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The QCD Phase Diagram

µ

T(MeV)

(MeV)

T

quark
matter?

quark−gluon plasma

nuclear
matter

c

µ

100

200

500 1500

color
superconductor

hadronic fluid

RHIC
/A

LIC
E

compact stars

critical endpoint

crossover
(µ Ε ,Τ )Ε

FAIR
 ?

onset

crystalline

. – p.2/21



QC2D – the large N−1
c limit

QCD with gauge group SU(2) and non-zero quark chemical
potential µ has a real functional measure; it is one of the
few dense matter systems with long-range interactions
amenable to study with standard LGT methods.

Since q and q̄ live in equivalent reps. of the color group,
chiral multiplets contain both qq̄ mesons and qq baryons.
For mπ � mρ the behaviour as µ is varied can be studied
using chiral perturbation theory (χPT)

Key result: for µ ≥ µo = 1

2
mπ a baryon charge density

develops, nq > 0, along with a gauge invariant superfluid
condensate 〈qq〉 6= 0. For µ >∼ µo, the system is a dilute
Bose Einstein Condensate (BEC) consisting of weakly
interacting scalar qq baryons.
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Quantitatively, for µ >∼ µo χPT predicts

〈ψ̄ψ〉
〈ψ̄ψ〉0

=

(

µo

µ

)2

; nq = 8Nff
2
πµ

(

1 − µ4
o

µ4

)

;
〈qq〉
〈ψ̄ψ〉0

=

√

1 −
(

µo

µ

)4

[Kogut, Stephanov, Toublan, Verbaarschot & Zhitnitsky, Nucl.Phys.B582(2000)477]

confirmed by QC2D simulations with staggered fermions
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Eur.Phys.J.C17(2000)285, ibid C22(2001)451]
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If you insist on a Sign Problem, try simulations of QC2D
with N = 1 adjoint staggered quarks.

The fake onset of a superfluid phase at µ = mπ/2, whose
condensate is forbidden by the Pauli Exclusion Principle,
disappears once configurations with detM < 0 are included
with the correct weight.

SJH,Montvay,Scorzato,Skullerud, EurPJ C22 (2001) 451
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Thermodynamics at T = 0 from χPT

quark number density nχPT = 8Nff
2
πµ
(

1 − µ4
o

µ4

)

[KSTVZ]

pressure pχPT = −Ω

V
=
∫ µ

µo

nqdµ = 4Nff
2
π

(

µ2 + µ4
o

µ2 − 2µ2
o

)

energy density εχPT = −p+ µnq = 4Nff
2
π

(

µ2 − 3µ4
o

µ2 + 2µ2
o

)

interaction measure
δχPT = Tµµ = ε− 3p = 8Nff

2
π

(

−µ2 − 3µ4
o

µ2 + 4µ2
o

)

NB δχPT < 0 for µ >
√

3µo

speed of sound vχPT =
√

∂p

∂ε
=

(

1−
µ
4
o

µ4

1+3
µ
4
o

µ4

)
1

2
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This is to be contrasted with another paradigm for cold
dense matter, namely a degenerate system of weakly
interacting (deconfined) quarks populating a Fermi sphere
up to some maximum momentum kF ≈ EF = µ

⇒ nSB =
NfNc

3π2
µ3; εSB = 3pSB =

NfNc

4π2
µ4;

δSB = 0; vSB =
1√
3

Superfluidity arises from condensation of diquark Cooper
pairs from within a layer of thickness ∆ centred on the
Fermi surface:

⇒ 〈qq〉 ∝ ∆µ2
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By equating free energies, we naively predict a first order
deconfining transition from BEC to quark matter;
eg. for f 2

π = Nc/6π
2, µd ≈ 2.3µo.
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Simulation Details (Nf = 2 Wilson flavors)

Initial runs used a 83 × 16 lattice with parameters
β = 1.7, κ = 0.1780 (Wilson gauge action)
⇒ a = 0.220 fm, mπa = 0.79(1), mπ/mρ = 0.779(4)

Now have preliminary data from a matched 123 × 24 lattice
with β = 1.9, κ = 0.1680

