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Abstract

The X-ray yields in kaonic hydrogen and deuterium have been calculated
in the extended standard cascade model for different values of the strong
interaction parameters. The dependence of the yields on the 1s shifts and
widths is moderate. For a given 2p strong interaction width, the yields in
kaonic hydrogen and deuterium are expected to be of similar magnitude.

1 Introduction

A detailed understanding of the atomic cascade is important for the planning and in-
terpretation of experiments in kaonic hydrogen and deuterium. For example, reliable
theoretical predictions of the absolute X-ray yields are needed in order to determine
the optimal experimental conditions for achieving the highest count rates. In addi-
tion, predictions of relative K yields are useful for the data analysis of the K X-ray
spectrum as a cascade constrained fit can lead to an improved determination of the
1s width.

Cascade model predictions of K~p and K~d X-ray yields have been published in
Refs. [1,2]. The X-ray yields presented in this Note are calculated in the extended
standard cascade model which has a number of significant improvements over the
earlier calculations [3].

This Note is organized as follows: in Sect. 2 the extended standard cascade
model is described. The calculated X-ray yields in kaonic hydrogen and deuterium
are presented in Sect. 3 and the conclusion is given in Sect. 4.

2 Theory

2.1 Extended standard cascade model

The extended standard cascade model (ESCM), which was developed in the recent
years, is described in detail in Ref. [3]. The ESCM is used to simulate the cascade
in exotic atoms with Z = 1 by taking the different cascade processes listed in Ta-
ble 1 into account. The cascade program uses an ensemble of 100000+ exotic atoms
initially formed in highly excited states and calculates the life history of each as
they cascade down through the nl states and the kinetic energy changes through



collisional acceleration (Coulomb deexcitation) and deceleration. A significant ad-
vantage of the ESCM compared to earlier cascade studies is obtained by the use of
new results for the collisional processes [3]. In the upper part of the cascade (n > 10
for K~ p) a classical-trajectory Monte Carlo model has been used to calculate si-
multaneously Coulomb, Stark, and elastic collisions for scattering from hydrogen
molecules. The detailed calculations of the collisions at high n replace the so-called
chemical deexcitation or molecular dissociation which was introduced by Leon and
Bethe [4] (and used in later cascade models, for example Ref. [1]) as a phenomeno-
logical solution to the problem of the measured cascade times. In the lower part
of the cascade a quantum mechanical description of the exotic atom is applied for
calculating the collisional processes. The target hydrogen is treated as consisting of
individual atoms for reasons of simplification.

| Process Example |
Stark transitions: (K™ p)ni; + Hy = (K" p)ui, + Hj
External Auger effect: (K p);+H— (K p)f+p+e”
Coulomb deexcitation: (K~ p)y, +Hy = (K™ p)n, + H3, ny <y
Elastic scattering: (K p)m +Hy — (K p)u + H;
Absorption: (K pi+H—>n"+A+H
Radiative transitions: (K~ p)ny; = (K P)ny, +7
Nuclear reactions: (K™ p)ns = 7 + A
Decays: K= — pu

Table 1: Processes included in the extended standard cascade model.

Based on the new results for the cascade processes, it is found that the atomic
cascade in K~ p in a typical hydrogen gas target will proceed as follows:

e n =25 — 10: Coulomb deexcitation (chemical deexcitation).
e n =10 —~ 6: external Auger effect, nuclear absorption.

e n =~ 6 — 1: external Auger effect, nuclear absorption, Coulomb deexcitation,
radiative transitions.

2.2 Strong interaction shift/width

The strong interaction shifts and widths affect the absorption during the cascade
and therefore the X-ray yields. In kaonic hydrogen and deuterium the important
strong interaction parameters are the 1s shift (AED) the 1s width (I''2d), and
the 2p width (I'529). The shifts/widths for higher ns and np states can be obtained
using the formulas

R o (1)
32(n? —1)

had had

an 3n5 F2p (2)

and similarly for the shifts.



The effect of the 1s shift/width can be estimated in a simple way as follows. We
use the two-state approximation where the second state (that is the ns state) is
shifted by

i
=F—--T 3
e=F- 3)
compared to the first state which is assumed to be stable. We want to estimate the

strength of absorption from the first state when a small perturbation which mixes
the states is introduced. The potential energy matrix is given by

- (2)

where V' = V(r) is the distance dependent interaction causing transitions between
the states. For E > 0 the relevant adiabatic energy curve is given by

1
KM”ZEG_ @+uwy). (4)
Assuming that the perturbation is small, |[V| < |e|, we find to lowest order
t(Vaa) o€ 75— )
m X .
W B 4 (T)2)

From the properties of this function (5) it follows that for fixed E the absorption is
maximal for

I =2E (6)

and vanishes for I' — oo. The absolute yields in hadronic atoms are, therefore,
expected to have a minimum around I' = 2F for fixed F. This result is confirmed
by the calculations in kaonic deuterium, Sect. 3.2.

3 X-ray yields

The cascade program requires that the initial state of the exotic hydrogen atom is
specified. In this Note we use: n; = 25, statistical distribution in /;, and an average
kinetic energy of 0.5 eV (Maxwell distribution). The X-ray yields in density range
under experimental consideration are, however, virtually insensitive to the initial
state.

