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Abstract:  The radiative corrections to lowest order  for the reactions e -e -  giving any 
final state f, different from e+e -,  are calculated, taking into account the contr i-  
butions coming from the photons emitted by the electrons. Then an application of 
these results  to the process e+e - ~ 7r+rr - is done in the experimental conditions of 
ACO. The difference with previous results ar ises  from: (i) a rigorous calculation 
of Feynman diagrams without using the "quasi-rfiel" process approximation, (ii) 
the e r ro r  in the Coulomb terms,  and (iii) a precise evaluation of the photon phase 
space. 

1. INTRODUCTION 

Since  the t i m e  e x p e r i m e n t s  have b e e n  p e r f o r m e d  with s t o r a g e  r i n g s ,  
people  have c a l c u l a t e d  r a d i a t i v e  c o r r e c t i o n s  to e+e" r e a c t i o n s .  Most  of 
t hem use  a so f t - pho ton  a p p r o x i m a t i o n .  Some take into accoun t  the h a r d -  
photon con t r i bu t ion .  F o r  e x a m p l e  in  ref .  [1], Mosco  c a l c u l a t e s  the r a d i a -  
t ive  c o r r e c t i o n s  to lowes t  o r d e r  to the tota l  c r o s s  s e c t i o n  of e+e - g iv ing  
bt+~t - ,  t ak ing  into accoun t  the c o n t r i b u t i o n  of the h i g h - e n e r g y  photons e m i t -  
ted  by the e l e c t r o n s .  In ref.  [2], T a v e r n i e r  c a l c u l a t e s  the r a d i a t i v e  c o r r e c -  
t ions  for  e+e - g iv ing  ~+Tr- u s ing  an a p p r o x i m a t i o n  f o r  the photon phase  spa c e  
and the " q u a s i - r ~ e l s "  p r o c e s s e s  a p p r o x i m a t i o n  (ref. [3]) fo r  the photon 
e m i t t e d  by the e l e c t r o n s .  

In this  pape r ,  c o n s i d e r i n g  only the photon e m i t t e d  by the i n i t i a l  e l e c -  
t r o n s ,  we e s t a b l i s h  a g e n e r a l  f o r m u l a  fo r  the r a d i a t i v e  c o r r e c t i o n s  in  ot 3 to 
the p r o c e s s  e+e - g iv ing  any f ina l  s t a t e  f (except e+e- ) ,  the c r o s s  s e c t i o n  of 
th i s  p r o c e s s  be ing  c a l c u l a t e d  in  the o n e - p h o t o n - e x c h a n g e  a p p r o x i m a t i o n  
(fig. 1). T h e n  we apply  the g e n e r a l  f o r m u l a  to a p a r t i c u l a r  ca se :  e+e - g iv ing  
7r+Tr - in  the e x p e r i m e n t a l  cond i t i ons  of ACO. The  r e s o l u t i o n  of the photon 
phase  space  and the c a l c u l a t i o n s  have  b e e n  done with a good a c c u r a c y ,  u s -  
ing a compu te r .  In s e c t i o n  2, we e s t a b l i s h ,  as a r i g o r o u s  r e s u l t  of q u a n -  
tum e l e c t r o d y n a m i c s ,  a f o r m u l a  fo r  the d i f f e r e n t i a l  c r o s s  s e c t i o n  of 
e+e - --* ~f,  coming  f r o m  the two g r a p h s  of fig. 2 (subsect .  2.2.1). 

We show, in  p a r t i c u l a r  u l t r a  r e l a t i v i s t i c  cond i t ions ,  the va l id i ty  of the 
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" q u a s i - r ~ e l s "  p r o c e s s e s  a p p r o x i m a t i o n  (ref .  [3]). We show tha t  in tha t  c a s e  
t h e r e  i s  a f a c t o r i z a t i o n  of the d i f f e r e n t i a l  c r o s s  s e c t i o n ,  f a c t o r i z a t i o n  in 
e - *  e V and e+e - - ~  f ( subsec t .  2.2.2).  But t h e s e  u l t r a r e l a t i v i s t i c  c ond i t i ons  
a r e  not  r e a l i z e d  in the  s t o r a g e  r i n g s  w h e r e  fo r  a p - e x p e r i m e n t  the e n e r g y  
of one b e a m  is  a r o u n d  400 MeV. So we s tudy  the e r r o r  m a d e ,  if  we u s e  tha t  
f a c t o r i z e d  f o r m u l a  i n s t e a d  of the  r i g o r o u s  one,  fo r  the  d i f f e r e n t i a l  c r o s s  
s e c t i o n .  We f ind  tha t  the  e r r o r  i s  l e s s  than  14%. It can  r e a c h  14% in p a r -  
t i c u l a r  c a s e s  ( subsec t .  2.2.1).  H o w e v e r  a s  a r e s u l t ,  we f ind  tha t  fo r  the  t o -  
t a l  c r o s s  s e c t i o n  (when the i n t e g r a t i o n  on the f ina l  l i n e s  f ha s  b e e n  p e r -  
f o r m e d  in the  whole  s p a c e ) ,  the  f a c t o r i z a t i o n  of the " q u a s i - r ~ e l s "  a p p r o x i -  
m a t i o n  i s  r e a l l y  v a l i d  ( s u b s e c t .  2.3). 

