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Motivation

Nature and order of the QCD finite temperature transition still not well
understood and subject of recent research (→ LAT07 talks by Karsch/Fodor).

Goal:

Insight into the changes of the topological and (anti-)selfdual
structure of the gauge fields in the vicinity of the phase transition,
understanding of the interplay of the chiral properties / localisation
of low-lying fermionic modes and chiral symmetry breaking,
microscopic understanding of the chiral symmetry
breaking/restoration aspects of the finite temp. transition.

Overlap fermions are an appropriate tool to investigate the nature of the
phase transition from first principles:

exact chiral symmetry on the lattice,
non/zero modes with global chirality 0/±1,
clear realisation of the index theorem on the lattice.

Truncated spectral decomposition using the eigenmodes of the Dirac
operator acts as an UV-filter and allows ,,nondestructive inspection“.

Application of tools developed in the context of our research of the
structure of the QCD vacuum at T = 0 (arXiv:0705.0018 [hep-lat]).
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Simulation parameters

243 × 10, β = 5.20

κ # confs # Q = 0 confs T/Tc 1/a [MeV]

0.1348 131 8 0.91 1802

0.1352 86 12 0.97 1909

0.1353 131 21 0.98 1936

0.1354 97 11 1.00 1964

0.1355 118 18 1.01 1993

0.1358 122 38 1.06 2080

0.1360 97 40 1.09 2140

Tc = 197(2)MeV, κc = 0.13542(6) (via Polyakov loop method)
PoS(LAT2005)157 (talk then given by Y. Nakamura)
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The action

Gauge action: Wilson action

Hybrid approach for fermions:

sea quarks: Nf = 2 flavours of clover-improved Wilson fermions

improved sea quark action

SF = S
(0)
F − i

2
κ g cSW a5

∑
s

ψ̄(s) σµν Fµν(s) ψ(s)

mass range: 1.3 < r0mπ < 2.9

r0mπ and r0/a obtained by interpolation/extrapolation
of results by QCDSF/UKQCD
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Simulation parameters

× 163 × 8, β = 5.2/5.25 ← PRD 71,114504(2005), PoS(LAT2005)171

• 243 × 10, β = 5.20 ← PoS(LAT2005)157, this talk (also V. Weinberg at LAT07)

• 243 × 12, β = 5.29 ← Bornyakov’s LAT07 talk, overlap analysis started

Lines of constant r0
a

(solid lines) and constant mπ
mρ

(dotted lines) at T = 0.
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Hybrid approach:

sea quarks: Nf = 2 flavours of clover-improved Wilson fermions

valence quarks: overlap fermions (50 eigenmodes computed)

The massive overlap operator

D(mq) = (1− amq

2ρ
) D(0) + mq,

D(0) =
ρ

a
(1 +

DW√
D†

W DW

),DW = M − ρ

a
,
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The improved overlap operator

D imp(0) =

(
1− a

2 ρ
D(0)

)−1

D(0) .

D imp(mq) = D imp(0) + mq .
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Critical temperature

V. Bornyakov at LAT07 (New data from Nτ = 12 available)

Nt =∞

Nt = 12

Nt = 10

Nt = 8

Wuppertal

RBC-Bielefeld

r0mπ

r
0
T

c

43210

0.6

0.55

0.5

0.45

0.4
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Fitting function

r0Tc(r0mπ, 1/Nτ ) = r0Tc(0, 0) + CNτ

1

N2
τ

+ Cm(r0mπ)d (1)

with d = 1.08

or alternatively

r0Tc(r0mπ, a/r0) = r0Tc(0, 0) + Ca

(
a

r0

)2

+ Cm(r0mπ)d (2)

Result of fit acc. to (1)

r0Tc(r0m
phys
π , 0) = 0.438(6)(−7)(+13) (3)
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The string tensions around Tc

temperature range: 0.8 < T/Tc < 1.3

spatial static potential: r = R a

a Vs(r) = lim
Z→∞

log
W (R,Z )

W (R,Z + 1)

fitting ansatz:

Vs(r) = V0 −
α

r
+ σs r
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The string tensions around Tc

σ(0), [3]

[2]

σ(T), [1]

σs(T)

T/Tc

σ
(T

)
r2 0

1.51.41.31.21.110.90.80.7
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Distribution of the eigenmodes on the Q = 0 subsamples
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Distribution of the eigenmodes on the Q = 0 subsamples
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The spectral density

κ = 0.1360
κ = 0.1358
κ = 0.1355
κ = 0.1354
κ = 0.1353
κ = 0.1352
κ = 0.1348

λ [MeV]

V
ρ
(λ

)
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0

ρ(λ) = 1
V

〈 ∑
λ̄ δ(λ− λ̄)

〉
taken over (nonzero) eigenmodes ±iλ̄ of D imp(0).
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Chiral susceptibility and Polyakov loop susceptibility
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Chiral susceptibility Polyakov loop susceptibility

χq ∝< (Tr D−1(mq))
2 > − < Tr D−1(mq) >

2 χL = N3
s (< L2 > − < L >2)〈

Ψ̄Ψ
〉

= Tr D−1(mq) ≈
∑

λ 1/(iλ+ mq) L(s) = 1
3 Tr

∏Nt

s4=1 U(s, s4)
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Localisation of eigenmodes

Inverse Participation Ratio (IPR)

I = V
∑

x

ρ(x)2

with the scalar density

ρ(x) = Ψλ†(x)Ψλ(x)

using normalised eigenfunctions
∑

x ρ(x) = 1.

(Gattringer et al. 2001, Aubin et al. 2004, Gubarev et al. 2005, . . .)