The cascades in K~p and K~d are expected to very similar provided that the
strong interaction parameters are the same because the scales involved in the cascade
processes, such as the dissociation and ionization energy of Hy vs. Dy molecules and
the energy spacing between energy levels of the exotic atom, are similar for K~p
and Kd.

3.1 Kaonic hydrogen

We use the central values of the result from KEK for the 1s strong interaction shift
and width [5]:

AR 323 + 63(stat) & 11(sys) eV , (7)

rhad = 407 + 208(stat) + 100(sys) eV . (8)

|
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Figure 1: The absolute X-ray yields, K, and K,, in kaonic hydrogen. The experi-
mental result is from [6]. The thin dashed lines are the results obtained with cross
sections calculated in the fixed field model.

The 2p strong interaction width Pg;d is poorly known. Unless otherwise indicated,
we use

rj2d = 0.3 meV (9)

which is consistent with KN scattering data.

Figure 1 shows the density dependence of the absolute X-ray yields, K, and
K, in kaonic hydrogen. The yields decrease with increasing density as collisional
absorption becomes more efficient. Below 0.001 LHD! the effect of kaon weak decay
can be seen: the cascade time becomes comparable with the kaon life time and many
kaonic atoms do not reach the lower n states. The yields are in good agreement with
the result of the KEK experiment [6]. Using the cross section calculated in the fixed
field model (see Ref. [3]) results in yields that are somewhat higher, for example
14% higher at 0.01 LHD for the total K yield.

The density dependence of the relative yields K,/ K is shown in Fig. 2. At low
densities (< 0.01 LHD) the K|, line is dominant, for higher densities several K X-ray
lines have comparable intensity. For both the absolute and relative yields there is
qualitative agreement with the results of the cascade calculations in Ref. [1].

Figure 3 shows the predicted K X-ray intensities at 0.013 LHD compared with
the cascade-unconstrained fit of the KEK spectrum [6]. The agreement is very good
for the K, and the Kj yields. The error bars resulting from the fit for the higher
lines are highly correlated so no conclusion is possible here.

Figure 4 shows the dependence of the total yield K, on the 2p strong interaction
width for different densities. The calculated yields decrease as the absorption from
the np states become increasingly efficient. Figure 5 shows the F}ngd dependence of

!Densities are given in units of liquid hydrogen density (LHD).
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Figure 2: The relative K X-ray yields in kaonic hydrogen.

the relative yield K,/Kio. The relative yield is small for large Fggd as the strong

absorption rate dominates the 2p — 1s radiative rate. The I'524 dependence of the
relative vs. absolute K, and Kjp yields is shown for different densities in Figs. 6,
7, and 8. The only experimental data available so far, Fig. 6, suggest a strong
interaction width %3¢ ~ 0.2 — 0.5 meV. The calculated K yields can be found in
Table 2 (0.013 LHD) and Table 3 (0.031 LHD).

One can estimate the theoretical errors of the cascade calculation by introducing
tuning parameters multiplying the various cross sections used as input. In the case
of X-ray yields, the largest uncertainty comes from the collisional absorption and
Stark mixing. The parameter k, is multiplied with the cross section for absorption
during collision, Stark and elastic transitions and varied between 0.5 and 1.5. The
results for the X-ray yields are shown in Table 4. The prediction for the absolute
yield is most uncertain, that of the relative K, yield much less. The ratio Ky /Lo
can be predicted with even higher certainty. As all three quantities depend on the
2p width, the two ratios are most suitable for determining Fggd. Further studies
show that the theoretical error of the absolute yield increases for higher densities

and/or smaller I'524.
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Figure 3: The kaonic hydrogen K X-ray intensities at 0.013 LHD. Filled diamonds:
the results of the fit from [6]. The error bars are only shown for the K, and Kp
lines as they are highly correlated for the higher lines. Bars: the result of the ESCM
with 524 = 0.3 meV normalized to the measured total yield.
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Figure 4: The F}Zlgd dependence of the total yield Ky in K™ p.
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Figure 5: The '3 dependence of the relative yield Ko/Kio in K~ p.
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Figure 6: The relative vs. absolute K yields in K~ p at 0.013 LHD. The 2p width is
given by 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6 meV. The experimental result is from [6].
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Figure 7: The relative vs. absolute K yields in K~ p at 0.031 LHD. The 2p width
is given by 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6 meV.
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Figure 8: As Fig. 7 in liquid hydrogen.



T,
00 01 02 03 04 05 06
501 3.26 2.36 1.81 1.44 1.18 1.1
1.82 124 093 071 058 048 0.41
1.99 153 1.22 1.01 084 0.72 0.62
217 1.93 1.74 1.56 142 130 1.21
138 1.34 126 1.22 116 1.12 1.06
0.64 061 0.58 0.58 0.58 0.56 0.55
0.24 024 024 024 024 022 0.22
0.09 0.09 0.09 0.09 0.09 0.09 0.09

O 00 IO U W NS

Table 2: The kaonic hydrogen K X-ray yields (np — 1s) in % at 0.013 LHD for
n =2 — 9. The 2p strong interaction width is in meV.