In s u b s e c t .  2.2.3 we s tudy  the a n g u l a r  d i s t r i b u t i o n  of the e m i t t e d  photon.  
We f ind  tha t  even  in the  " q u a s i - r ~ e l s "  p r o c e s s e s  a p p r o x i m a t i o n ,  i t  i s  wrong  
to s a y  tha t  m o s t  of the pho tons  a r e  e m i t t e d  with an ang le  0 l e s s  than  1/), = 
m/E (where  0 i s  the  ang le  b e t w e e n  the d i r e c t i o n  of f l i gh t  of the  e l e c t r o n  and 
the d i r e c t i o n  of f l i gh t  of the photon,  m the m a s s  of the  e l e c t r o n  and E i t s  
e n e r g y ) .  F o r  E = 400 NIeV, 1 /y  = 10 -3 ,  and  we f ind  tha t  25% of the  pho tons  

1 a r e  e m i t t e d  with  0 > ~ and 60% with  ~ > ~ .  
A f t e r ,  we e s t a b l i s h  a g e n e r a l  f o r m u l a  dcr = dao(1 + 5) fo r  the  r a d i a t i v e  

c o r r e c t i o n s  d e s i r e d  ( subsec t .  2.4.3).  F o r  th is  we have  to t ake  into  a c c o u n t  
the  r e n o r m a l i z a t i o n  d i a g r a m s  of the  fou r th  o r d e r  in e fo r  the  v e r t e x  e+e - ~. 
( subsec t .  2.4.1).  T h e  c o n t r i b u t i o n  of t h e s e  d i a g r a m s  has  b e e n  c a l c u l a t e d  in 
two d i f f e r e n t  w a y s :  by  F e y n m a n  r u l e s ,  and by  d i s p e r s i o n  r e l a t i o n s  and a n a -  
l y t i c  con t inua t ion  ( ref .  [4]). T h e  r e s u l t s  which  a r e  the s a m e  in the two 
c a s e s ,  a r e  in d i s a g r e e m e n t  with the r e s u l t s  g i v e n  in r e f s .  [5 ,6] .  In the u l -  
t r a r e l a t i v i s t i c  l i m i t ,  the d i f f e r e n c e  i s  b e t w e e n  the t e r m s  in ~2: ( 2 o t / ~ ) ( _ ~ 2 )  
fo r  the  ref .  [5], ( 2 a / n ) ( ~ u 2 )  fo r  the  re f .  [6] and (2~/~)(½~2)  f o r  us.  

In s e c t i o n  3, we app ly  the  r e s u l t s  of the  f i r s t  p a r t  to the  p r o c e s s  e+e - --. 
n+~- ,  u s ing  fo r  7r f o r m  f a c t o r  the m o d e l  of G o u n a r i s - S a k u r a ' l .  T h i s  e x p e r i -  
m e n t  has  b e e n  done  a t  ACO [10]. 

We s h a l l  s tudy  the c o n s e q u e n c e  of the  a n g u l a r  cu t s  done o v e r  the  ang le  
of the  p r o j e c t i o n  of the  t r a c k s  on the  t r a n s v e r s e  p l ane  and "d i f fu s ion  p l a n e " .  
(See re f .  [10].) One f inds  tha t  the  p e r c e n t a g e  of e v e n t s  wi th  t r a c k s  m a k i n g  
on ang le  of m o r e  than  10% in the t r a n s v e r s e  v iew is  v e r y  s m a l l  ( l e s s  than  
10%: s e e  t ab l e  2) and  one c o m p a r e s  th i s  r e s u l t  with t h o s e  o b t a i n e d  in the  
g e n e r a l  t r e a t m e n t  of the  f i r s t  p a r t .  Then  we have  c o m p a r e d  o u r  r e s u l t s  
wi th  t h o s e  g i v e n  in  r e f s .  [2, 10]. The  d i s c r e p a n c y  c o m e s  f r o m  t h r e e  r e a s o n s :  
an e r r o r  about  the  r e n o r m a l i z a t i o n  g r a p h s  ( t e r m s  in ~2) a l r e a d y  m e n t i o n e d ;  
an  e r r o r  c o m i n g  f r o m  the u se  of a s p h e r i c a l  p h a s e  s p a c e  f o r  the  photon  [2]; 
a t h e o r e t i c a l  d i f f e r e n c e  due to the  u s e  by T a v e r n i e r  of the  " q u a s i - r ~ e l s "  
B r e m s s t r a h l u n g  p r o c e s s  a p p r o x i m a t i o n .  (We s e e  in p a r t  one tha t  th is  i s  
r e a l l y  an a p p r o x i m a t i o n  when the i n t e g r a t i o n  o v e r  the  f i n a l - s t a t e  p a r t i c l e s  
i s  not  done in the whole  s p a c e . )  

Then  we s tudy  the r a d i a t i v e  c o r r e c t i o n  as  a func t ion  of the  a n g u l a r  cu t s ,  
in o r d e r  to s e e  if t h e i r  cho i ce  is  a c r u c i a l  one.  A n e a r l y  s y m m e t r i c a l  v a -  
r i a t i o n  i s  found when the cu t s  a r e  m o v e d  wi th in  the e x p e r i m e n t a l  e r r o r  of 
:L3 ° (f igs .  9 and 10). At  l a s t  we d r a w  the c u r v e s  g iv ing  the  c o n s e q u e n c e s  on 
the r a d i a t i v e  c o r r e c t i o n  of s o m e  v a r i a t i o n  of the  p - m e s o n  p a r a m e t e r s  (f igs .  
11 and 12). 
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2. D E R I V A T I O N  OF THE G E N E R A L  F O R M U L A  

2.1. Generalities. Notations 
2.1.1. p+, p_,  q a r e  the e n e r g y - m o m e n t u m  v e c t o r s  r e s p e c t i v e l y  f o r  e +, e -  
and the photon,  q = (q, qo), m is the e l e c t r o n  m a s s ,  pf  is  the to ta l  e n e r g y  
m o m e n t u m  v e c t o r  of the f ina l  s t a t e  f, and the L o r e n t z  m e t r i c  is (+++-) so  
p+2 = p2 = _m 2. T h e  d i f f e r e n t i a l  c r o s s  s e c t i o n s  f o r  the p r o c e s s e s  e+e - --* f 
and e+e - --. ~f, c a l c u l a t e d  with the g r a p h s  of f igs .  1 and 2 can  be  wr i t t en :  

dao(e+e__~ f) = 1 e 4 A o  {f}~v 
[ ( p + p _ ) 2 - m 4 ] l / 2  4s2 / iv ' 

~f}~v= ~ ( 2 ~ ) 4 5 4 ( p f _ p + _ p _ ) d p  ~ U ~ v *  (1) 
pol  f 

with 

% : ( f lou t J%m(o)To) ,  s = - ( p + + p  )2 

A°# v = (p+~p-v+p+vp-~ + ~Sog ~ ,  s e e  re f .  [7] ,  

d~ B = 1 e 6 q o d q o d ~ q  Auv{f}~v. 
[{p+p_)2_m4 ] 1/2 4s 2 2 (2~)3 

F o r A ~ v s e e  s u b s e c t .  2 .2 .1 ,  s = _ ( p + + p _ _ q ) 2 .  (2) 

In the fo l lowing we c o n s i d e r  the c a s e  w h e r e  ~ can  be  w r i t t e n  as  

~ '~ = k ~ - 5  r '  , 

w h e r e  k is  a r e a l  v e c t o r  with p o s i t i v e  k 2 (as a c o n s e q u e n c e  of the c o n s e r v a -  
t ion of the e l e c t r o m a g n e t i c  c u r r e n t  k.pf = 0), and 5 r' is  a c o m p l e x  s c a l a r .  
Le t  us def ine  F g  = k g  ~ '  !, then 5 r g ~  = FllF v and t h e r e  is  a s i m p l i f i c a t i o n  
of no ta t ions .  