Characteristic features:

I = V localised ρ(x) = δx,x′ support only on one lattice point x ′

I = 1 nonlocalised ρ(x) = 1
V maximally spread on all sites

Ernst-Michael Ilgenfritz Frascati · 7.8.2007 Exploring the chiral phase transition of Nf = 2 flavour QCD



Introduction
Properties of the lowest eigenmodes

Distribution of the topological charge
The UV-filtered field strength tensor and its local (anti-)selfduality

Summary

Distribution and density of the eigenmodes
Localisation of the eigenmodes
Local chirality of the eigenmodes

Localisation of eigenmodes

κ = 0.1360
κ = 0.1358
κ = 0.1355
κ = 0.1354
κ = 0.1353
κ = 0.1352
κ = 0.1348
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Local chirality of eigenmodes

Local chirality variable X (x) (Horvath et al., 2001)

X (x) =
4

π
arctan

 s
ρ+(x)

ρ−(x)

!
− 1 =

8<: −1 anti − instanton

+1 instanton

with the densities
ρ±(x) = Ψλ†(x)P±Ψλ(x)

and the projectors

P± =
1

2
(1± γ5)

In the dilute instanton picture X (x) should cluster in the confined phase near

±1 for the low modes when one selects lattice points near the peaks of the

scalar density.
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Histograms of X (x) averaged over the Q = 0 subsamples
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Fermionic vs. gluonic def. of the topological charge

-10
-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
 1
 2
 3
 4
 5
 6
 7
 8
 9

 10

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1  0  1  2  3  4  5  6  7  8  9  10

Q
ov

er
la

p

round(QAPE)

2
2

1
1

2

1

1
1

1

1

3
1
4
3
3
2
1

3
2
2
2
1

2
3
3
4
7
2
1

1

1
6
5
3
1

1

1
2
3
5
4
2
1

1
1
6
5
2

1
1
4
2
1

1
1

1

1

1
1

1
1
1
2

-10
-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
 1
 2
 3
 4
 5
 6
 7
 8
 9

 10

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1  0  1  2  3  4  5  6  7  8  9  10

Q
ov

er
la

p

round(QAPE)

4
2

1
2
11
3
2

1
12
34
6
3

1
3
9

1

1
2

1

κ = 0.1353 κ = 0.1360

Fermionic Q =
P

zeromodes〈Ψn|γ5|Ψn〉, 〈Ψn|γ5|Ψn〉 = ±1 for zeromodes

Gluonic 50 APE-smearing steps, improved clover definition (CP-PACS, PRD 64:114501)

Qimp =
P

x

˘
5
3
QP

L (x)− 2
12

QR
L (x)

¯
, QX

L (x) = 1
32π2 εµνρσ Tr

`
CX

µν(x)CX
ρσ(x)

´
.

CP
µν = 1

4 Im

( r )
and CR

µν = 1
8 Im

( r + r )
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Distribution of the topological charge Q
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Local structure of the topological charge density (163 × 8)

Topological charge density

q(x) =
1

2
Tr γ5D(x , x), Q =

∑
x

q(x)

Cq(r) = 〈q(0)q(r)〉 ≤ 0 (r > 0), but χt =
∫

dr Cq(r) > 0
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A measure for (anti-)selfduality (Gattringer, 2002)

Measure R(x) for (anti-)selfduality

R(x) = 4/π arctan r(x)− 1 =

 −1 f. Fµν(x) = +F̃µν(x)

+1 f. Fµν(x) = −F̃µν(x)

r(x) = (s̃(x)− q̃(x))/(s̃(x) + q̃(x)) ,

action density: s̃(x) =Tr Fµν(x)Fµν(x) =
∑N

i,j=1

λ2
i λ

2
j

2 f a
µν(x)x,i f

a
µν(x)x,j

charge density: q̃(x) = TrFµν(x)F̃µν(x) =
∑N

i,j=1

λ2
i λ

2
j

2 f a
µν(x)x,i

˜f a
µν(x)x,j

f a
µν(x)y ,j = − i

2 y 〈j |γµγνTa|j〉x
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Histograms of R(x) averaged over the Q = 0 subsamples
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Isosurfaces of R(x): Rcut = 0.97
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Cluster analysis of R(x)
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Introduction
Properties of the lowest eigenmodes

Distribution of the topological charge
The UV-filtered field strength tensor and its local (anti-)selfduality

Summary

Summary I

The zero-modes and low-lying modes in the confined phase are
strongly localised, while the higher modes are delocalised in both
phases. The transition is preceded by the lowest modes becoming
more localised before a gap opens.

At low-T the low-lying modes show a strong signal of local chirality,
which completely vanishes at high-T outside the spectral gap.

Similar changes happen with the distribution of R(x). In the high-T
phase the clusters become less ,,classical“ and the apparent (anti-)
selfdual dominance is lost.

Even for the largest investigated κ values at high-T some
eigenvalues fall in the gap, which are extremely localised and still
show a sign of local chirality.

From the index we find a rapid drop of the top. susceptibility in the
vicinity of the phase transition.

The top. charge correlator changes at the phase transition, revealing
a kind of short range charge compensation.
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Summary

Summary II

Different observables seem to deliver different κc values
(→ crossover nature of the phase transition ???):

The chiral susceptibility shows a peak at κ ≈ 0.1352
< κc= 0.13542(6) as determined via the Polyakov loop susceptibility.

A gap in the eigenmode spectrum does not open below κ ≈ 0.1358.

Above Rcut ≈ 0.97 approx. (anti-)selfdual domains percolate
through the spacial volume only for κ < 0.1358.
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