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...suppose we have two "different" theories
describing the same objects and seeming to give
the same results...

...but do they give the very same results? for any
possible observable?



Which theories

e QCD

a strange but "not-extreme" QCD...

Finite volume QCD (1/A < L < 1/m,), when V' — oo, mXV
and p°F?V stay finite. Altough it cannot describe full QCD
It has many applications (extrapolations of low energy
constants from small lattices, sign problem, finite volume
corrections...)

Dirac Operator properties in low energy regions may be
computed analytically using effective theories
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ex PT

e QCD < Does exist a direct link?
Y RMT and for p # 07?



Do they give the very same predictions?



Do they give the very same predictions?
m =0 Zepr(M)=Zpgyur(M)

\ Shuryak,Verbaarschot '93

E ence of ¥ RMT and €x PT at non zero chemical potential — p. 4/18



N PT s yRMT

Do they give the very same predictions?
=0 Zepr(M)=Zgyur(M)
m =0 peypr(z, M =0) = pyrur(z, M =0)

Damgaard,Osborn,Toublan,Verbaarschot '99 + Verbaarschot,Zahed
'93
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Do they give the very same predictions?
=0 Zoypr(M) = Zyrur(M)
m =0 peypr(z, M =0) = pyrur(z, M =0)

m =0 Ny=1, pexPT(Zam) — pxRMT(Zam)

Damgaard,Osborn, Toublan,Verbaarschot '99,
Damgaard,Nishigaki,Wilke,Guhr,Wettig,Seif '98



N PT s yRMT

Do they give the very same predictions?
=0 Zepr(M)=Zgyur(M)
= =0 peypr(z, M =0) = pyrur(z, M =0)
m =0 Ny=1, peyrr(z,m) = pyrur(z, m)

m /=0 quenched, PeXPT(Zla Zz) — PXRMT(Zh 22)

Toublan,Verbaarschot '98, Verbaarschot,Zahed '93



Do they give the very same predictions?
m =0 ZexPT(M) — ZXRMT(M)
m =0 pexpr(z, M =0) = pyrur(z, M = 0)
m =0 Ny=1, PsxPT(Zam) — PXRMT(Zam)
m ;=0 quenched, pey pr(21, 22) = pyrMT(21, 22)
mu#0 Zopr(M) = Zgur(M)

é)orn ‘06



N PT s yRMT

Do they give the very same predictions?
=0 Zoypr(M) = Zyrur(M)
m =0 peypr(z, M =0) = pyrur(z, M = 0)
m =0 Ny=1, peyrr(z,m) = pyrur(z,m)
m /=0 quenched, PsXPT(Zh Zz) — PXRMT(Zl, 2’2)
m u#0 Zopr(M) = Zygur(M)

m 1 # 0 quenched peypr(2, 2%) = pyrMT(2, 2%)

(plittorff,Verbaarschot '02, Osborn '04



‘ The question

Are these all the possible predictions?
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Are these all the possible predictions?

Obviuosly not. Apart from academic question there are usefull
guantities (like the individual e.v. distribution function) that need
further knowledge (all the spectral correlation function).
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] The question

Are these all the possible predictions?

Obviuosly not. Apart from academic question there are usefull
guantities (like the individual e.v. distribution function) that need
further knowledge (all the spectral correlation function).

Why are we Interested In this question?
m different universality arguments leading to these theories
B - PT is more physical, y\RMT is solved

B (math) exact map of RMT to the underlying microscopical
theory

M this equivalence is accepted, but a proof is still lacking
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: The answer: yes

The two theories have the very same spectral
properties. This result holds for all N, masses
and chemical potentials.
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The two theories have the very same spectral

properties. This result holds for all N, masses
and chemical potentials.

How to prove it?