F o r  i n s t a n c e  we can  wr i t e :  

A°v{f} pv= ~ ( 2 ~ ) 4 5 4 ( p f - p + - p ) d p f [ 2 ( p + F ) ( p  F)+½SoF2]. (3) 
p o l f  - - 

No t i ce  tha t  i t  i s  r e a l l y  the  c a s e  when the f ina l  s t a t e  f i s  c o m p o s e d  of two 
s p i n l e s s  p a r t i c l e s .  F o r  the  g e n e r a l  c a s e  note  tha t  A ~ v ~  v is  a s y m m e t r i c  

e "  C -  t -  

Fig.  1. e+e - ~ f in the one-photon-ex-  
change approximation. Fig. 2. Graphs contributing to e+e - -~ yf. 
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b i l i nea r  f o r m  h ( 9 ,  9 * ) .  So if we wr i te  the v e c t o r  9 as  ~ = F R + F I whe re  
F R and F I a r e  r e a l  v e c t o r s  then: 

h( ~:, 5 c*) = h(FR, FR) + h(Fi, FI ) .  

So the f o r m u l a  fo r  the g e n e r a l  ca se  is obta ined  by s u m m i n g  the two f o r m u -  
las  where  F equals  r e s p e c t i v e l y  to F R and F I. 

2.1.2. In s t o r a g e  r ings  the l a b o r a t o r y  s y s t e m  is the e+e - c .m.  s y s t e m .  
So we sha l l  apply al l  ou r  f o r m u l a s  in that  s y s t e m .  

In that  f r a m e  

p+ = ( E , + p ) ,  F = (Fo, F ) ,  q = (qo' q ) '  

]p! :p ,  IF1 : ~ ,  Jq! :qo" 
We define the angles  as fol lows (fig. 3): 

0 = (p, q) ,  ~ : (p,  F ) ,  • = (q, F ) ,  

Cq and ~ F  a r e  the az imu tha l  angles .  We have the angu l a r  r e l a t ion :  

cos~p = c o s ~ c o s 0  + s ing/s in0 cos(,bq - ~ F ) .  

In s t o r a g e  r ings ,  we a r e  a l so  in an u l t r a r e l a t i v i s t i c  l imit .  F o r  E = 300 
m MeV, -~  = 1.7 × 10 -3,  so  we can neg lec t ,  with a v e r y  good app rox ima t ion ,  

m2/E2 c o m p a r e d  with unity. In tha t  ca se  d~ o can be wr i t t en  as 

da  ° = 64E~polfe4 ~ F2  sin2~p (2~) 4 6 4 ( p f - p + - p _ ) d p f .  (4) 

2.2. Differential cross section for  e+e - ~ 7f 
2.2.1. The  ca lcu la t ion  of the two g r a p h s  of fig. 2, by F e y n m a n  techniques  

and the use  of the c o n s e r v a t i o n  of the e l e c t r o m a g n e t i c  c u r r e n t  (pf. 9 = 
(p+ +p_ - q). 9 = 0), give fo r  A~u of f o r m u l a  (2): 

/ 
Fig. 3. Polar system of reference. 
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AgV ggv(qp  + qp_ 2m2(P~+ p~ pv 

In the e+e - c .m.  s y s t e m  and in the u l t r a r e l a t i v i s t i c  c a s e  of s t o r a g e  r ings  
(m2/E 2 << 1) we have 

sin20 A~VF F - 
v (1 -  (p2 /E2)cos20)  2 f ( ° )  

m 2 g(o) 

+ E 2 (1 - (p2/E2)cos20)2 + 
with 

sin20 
(1 - (p2/E 2)cos20)2 [/(e) , r iO)] ,  

8.(E-qo) t(2E:qo)2 cos2  +q cos   
f (O):  F212(1 + COS20) - q2o ( (2E-qo)2-q20 COS2g a - 1 1 1 '  

8E2F~0=0 (1 - (qo/2E)) 2 (1 - (qo/E) + (q2/2E2)) 
f(O) - q2 (1 - (qo/E) + (q2/4E2) sin2ffZ) s in2~  ' 

g(0) F 2 4 ( 1 -  (qo/2E)2 
= . ~ , s in2  ~.  

0=0 (1 - (qo/E) + (q~)/4E z) s in  ~ ~) 

(5) 

(6) 

This  f o r m u l a  is va l id  f o r  0 be tween  0 and ~ .  F o r  0 be tween  ½~ an~ ~ we 
m u s t  change  f(0) and g(0) by f(Tr) and g(~),  Mat  is tp s ay  FO_ 0 by Fo_Tr. No-  
t ice  that  in the g e n e r a l  c a s e  we have not F'~=~ = F'~=O, n e v e r t h e l e s s - i n  the 

c a s e  of a two s p i n l e s s  p a r t i c l e s  f inal  s t a t e  F 2 depends  only on 

s = -(p+ +p_ - q ) 2  = 4E(E- qo) so  F2=~ = F2=0 . 
F o r m u l a  (6) is wr i t t e n  in such  a way  that  the f i r s t  t e r m  is the p r e p o n -  

d e r a n t  one. Th i s  is due to the fac t  that  s in28/ (1  - (p2/E 2) cos20)2 has  two 
peaks  v e r y  n e a r  0 = 0 and 0 = 7r. To u n d e r s t a n d  the p r e p o n d e r a n c e  one can 
c o m p a r e  the d i f f e ren t  i n t e g r a l s  g iven  in appendix 1. 

