) |¢])
with &' ~ asind/2; d ~ csing/2.

Let us now discuss the decay around one of the resonance frequencies, say wy.
We have to study the function arctan(b/w?). Our aim is to compare this decay with
that obtained using the Wiener filter, applied after the lock-in amplifiers. We want
to define a I' equivalent parameter with a physical meaning similar to the spectral
ratio I' introduced in section 2. We will call this dimensionless parameter I's. In the
tuned case we have 3, = f_ and 8, = (3,. By substituting eqs. (A.2) and (3.8) in
eq. A.1, we obtain the following expression:

o (S (20 LIRS ()
Sy 2m2 \wg\/1b N/ Sy 2m? W1 N/

B
N/

and, neglecting the 3%/wg terms with respect to 1 and the last term of eq. (A.4) with

—4

(s v+ 5y) 1y (A4)

respect to the first two terms:

b:—{|—5ff/“‘20‘2 L+ E+4Y Sy o (Vath E (A5)
S, sz N/ S, mel N/

Let’s write b as

sz/ﬂaQLl"'\/ﬁ"{'%_& a’ L\/ﬁ+%|}1/2 (A.6)
Su 2my BL B S 2my B} /B

Recalling that Sy, = 4kT B.m, and Sy, = 4kT 3,m,, eq. (A.6) becomes

SKT.02Q2 w, (—(1+¢ﬁ+u/4>w32w3\/ﬁ+ —(ﬂ+/~t/4>w32w3\/ﬁ)}
2

Snﬁ?}-mxA%Q Qz Wi /“LW-QI—

bl ~ B3{| -

bl ~ 534
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16kTea2in3_wx

~ 4 S A0 (A7)
So we may write
b 32 /y/Tsy (A8)
where
Suma A}, Q67 (A.9)

= 16kT.0?Q% wiw,

is the requested dimensionless parameter.
Then the arctan argument is

bk = /(A V)
We want to show now that, for [b| < w3 (always true),
b =~ (1/2)bfwy ~ By /(VT4)

The I'y parameter is defined as the ratio of the wideband noise §,, to the narrowband
noise spectrum Sy, . The latter may be obtained from the equation

Snb+ = OZQSfx|Wuw|2 + O‘QSfy|WUy|2
evaluated at w ~ w,. Noticing that

W (w)|* = (w03 QF)/(mzALw})
and that
Wy (wi)I* 2 (2 = 0})? Q1) /(m)Alyw})
we have, in the matched system,
2kT.Q% w, 3 4)? 402 kT.Q% w,
majAIZ Ql‘ /,L(.()+ ma?AlQ Qx

(neglecting the terms p and /i with respect to the unit).
Then,

Snb+ =

 SumALQ.
T 4a?kT. Q% w,

and, by comparing this equation with eq. (A.9),

oy > Ty BL/(Aw}) = Ty /(16Q%) (A.12)

(A.11)
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Finally
(1/2)8% /(wp VTs1) = B4 /(VT4)

For the decay around the other resonance frequency we obtain similar results:

dN_{|_sz,u20é2 —1—|-\/_—% _% a? \/ﬁ_% |}1/2 (A 13)
N Sy 2m? N Sy 2m? N '

d e 32 /\JTs (A.14)

with
I. — SnmzA%QQmﬂz (‘X 15)
S 16kT,0?Q2 w?w, o
d ~ (1/2)d/w_ ~ B_/(VT_)
2
o Suma B (A.16)

T 4a?kT.Q% w,
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