T
00 01 02 03 04 05 06
277 182 1.32 1.01 080 0.67 0.56
1.20 0.86 0.66 0.53 0.42 0.36 0.31
152 1.27 1.07 0.93 0.82 0.73 0.66
1.24 1.15 1.09 1.01 097 0.92 0.88
0.66 0.64 0.64 0.62 0.60 0.60 0.58
0.27 028 027 026 0.26 0.26 0.26
0.10 0.0 0.10 0.10 0.10 0.10 0.10
0.04 0.04 0.04 0.04 0.04 0.04 0.04

O 00 IO Uk WS

Table 3: The kaonic hydrogen K X-ray yields (np — 1s) in % at 0.031 LHD for
n =2 — 9. The 2p strong interaction width is in meV.

ka
Yield 0.5 1.0 1.5
Ko 0.120 0.074 0.051

KoKy | 0.288 0.247 0.231
Ko/ Lot | 0.400 0.387 0.381

Table 4: The kaonic hydrogen K X-ray yields at 0.013 LHD for Fg;d = 0.3 meV.
The tuning parameter is given by ka = 0.5, 1.0, 1.5.



3.2 Kaonic deuterium

The K~ — d strong interaction has been studied by Barrett and Deloff [7] using
phenomenological fits to low-energy (NK,Y ) data. Both the shift and width of
the 1s state are expected to be around 1 keV. In this Note we use

AE,, = 500eV, (10)
rhad = 1000 eV . (11)

The various predictions of the 2p strong interaction width are in disagreement with
each other. Among the published results are:

o I'2d = 46 meV. Assuming p state absorption occurs through s wave NK
interaction [7].

e I'2d = (.014 meV. This estimate is an improvement compared to the former
and is based on the Deser-Trueman formula for the L =1 case [7].

o I'i2d = 25 meV. Obtained by solving the Klein-Gordon equation with an
optical potential fitted to heavier (Z > 3) kaonic atom data [1].

° I‘ggd = (4 £ 2.3) meV. Estimated using Fermi pseudo potentials and isotopic
invariance [2].

The widths should be compared to the 2p — 1s radiative width
r4(2p — 1s) = 0.3 meV . (12)

The 2p strong interaction width has a strong influence on the predicted yields and
it is crucial for the planning of future experiments to understand the origin of these
discrepancies. In the following, we will use

524 = 1.0 meV . (13)

The cascade calculations in kaonic deuterium differ from the hydrogen case in that
the cross sections for absorption during collisions and Stark and elastic collisions
were obtained in the numerically less involved fixed field model. As shown for K p
in Fig. 1 this means that the absolute yields are somewhat overestimated.

The calculated X-ray yields for kaonic deuterium shown in Figs. 9 and 10 are
qualitatively similar to the K~ p ones (Figs. 1 and 2). The relative yield K, /Kot
is suppressed in K~d compared to the K~ p case because of the larger 2p strong
interaction width used.

Figure 11 shows the dependence of the K X-ray yields on the 1s shift, AFE;, at
0.013 LHD. The yields increase monotonically with increasing 1s shift as expected.
The dependence of the K X-ray yields on the 1s width is shown in Fig. 12. The
dependence is strongest for ' < AF,, while for ['}3 > 2AF, the yields remain
nearly constant.

Figure 13 shows the T3¢ dependence of the X-ray yields, Ko, Ko, and Ko /Ko
The results are very similar to the kaonic hydrogen case.
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Figure 9: The density dependence of the absolute K X-ray yields in kaonic deu-
terium.
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Figure 10: The density dependence of the relative K X-ray yields in kaonic deu-
terium.
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Figure 11: The AF;; dependence of the X-ray yields in kaonic deuterium at
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Figure 12: The I''d dependence of the X-ray yields in kaonic deuterium at
0.013 LHD.
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Figure 13: The Fg;d dependence of the X-ray yields in kaonic deuterium at
0.013 LHD.
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4 Conclusion

The X-ray yields in kaonic hydrogen and deuterium have been calculated in the
extended standard cascade model. The dependence on the target density and the
strong interaction shifts and widths has been investigated. The findings can be
summarized as follows:

e There is a moderate dependence of the absolute yields on the 1s shift and
width. For a given shift AE;, the absolute yield has a minimum for '3 ~
2|AE4s|. The relative K, yield is nearly insensitive to the 1s shift and width.

e Both the absolute and relative K, yields decrease strongly with increasing 2p
strong interaction width. The relative yield K, /K is less sensitive than the
absolute yield to uncertainties in the cascade calculations and is suitable for
determining the 2p width.

e The cascades in K™ p and K~d are very similar for the same set of strong
interaction parameters. The X-ray intensities are expected to be of the same
magnitude provided that the 2p widths are approximately equal.

The extended standard cascade model will improve in the future as better theoretical
calculations of the cross sections (for example taking molecular effects into account
at low n) are used and new experimental data on X-ray yields and kinetic energy
distributions become available for comparison.
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