Le t  us s tudy now the p r e p o n d e r a n c e  of the f i r s t  t e r m  in f ron t  of the 
o the r s .  When E/m is  g r e a t  enough that  we neg lec t  1 in f ron t  of logE/m we 
m u s t  keep  only the f i r s t  t e r m  in f o r m u l a  (6). But let  us  r e m a r k  that  to 
have logE/m >I 103 we m u s t  have Elm >1 el03 which is g igant ic :  At the en -  
e r g i e s  of s t o r a g e  r i n g s  let us look at the e r r o r  made  if we keep  only  the 
f i r s t  t e r m .  F o r  e x a m p l e  at E = 300 MeV, fo r  a two s p i n l e s s  p a r t i c l e s  f inal  
s ta te ,  f o r  @ = ~ and a f t e r  i n t eg ra t i on  in d(cos0)  we f ind that  the e r r o r  can 
r e a c h  14% if the e m i t t e d  photon is v e r y  h a r d  (qo c lose  to E). 

2.'2.2. F a c t o r i z a t i o n .  We show that  if we keep  only the f i r s t  t e r m  in f o r -  
m u l a  (6) t h e r e  is a f a c t o r i z a t i o n  of  the d i f f e ren t i a l  c r o s s  s ec t ion  d~ B ((2)7. 
If we do this a p p r o x i m a t i o n ,  in f(0) we c o n s i d e r  that  the photon has been  
e m i t t e d  at 0 = 0 by the e l e c t r o n  e +, b e c a u s e  e + is " q u a s i - r ~ e l "  a f t e r  e m i s -  
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sion: 

(p+_q)2=  _m 2 _ 2 ( p q _ E q o ) =  . m  2 _ 2(p_E)qo ' 

which is Of o r d e r  m2. 
If it has been  emi t ted  at 0 = 0 by the e lec t ron  e - ,  e -  would not have been 

"quas i - r~e l "  because  (P_ -q)2  = 4Eqo" 
So let us define by dcg o the d i f fe rent ia l  c r o s s  sec t ion  dao(e+e- -~f) of f o r -  

mula  (1) where  we have changed p+ by p+ - q. 
Consider ing da B of f o r m u l a  (2) in which we have taken fo r  A ~wF~FU the 

f i r s t  t e r m  of f o r m u l a  (6), we find the following fac to r iza t ion :  

2e2 sin20 dq° (1 qo q2 ~ , 
d~ B - (2~) 3 ( 1  - (p2/E2)cos20)  2 qo d~q - ~ - +  ~ / d ~  o . (7) 

This  is t rue  for  O between 0 and -*~ 2 , we find the s a m e  r e su l t  for  0 between 
1 ~ and ~. 

2.2.3. Angular  d is t r ibut ion of the emi t ted  photon. If we keep only the 
f i r s t  t e r m  in f o r m u l a  (6) the angular  d is t r ibut ion is given by 
s i n 2 0 / ( 1 -  (p2/E2)cos20)  2. To study it, let us cons ider  

.O M h(OM) : j sin20 
o (1 - (p2/E2) cos20)2 d(cos 0) 

m 2 cosO.M / E  +P cOS0M~ 
- ½ log -z~ - p  cu ~ - Y ~ - S O M / "  = -½ + l o g - ~  + 2E 2 (1 - (p2/E2) cos20M) 

(8) 

At E = 400 MeV, let us look at h(OM)/h(½=) fo r  s o m e  values  of O M. 

h(O M) 
h(½~ 1 0.87 0.74 0.40 

A study of the angular  d is t r ibut ion with the all f o r m u l a  (6) gives  approx i -  
ma te ly  the s a m e  r e s u l t s .  So it is wrong to say that the g r e a t e s t  pa r t  of 
the photons a re  emi t ted  in a cone of angle O M < 1 /y  = m / E  = 10 -3. M o r e -  
over: 

SO 

h (½n) = -½ + log 2~ ~ logv 

h0 
h(½~) 

when Y--' oo, h (1)  ~ ½ l o g 2 -  ¼, 

when y -~ ¢o, 
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and the previous assumpt ion  is definitely wrong when the energy E goes to 
infinity. 

2.3. Total cross  section for  e+e - -~ yf  (integrated over the final lines f) 
This total c r o s s  sect ion is given by fo rmula  (2) where we replace  (f}g u 

by {f}~v = f ( f } Uv ;  ~f}~v depends only on pf = p+ + p _ -  q, and the conse rva -  
f 

tion of the e lec t romagnet ic  cur ren t  implies that { f ~  v is of the following 
fo rm:  

- ) JoC-, , 
Using A °  v of fo rmula  (1) and A,, v of fo rmula  (5) we find respect ive ly  the 
total cro~s sect ion ~o(So) (for e~e- -~ f) and dUBT (for e+e - -~ ~f). In the e+e - 
c.m. sys tem and in the u l t r a - r e l a t iv i s t i c  l imit m2/E  2 << 1 and s / m  2 = 
4 E ( E - q o ) / m  2 >> 1, af ter  an integrat ion over d$2q (angular var iables  of the 
photon) we find: 

duT 2ff dqo 
= • -qo h(E, qo) Uo(4E(E - qo)), (9) 

with 

-~ +~2/ 
So fo r  the total c ro s s  sect ion the fac tor iza t ion  of fo rmula  (7) is valid with a 
ve ry  good approximation;  there is no co r rec t ive  t e rm (coming f rom fo rmu-  
la (6)). 

2.4. Radiative correct ions due to the photon emit ted by the initial electrons 
To the third o r d e r  in o~ we have to take into account all the d iag rams  of 

figs. 2 and 4. 