⇒ a = 0.15 fm, mπa = 0.68(1), mπ/mρ = 0.80(1)

⇒ T ≈ 60MeV in both cases

To counter IR fluctuations and to maintain ergodicity, we
introduce a diquark source jκ(−ψ̄1Cγ5τ2ψ̄

tr
2 + ψtr

2 Cγ5τ2ψ1)

So far have accumulated roughly 300 trajectories of mean
length 0.5 on 83 × 16 and 100 trajectories on 123 × 24

SJH, Kim, Skullerud, Eur.Phys. J. C48 (2006)193
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Computer effort
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The number of congrad iterations required for
convergence during HMC guidance rises as µ increases
⇔ accumulation of small eigenvalues of M .
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Equation of State (83 × 16)
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Evidence for Deconfinement at µa ' 0.65
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We conclude there is a transition from confined bosonic
“nuclear matter” to deconfined fermionic “quark matter” at
µd ≈ 0.65. Both phases are superfluid, but for µ > µd the
scaling is that expected of a degenerate system.

In condensed matter parlance we are observing a
BEC/BCS crossover.

Similar conclusions reached using staggered fermions with
Nf = 8 by studying topological charge susceptibility χ(µ).

[Alles, d’Elia & Lombardo NPB752(2006)124]
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Towards the continuum limit. . .
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123 × 24 results at β = 1.9 κ = 0.168 ja = 0.04

Identify onset transition at µa ≈ 0.32 and (very tentatively)
a deconfining transition at µa ≈ 0.5

i.e. with µq ≈ 670 MeV, nq ≈ 5 fm−3, ∆εg
<∼ 2 GeVfm−3

On Nτ = 24 the unrenormalised Polyakov loop L has very poor signal:noise
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Meson Spectrum on 8
3 × 16 SJH, Sitch, Skullerud
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Meson spectrum roughly constant up to onset. Then
mπ ≈ 2µ in accordance with χPT, while mρ decreases once
nq > 0, in accordance with effective spin-1 action

[Lenaghan, Sannino & Splittorff PRD65:054002(2002)]

Cf. Hiroshima group [Muroya, Nakamura & Nonaka PLB551(2003)305]
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Diquark Spectrum on 8
3 × 16
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Diquark spectrum modelled by mπ,ρ ± 2µ up to onset, while
post-onset:

Splitting of “Higgs/Goldstone” degeneracy in I = 0 0+ channel

Meson/Baryon degeneracy in I = 0 0+ and I = 1 1+ channels
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Kaon Spectrum on 8
3 × 16
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“Kaons” have one quark propagating with µs ≡ 0.
Kaon spectrum modelled by mπ,ρ ± µ up to onset, while
post-onset mK−

>∼ µ, as if it were a weakly-bound state of
an s-quark and a u-hole.
Suggestive of bound kaonic states in nuclear medium?
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Electric gluon propagator (Landau gauge)
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Plot DE(q0, ~q) for fixed q0 as a function of |~q|. The electric
gluon in the static limit q0 = 0 shows some evidence of
Debye screening as |~q| → 0 for µ >∼ 0.9.
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Magnetic gluon
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The effect of µ 6= 0 is much more dramatic in the magnetic
sector.
This is significant because in perturbation theory magnetic
gluons are not screened in the static limit.
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A Star is Born?
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Remarkably, εq/nq exhibits a robust minimum for µ >∼ µd,
implying that macroscopic objects such as Two Color Stars
are largely made of quark matter. . .
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A Star is Born?
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Summary & Outlook

Thermodynamic results support a BEC at intermediate
µ, and deconfined BCS superfluid at large µ

A non-vanishing gluon energy density may be a more
reliable indicator of deconfinement than the Polyakov
line as T → 0

In-medium decrease of 1− mass, meson/baryon
degeneracy, and kaonic-nuclear bound states

Non-perturbative screening of gluon propagator in
magnetic sector

Bulk quark matter may be more stable energetically
than predicted by χPT

Future analysis to include: nature of deconfinement,
topological excitations. . .
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