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Locating the QCD critical point
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Locating the QCD critical point
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Experiments can scan the phase diagram by changing /s: RHIC, SPS, FAIR.

Signatures: event-by-event fluctuations.

Susceptibilities diverge = fluctuations grow towards the critical point.
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The phase of the Dirac determinant

Let det M = | det M| e*®. The average phase factor:

€i20‘detM|2>0 . Z1_|_1

(€)1 = <

= =R
(| det M|?)o 2141
® R measures the severity of the sign problem.
In QCD:
Z141 eVP1+1/T
R(T, p) = ~ VP, /T
YARRE, eV P1y1x/
For example, when T" < m,
while Py~ ,UJ26_mN/T <L P1yq+ (= Cohen: my > 3/2my)

Thus

R ~ exp (—V,U,Qe_m”/T) — 0 as V — o0 (Splittorff)
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R and the severity of the sign problem

® In a finite volume V (as in lattice simulations) R is also finite.

® [n a MC calculation, when R be-
comes small, noise may cause spuri-
ous zeros in Z;+1 ~ R, which might
be misidentified as Lee-Yang zeros.
(Ejiri)
® These fluctuations are large when
1+ 1™ approaches phase transition to
pion condensation. (Splittorff)

® This happens because pu enters the
domain of eigenvalues of Dirac operator
In u-plane (right):

det M = H(,u — i) = 0.

Small fluctuation in the position of an
eigenvalue pu; translates into a large
change in phase of det M.
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R and pion condensation boundary in RMM

To guard against possible misidentification of the critical point it is important to
know where the boundary of pion condensation occurs at 17" # 0.

An approach: use RMM to study the behavior of R(T', u).

Z141 = (det®M)o = / DX e VXX 4ot M

where M is the 2N x 2N matrix approximating the Dirac operator:

0 iX+C 1 0
M = + M+ 1Yo; C =T )
iXT+C 0 0 -1

\ - 7
-~

“Matsubara”

X is N x N complex random matrix. N — oo corresponds to thermodynamic limit.

Z141+ = (det M det M™)g
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Properties of the Random Matrix Model

® Foru#0 detM iscomplex = sign problem.

® Solvable analytically.

Examples:

® Phase diagram (1+1):

(Halasz et al)

® Complex u singularities
(Taylor exp. convergence radius)
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Analytical solution of RMM

® After Hubbard-Stratonovich:

A+m p—+inT
Z1y1 = /DA e N AAT qot < > x (same with T" — —T)

u+irT AT+ m

where A is complex 2 x 2 (i.e., Nt X N¢) matrix.

; (M* =M

p— T3

)

p——p

Ziy1x = Z141

® Define Q(A): Z = [DAe VY N — oo dominated by saddle point of Q(A):

(A+m)[(A+m)* —p*+T%

A A me - E TP 1 4z

® This saddle point is the same for 1 + 1 and 1 4+ 1 RMM (outside the pion
condensation domain) and also min 2111 = minQ;41+. l.e.

—NQ
e 141

R ~ — e

0N 1 as N — oo, not 0.

Random matrices and the OCD sian problem = p. 8/



Analytical solution of RMM (contd.)

2

0A 0A.

! —1/2 2 2

R— Zl_|_1 . deth+1 . b3 — b4
T Zip1e 7 T2 12
1+1%* deth+1* 1 2

/7

Need second derivative matrix Q

where

2 2 2
blz(A-l—m) (1_8T,u>

W W
b_l—TQ_ILLQ_STQ,LLQ(A_'_m)Q
2T W W2

T2+ 2
by = 1 — W“

p, — (At+m)”
T W

W = (A+m)* +2(A+m)*(T° — *) + (T° + u*)°
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R(T, 1) contour plot
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® Sign problem is less severe at higher temperature :)
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R(T, 1) contour plot
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® Sign problem is less severe at higher temperature :)

® First order transition of 1+1 is inside the R = 0 boundary :(
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Interesting limits

® T=0, small m and u ~ /m
(Splittorff, Verbaarschot)

2 _ (2
m mr )

® T <1,smallmand u~ /m

R~1-—

Yy
Y

R

()

Uz

sign problem weakens with T'.

® Chiral limit (m = 0),any u, T

(T% + p°)? = (T% + p*))?
(T2 + p2)? — (17 — p?))?

R =

R =0ina90° pie: T? + u° < 1.
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R =0boundarynear7 =1, u =10

How does the R = 0 (pion condensation) boundary approach T’ =1, u — 0 as
My — 0?

T larger m T smaller m

0 L 0 0

® In RMM, expanding the analytic solution (notation: ¢t = 7% — 1)
AP+ At +3p°) —m =0

le.atm=0A~ (—t—3u>)/2 =(t.—t)/20r A~ m!/3 att =t..
® The R =0curveis

2

2 _ 2 Mmoo 2/3 iz

with F(z) = z* 4 1/(42*) — a scaling function.
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Pion condensation boundary asn, — 0 — scaling

t/m2/3

pfm'?

In RMM: T — T, ~ m?/3 and . = m'/3 (slower than m, ~ m'/?).

In QCD: T,. — T, ~ mY/ ¥ and p, = m1/(269) 2
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Summary

Using analytical solution of RMM we found R = (e**?) at finite 7 and .
Sign problem is less severe at higher T'.

The 1 4+ 1 phase transition is hidden inside the R = 0 (pion condensation)
domain.

As m — 0 the domain R = 0 approaches T' = T,, . = 0 point in a self-similar
way, with . ~ m'/3 (in RMM) — slower than m...
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