2.4.1. Renormal izat ion.  Using Feynmann techniques or  analytic continu- 
ation of the resu l t s  given by Chou and Dresden (dispersive methods) (ref. 
[4]), and by Schweber (re+f. [9]), we find the contribution of the five dia-  
g r a m s  of fig. 4. In the e e c.m. and in the u l t ra re la t iv i s t i c  limit, we find 
that this contribution is given by: 

a b c d • 

Fig. 4. Renormalization graphs. 
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where  

d~r 1 = dao(1 + A v + ASE) ,  (10) 

ASE - f f ~ I - ~ + 2 1 O g m  • 

Note that  being in the u l t r a r e l a t i v i s t i c  l imit ,  we have neg lec ted  the t e r m  
coming  f r o m  the func t ion  F2(s) of ref.  [2]. We not ice  in A V the d i f f e r ence  
with refs .  [5, 6]: ( 2 a / ~ ) ( - ~ r  ~) in ref.  [5] and (2c~/~)(~r2)  in ref.  [6] when 
our  r e s u l t  is (2a /~ ) (~ r2 ) .  One can s e e  s o m e  de ta i l s  of the ana ly t i c  cont inu-  
a t ion  in appendix 2. 

2.4.2. B r e m s s t r a h l u n g .  To deal  with the i n f r a r e d  d i v e r g e n c e  p r o b l e m ,  we 
c o n s i d e r  the c r o s s  s ec t ion  f o r  e+e - ~ 7f whe re  the photon ~ has a m a s s  ~t. 
We in t eg ra t e  the photon v a r i a b l e s  in the vo lume cJ A - cJ~ be tween  the two 
s p h e r e s  of c en t r e  0 and rad ius  A(A/E << 1) and ~(~ < A). Neg lec t ing  t e r m s  
l ike qo/E in f ron t  of 1 we obta in  fo r  the d i f fe ren t ia l  c r o s s  s ec t ion  

/ P+ P_ \ 2  F - 2  __2- Y Vqo-  (11) da~ : d~ o 2(2~)3 ~9A-¢}t 

In the e+e - c .m.  and in the u l t r a - r e l a t i v i s t i c  l imit ,  f o r m u l a  (11) b e c o m e s :  

with 

d~t  = d~ o A B ,  

l 121 A B = ~ -  log + + ~ - - t o g  -rn--6~ " (12) 

2.4.3. Resu l t s .  Taking  into accoun t  the p rev ious  r ad i a t i ve  c o r r e c t i o n s  
the d i f fe ren t ia l  c r o s s  s ec t ion  f o r  e+e - -~ f and e+e - --* 7f (figs. 1 and 2) is :  

d~ = d~o(1 + 6), 

with 

daB (13) 
6 = A  V + A S E  + A  B +  f -d~ o.  

In d~ o the p h a s e - s p a c e  d i f fe ren t i a l  vo lume  is g iven by 64(P f - p + -  p_)dpf ,  

= - -  o g ~ +  13 17 + ~ 2  (14) ~ ~-3~ 

In making  c o r r e c t i o n s  to an e x p e r i m e n t a l  c r o s s  s ec t ion  the f inal  l ines  
a r e  i n t eg ra t ed  in the vo lume q)f  exp and the photon v a r i a b l e s  a r e  i n t eg ra t ed  
in the vo lume Q)exp - ~A, so  
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= ( 1 + 5 1 + ~  f f daB). (15) 
~exp Uo exp Uo exp Q)f exp Q~exp- cJ A 

The  c o r r e c t i o n s  to the total  c r o s s  s e c t i on  a r e  ob ta ined  f r o m  (14) and (9): 

u . . . .  a o ( 4 E 2 ) I I + 2 ° ~ l ' ( - l + 2 1 o g ~ ) ( l o g A u  +]v+23 ~A~axdqoqo_ ( 1 - ~ + 2 E ~ j q °  q2 \ 

aor4E2]  / - ~  
(16) 

3. A P P L I C A T I O N  TO A P A R T I C U L A R  E X A M P L E .  THE R E A C T I O N  
e+e - -~ n+n-  

We begin  with a s h o r t  d e s c r i p t i o n  of the e x p e r i m e n t a l  s e t -up .  Then  we 
wr i te  the e x p r e s s i o n  fo r  r ad i a t i ve  c o r r e c t i o n s  in that  case ,  us ing  the 
G o u n a r i s - S a k u r g i  mode l  f o r  the c h a r g e d  n - m e s o n  f o r m  fac to r .  F ina l ly  we 
g ive  our  r e s u l t s ,  d i s c u s s  the inf luence  of angu l a r  cuts  and f o r m - f a c t o r  pa -  
r a m e t e r s  and c o m p a r e  them with those  g iven  in the " q u a s i - r 6 e l "  p r o c e s s  
a p p r o x i m a t i o n  in o r d e r  to check  the r e s u l t s  of the f i r s t  pa r t  of this  p a p e r  
(sect.  2). 

3.1. Experimental set-up 
This  e x p e r i m e n t  has been  p e r f o r m e d  at ACO [10]. 
Experimental constraints: 
(i) The  c h a r g e d  m e s o n s  a r e  d e t e c t e d  in two s e m i - c o n e s  (angle v = ¼n) of 

v e r t i c a l  axis  n o r m a l  to the b e a m  plane ( there  should  be a t r a c e  in each  
s e m i - c o n e ) .  

(ii) Angu la r  cuts  on the t r a c k s  angle  a r e  m a d e  to d i s c a r d  the p r o c e s s e s  
with m o r e  than two body f inal  s t a te  (apar t  s o m e  r ad i a t i ve  events  e+e - 
n + 7 7 - , / ) .  

We shal l  s tudy the inf luence of a cut  in the t r a n s v e r s e  plane (angle b e -  
tween  the p r o j e c t i o n s  of the two t r a c k s  l e s s  than D E L T ) ,  of a cut in the 
"d i f fus ion  p lane" ,  def ined in ref.  [10] (angle l e s s  than D E L L ) ,  and of a cut 
in s p a c e  (angle be tween  the t r a c k s  l e s s  than 7?). 

Note  that  as  the n - m e s o n  c h a r g e  is not m e a s u r e d ,  we have not to con -  
s i d e r  the t w o - p h o t o n - e x c h a n g e  g r a p h s  (fig. 5) due to a t h e o r e m  p r o v e d  by 
Pu t zo lu  [5]. 

B÷ / n-~ 

¢t- ~n-- 

Fig. 5. Two-photon-exchange graph for e+e - -~ ~'+~'-. 
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3.2. Express ion  o f  the radiat ive correct ion 
Notation:k+, k a r e  the m o m e n t s  of the n+ and n-  , k = k  - k  , K = 

k .  + k , and @ is  the angle  be tween  the b e a m  l ine and k. + - 
T H e r e  we have  (n+~-!~pm(0)t0} = (k+-k_)pFr(s )  and we use  the G o u n a r i s -  

Sakur~ i  m o d e l  f o r  F v ( s )  (ref.  [7], f o r m u l a  (B.28)). So in e v e r y  f o r m u l a  of 
the f i r s t  p a r t  we r e p l a c e  F,, bv k,, [F~(s)[ and 5 4 ( p f + q - p + - p _ ) d p f  by 
5 4 ( K + q - P + - P _ )  (d3k+/E+)~(d3"k _~/E_'i. In the e+e - c .m.  s y s t e m  we f ind f o r  
54(pf + q - p +  - p _ )  dpf 

I k](2E- %) 
2 df~k'  

2[ (2E-qo)2 - qo c°s2"p] 

with 

tkl 2 _ -  (2E - qo)2k 2 k 2 = 4(E 2 - E qo - M2)" 
(2E - qo )2 - q2 ° cos  2 q)' 

The  f o r m u l a  (13) when i n t e g r a t e d  o v e r  the photon p h a s e  s p a c e  b e c o m e s  
d~ = d~n(1 + 5), 5 = 61 ( independent  of @) + g(E ,  ¢,), 
d~ o = h~E) [1 - (p2 /E2)  c o s 2 ~ ]  d~2f. 
Hence  ~ = ~o(1 + 5total)  and, in the  c a s e  of cones  

1 

2 f (1 - (p2 /E2)  cos2@)Arc  cos(cosv/sin~h)g(E, if/) sin@d@ 
P 

5tota  1 = 51 + 
( 1 -  ( p 2 / 3 E 2 ) ) ( 1 -  cosy)  + ( p 2 / d E 2 ) c o s y  s in2v  

H e r e  v = ¼~. (All t h e s e  i n t e g r a t i o n s  a r e  done with a c o m p u t e r . )  

3.3. Resu l t s  
3.3.1. R e l a t i o n s  b e t w e e n  photon p h a s e - s p a c e  shape  and a n g u l a r  cuts .  

One f inds  a s u r f a c e  with the axis  k wel l  a p p r o x i m a t e d  by the b i s s e c t r i x  of 
the t r a c k s ,  the s e m i  m a j o r  ax i s  equal  to 2E(E - M ) / ( 2 E  - M ) ,  w h e r e  M is  
the pion m a s s ,  the c r o s s  s e c t i o n  g iven  in fig. 6 and with the longi tudinal  
s e c t i o n s  g e n e r a l l y  s y m m e t r i c a l ,  be ing  wel l  f i t t ed  by an a r c  of a conic.  

3.3.2.  Inf luence  of a n g u l a r  cuts  on the r a d i a t i v e  c o r r e c t i o n .  In th is  ex -  
p e r i m e n t ,  the photon phase  s p a c e  is  the i n t e r s e c t i o n  o f ( ~ a n d ( ~ ( h a c h u r e d  
p a r t  in fig.  6). It is  equ iva len t  to the i n t e r s e c t i o n  of(~)an~Jd(~)as~Jcan be  s e e n  
on fig. 6: the d i f f e r e n c e  is  v e r y  s m a l l  on the t r a n s v e r s e  s ec t i on ,  and m o r e -  
o v e r  the phase  s p a c e  is  v e r y  long (430 MeV on the axis )  so  the vo lume  con-  
t r ibu t ing  to th is  d i f f e r e n c e  is  v e r y  s m a l l .  The  r a d i a t i v e  c o r r e c t i o n  f o r  

N ~ i s  l abe l l ed  a s ~ i n  the fo l lowing tab le  1. 
Comments  
(i) One f inds  t h a t ( ~ ) a n d ( ~ ) a r e  n e a r l y  the s a m e .  (See t ab le  2.) 
(ii) To  go f u r t h e r ,  fig. 7 g ives  (1 + 6) i n t e g r a t e d  o v e r  photons  lying in d i f -  
f e r e n t  p a r t s  of the photon phase  s p a c e  ( m o r e  p r e c i s e l y ,  t h e s e  n u m b e r s  
a r e  w r i t t e n  on the " t r a n s v e r s e  s e c t i o n  a v e r a g e d  o v e r  ~ ' ) .  The  r e s u l t s  
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I , !  
2 E  = 1020 MeV 

',! 

\ 

78 112 395 '-MeV 

Fig.  6. C r o s s  s ec t i on  of the photon p h a s e  space ;  2E = 1020 MeV; s e m i  m a j o r  axis  
2 E ( E - M ) / ( 2 E - M )  ~ 430 MeV. (~) One even t  in  each  s e m i  cone (obtuse angle  be tween  
the t r a c k s ) ,  (~) Angle  be t w een  the p r o j e c t i o n s  of the two t r a c k s  in the "d i f fus ion  p lane"  
l e s s  than DELL = 15 °.  @ A n g l e  be t w een  the p r o j e c t i o n s  of the two t r a c k s  on a p lane  
p e r p e n d i c u l a r  to the b e a m  l ine l e s s  than DELT = 10 ° (~  = -~y) ~ '  

(~) Angle  be tween  the t r a c k s  l e s s  than ~7 = 15~5 in (~spaceSame. fo r  = ½~. 

Tab le  1 
Rad ia t ive  c o r r e c t i o n  5 to ta l  

E 322,2 352.3 382.0 412.4 442.9 510.0 

6 (obtuse) - 0.0,492 - 0.0726 - 0.0461 0.1519 0.4119 1.112 (~) 
without cuts 

(i0,15) 0.0672 - 0.0835 - 0.0553 0.1073 0.1853 0.1104 (~) 
DELT, DELL 

6 (/, 15) not not 
- 0.0543 0.1126 0.2068 0.1654 (~) 

DELL only computed computed 

(I0, /)  - 0.053 - 0.075 - 0.048 0.143 0.371 0.92 (~) 
DELT only 

(77 = 15 °) 
- 0.0689 - 0.0841 - 0.0338 0.133 0.181 0.108 

mp= 760 

extrapolated - 0.067 - 0.082 - 0.055 0.109 0.185 0.112 ~) 
to mp = 770 

of table 2 are to be compared to those given in subsect. 2.2.3; there it 
was found that for E = 400 MeV, 26% of the Bremsstrahlung events - 
that is to say 3~o of the total number of events - occur with an angle 0 
greater than ~. To make that comparison, we need a relation between 0 

and ACPtransverse. 
1 

On the transverse plane we have approximately qo×0 ~ ~Ik~transverse 
with ½ ]kl ~ E for a not too hard photon. So 0/A~ T ~ E/qo ~ 4 mostly. 
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Table  2 

E 322.2 352.3 382.0 412.4 442.9 510.0 

(~  - (.~ 0.004 0.002 0.002 0.009 0.041 0.19 

percen tage  of 
events  with t racks  
making an angle of 
m o r e  than 10 ° in a 
t r a n s v e r s e  plane 

< 1% < 1% < 1% < 1% ~ 3% ~ 9% 

. DELT=IO! ~ 3 8 2 . 0  

= M e V  

I - M e v  

~ = 4 1 2 . / - ,  

DELL = 15 t 

M e V  

~ = 510 

I " ' " M e V  

Fig.  7. (1 + 5) in tegra ted  o v e r  photons lying on di f ferent  par t s  of the photon phase  
space .  {These numbers  a re  wri t ten  on "the t r a n s v e r s e  sect ion ave raged  o v e r  ¢,".) 

T h i s  e q u a l i t y  e x p l a i n s  why f o r  A ~  1- = 10 ° ,  8 = 18 ° we  f i n d  1% in  t a b l e  2 
and  3% in the  p r e v i o u s l y  m e n t i o n e d  s u b s e c t i o n .  
( i i i )  We  c o m p a r e  now o u r  r e s u l t s  w i th  t h o s e  g i v e n  in  t he  " q u a s i - r ~ e l "  
p r o c e s s  a p p r o x i m a t i o n  in  r e f s .  [10, 2]. In t h e s e  r e f e r e n c e s  t h e  w o r k  of  
R o s s i  [6] i s  u s e d  and  so  t h e r e  i s  an  e r r o r  a s  m e n t i o n e d  in s u b s e c t .  2 .4 .1  
((2ot /~)  × 1~2 i s  m i s s i n g  in  6). 

T h e  d i f f e r e n c e  b e t w e e n  t h e  two l a s t  l i n e s  of t a b l e  3 a r i s e s  f r o m  two r e a -  
s o n s  : 
(a) T a v e r n i e r  [2] u s e s  a s p h e r e  f o r  t he  B r e m s s t r a h l u n g  p h o t o n  p h a s e  
s p a c e  w h e n  we  h a v e  u s e d  t h e  e x a c t  s h a p e  f o r  it. 
(b) We h a v e  s e e n  in  s u b s e c t .  2.3 t h a t  the  " q u a s i - r ~ e l "  p r o c e s s  a p p r o x i -  
m a t i o n  is  no t  an  a p p r o x i m a t i o n ,  o n l y  w h e n  the  f i n a l  i n t e g r a t i o n  is  o v e r  
t h e  w h o l e  s p a c e .  In t h a t  e x p e r i m e n t ,  i t  i s  not  t he  c a s e .  T h e  e r r o r  m e n -  

t i o n e d  in  s u b s e c t .  2 .2 .1  w a s  t h a t  of  10% On 6 B r e m s s t r a h l u n g  f o r  E = 400 
M e V  - t h a t  i s  to  s a y ,  1% f o r  (1 + 6n). T h e  d i f f e r e n c e  of t h e  two  l a s t  l i n e s  
of  t a b l e  3 i s  c o m p a t i b l e  w i t h  t h i s  e r r o r  of 1%. 
(iv) As  an o u t l y i n g  r e s u l t  we  h a v e  c o m p u t e d  the  c o n t a m i n a t i o n  of  e + e "  --* 
~p ~ f i n a l  s t a t e  ( e s p e c i a l l y  ~ + n -  c o m i  f r o m  K ° d e c a y )  by  e+e  - - D 

ng o - - - e ~ o n -  + + ___. ~- .  T h e  O r s a y  g r o u p ,  in t h e i r  a n a l y s i s  of e e -  ~ ¢ f i n a l  s t a t e ,  
s i d e r s  t ha t  by t a k i n g  in to  a c c o u n t  o n l y  the  e v e n t s  in  w h i c h  the  t r a c k s  a n -  
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Table 3 

393 

E 322.2 352.3 382 412.4 442.9 

(1+87r) (ref. [10]) 0.925 0.911 0.935 1.081 1.144 

(1 + 6~-) (ref. [10]) plus 0.936 0.922 0.946 1.092 1.155 
(2or/y) x ¼~2 = 0.0115 

(1 + 87r) 0.933 0.916 0.945 1.107 1.185 
our work 

gle is  l a r g e r  than D E L T  = 5 ° in  t r a n s v e r s e  p lane  and D E L L  = 10 ° in space ,  
they d i s c a r d  in  the to ta l  n u m b e r  of even t s ,  a l m o s t  a l l  the one coming  
f r o m  the p - m e s o n .  

N 
c o n t a m i n a t i o n  = ~ ,  

atootal(e+e-P~+~ -)  × 0.24 × e f f i c i ency  × l u m i n o s i t y  
= 

~total(e+e---*@~all) × B ~ _ K o g o  × BI~s~ ~+ ~.  × e f f i c i ency  × l u m i n o s i t y '  

at 2E = 1020 MeV (0.24 c o m e s  f r o m  tab le  4). 
C o n t a m i n a t i o n  = 1.7% which is  u n d e r  the e x p e r i m e n t a l i s t s '  e s t i m a t i o n .  
Note that  the v a r i a t i o n  of x - f u n c t i o n  (see fig. 8) of the t r a n s v e r s e  cut  is 
not v e r y  s h a r p ,  at  l e a s t  l e s s  than  expec ted  by the e x p e r i m e n t a l i s t s  of 
O r s a y  who thought  that  5 ° was a c r u c i a l  value .  
(v) The  r a d i a t i v e  c o r r e c t i o n  as a func t ion  of a n g u l a r  cuts  (see figs.  9 and 
10). The  e r r o r  made  by e x p e r i m e n t a l i s t s  is  + 3 ° f o r  each a n g u l a r  cut. 
As a m a t t e r  of fac t ,  we can  see  on the c u r v e s  tha t  !6 (DELL+3  °) - 
6(DELL)] and ] 6 ( D E L L - 3 ° )  - 6(DELL)! a r e  a l m o s t  equa l  (and the s a m e  
fo r  D E L L  changed  to DELT) .  Now s t a t i s t i c a l l y  one accep t s  as  m a n y  
even t s  with a too l a r g e  angle  ( c o m p a r e d  to the cut),  as  with a too s m a l l  
angle .  C o n s e q u e n t l y  the e r r o r  c o m i n g  f r o m  th is  e r r o r  is  n e a r l y  neg l ig -  
ible.  

3.3.3. The  r a d i a t i v e  c o r r e c t i o n  as a f unc t i on  of p - m e s o n  p a r a m e t e r s .  
With a f i r s t  a p p r o x i m a t i o n  fo r  the r a d i a t i v e  c o r r e c t i o n ,  the e x p e r i m e n t a l -  
i s t s  have f i t t ed  the p a r a m e t e r s  of the p - m e s o n  to be mp= 770 + 4 MeV, Fp = 

111 + 6 MeV (ref.  [10]). 

Table 4 

DELT 2 ° 5 ° 8 ° 

X 0.38 0.24 0.18 

X = contribution to cross section of events p ~ 2~" with tracks in an angle greatcr~,_ 
than DELT in the t ransverse  plane and ~] = 10 ° in space (in percentage of o'~ Utal with- 
out radiative correction). E = 510 MeV. 
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Fig.  8. X (contr ibut ion to c r o s s  sec t ion  of even t s  p - '  27r with t r a c k s  in an angle 
g r e a t e r  than DELT in the t r a n s v e r s e  plane and ~7 = 10 ° in space) as a funct ion of 

DELT. 
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Fig .  9. Radia t ive  c o r r e c t i o n  as  a funct ion of longitudinal angular  cut (DELL). 
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Fig.  I0. Radiat ive c o r r e c t i o n  as  a funct ion of t r a n s v e r s e  angular  cut (DELT). 
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Fig.  11. Rad ia t ive  e o r r e e t i o n  as  a fune t ion  of rnp.  
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Fig .  13. Ana ly t i c  d o m a i n  f o r  the func t ion  F 1 (s). 
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We have  d e t e r m i n e d  the e r r o r  on ou r  c a l c u l a t i o n  c o m i n g  f r o m  t h e s e  i m -  
p r e c i s i o n s  on m p  and Fp  ( see  f igs .  11 and 12). 

As e x p e c t e d ,  when m E g o e s  f r o m  766 to 774 MeV we have  a t r a n s l a t i o n  
of the  cu rve .  And when Fp_ g o e s  f r o m  105 to 117 MeV we have  a d i l a t a t i o n  
c e n t e r e d  on the po in t  E = 392, 6 = 0. But t h e s e  e r r o r s  a r e  c o r r e l a t e d ;  the  
s m a l l  d i s c r e p a n c y  b e t w e e n  o u r  r e s u l t s  and t h o s e  of T a v e r n i e r  does  not  
s e e m  to j u s t i f y  a new and v e r y  long f i t  f o r  the  p - m e s o n  p a r a m e t e r s .  

We thank P r o f e s s o r M .  G o u r d i n  and the e x p e r i m e n t a l i s t s  of ACO f o r  use -  
fu l  d i s c u s s i o n s .  

APPEND~ 1. 

To u n d e r s t a n d  f o r m u l a  (6) the  fo l lowing  i n t e g r a l s  a r e  u se fu l :  

f (1 (p2/E2)COS20)2 2E 2 L ~ + ~ E I ° g ~  
o 

1 
sinO d(cosO) ~ E 

f ( l _ ( p 2 / E 2 ) c o s 2 0 )  2 = 4 ~ ,  
o 

1 
f s in28 d (cos0)  

o (1 - (p2 /E2)  COS26) 2 

1 1 
sinnO d(cos0) f s i n n - 4 e  d (cos0)  f o r  n >~ 3.  

f (1 (p2/E2)cos20) 2 o O 

We s e e  tha t  only  the  t h r e e  f i r s t  i n t e g r a l s  go to  in f in i ty  when E g o e s  to 
in f in i ty .  

APPEND~ 2. 

The  func t ion  F l ( S )  of r e f s .  [4, 9] i s  g i v e n  in a u s e f u l  way fo r  0 < s < 4m 2. 
F o r  s = 4E2 > 4m2 we have  to do an a n a l y t i c  c o n t i n u a t i o n  o v e r  the  cut  (fig. 

0 
13). The  d i f f i cu l t y  i s  in the a n a l y t i c  con t i nua t i on  of f x tg x d x  (whe re  

o 
sin28 = s / 4 m  2) b e c a u s e  the func t ion  x tg x has  a po le  at  x = ½~. The  r e s u l t  
i s :  
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, l + y  
{9 ~ log 1-v 

-'~log(~)+i({~2 f zcoth~az), f x t g x d x  = - 2  
o o 

where  v = P I E  and 

l+y 
L~ l o g  1 - v  

f 
o 

,og ~_~- ~ ~og 1-?Vv / 
! 1 - v  ~ 

1-y 
l+v 

+ f I o g 0 - Y ) d y  }. 
o Y 

The  a n a l y t i c  c o n t i n u a t i o n  g ives  f o r A  V = 2 Re F l ( S ) ,  when s = 4E 2 

A V = - ~ ) L o g ~ - _ ~ )  - ~ L o g ~  

E+p 

In the u l t r a r e l a t i v i s t i c  l i m i t  we f ind  the A V g i ve n  in f o r m u l a  (10). 

NOTE ADDED IN PROOF 

This paper was finished when we came to hear of the work of Nguyen 
Ngoc Hoan (note interne du Laboratoire de l'Acc61~ration lin6aire, RI68, 
18 Orsay). His work is on the same topic and is in part similar to ours. 
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