D.O. in x RMT
T .
Zin pg-yRMT """ Zin pg-ey PT

D.O.Iney PT




k-point correlation function of the e.v. \; of an operator D is
generate by the expectation value of product of ¢ function

oe(z1, ..., <H > 0z - J>

PEEP VIS CATA
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k-point correlation function of the e.v. \; of an operator D is
generate by the expectation value of product of ¢ function

d
/7{9/2 2 Z_Zk_)‘
Ajee.V. )\Eev

F 1 B 3Hj(2/—2k—)\j)_ 0 Det |z — z, — D]

V.z—zk—)\j 0z [I;(z — 2 — ;) 02 Det|z — 2, — D
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: Resolvent method

Hermitian D, =0

use the resolvent method to generate the k-point
correlation function

= partially quenched QCD, pg-QCD:

theory with N, fermions — N, + k fermions, k
bosons
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Hermitian D, =0

use the resolvent method to generate the k-point
correlation function

= partially quenched QCD, pg-QCD:

theory with N, fermions — N, + k fermions, k
bosons

non Hermitian D, u # 0

... — pPg-QCD:

theory with N, fermions — N, + 2k fermions, 2k
bosons

Consider the (ny|ns) theory with n, fermions and
n; bosons, with generic m; and p;
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] Outline of the proof

Outline: pg-yRMT — pg-exPT

m Ratio of determinants as gaussian integral of
two sets of supervectors

m Explicit integration of the RM
m Explicit integration of one set of supervectors

m Apply a theorem (super-bosonisation) to write
the remanining supervectors integrations as

integral on G'L(ny|n )



Outline of the proof

g = [ el L e
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: Det -] =gaussian superintegral

f AT 1

—aNTr|ATA ! MfpiN__

ZxRMT T /dAe [ ] . ]
D t mblN+ 1A

AT mblN_
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: Explicit integration of the RM

H Det |:77?,f1]\[Jr 1A

. T ZAT me]_N_

ZXRMT _ / dAe aNTr|AfA] i
D t mblN+ 1A

’LAT mblN_

/ dA o= TasAasAs 5=idas(S, 65 5000) —idh 5(3, 65 50 )
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Explicit integration of the RM

[T} Det {mf vy A

iAT mle_

—aNTr|ATA
ZRMT_/dAe NTrlA4]

X .
mblN 1A
" Det ’
AT mblN_
/ nb O mg ]-,’ iAOé,B’ wg,a’

— e 5 Str[sg 25%6@%5%2 Vh,a @] ]
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Zpg X / AW ™) €St 1me La Voa@Vlatmg s 00,590,

SS90
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Zpg X / d(W*qbqb*)e‘s”[mg'za¢g7a®¢$,a+mg-zﬁaﬁg,ﬁ@qﬁ;ﬁ]
o~ an St [ 09.880h 520 Vna®Vf o)

use that:

* —Str 'W@WT o 1
/d(v ) e Sl < Sdet [A]
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Zpg X / AW ™) e St 1me LaVoa®Vlatmg s 00,590,

L_Str

e_ozN

[ZB ¢g,5®¢};,ﬁ'2a ¢h,a®¢;,a]

Lpg X /d(ww*)eS”[mg'za%’a@%,a]

Sdet

1

N

1
Mgh | aN zo; wg,oz Y wi];,oz

Equival

1 —N_
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A

GL(ny|ny)

/dNWNf (Zwm%) :/ pr(U) Sdet [U) f(U)

nr(U) is the Haar measure on G'L(ny|n )



J A theorem
S r-bosonisation theorem:

/dNWﬂf (Zwk@)%) :/ ur(U) Sdet [UTY £(U)

A

GL(np|ny)

nr(U) is the Haar measure on G'L(ny|n )
Independent proof to recent result by Zirnbauer et al.

Our idea:embed 3, ;. ® 1! in the manifold of

H = HT,define a § function and perform the 1, ¢
integration; find a relation between H = H' and

GL(ny|ny)
Outline of the proof (a bit technical)



: Apply the theorem

R P—

Sdet

1

N

1
Mgh | OéN za: wg,a X w;;,a

Equival

1 —N_
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: Apply the theorem

qu X /A /LH(U)Sth [U]N_+V e_StT[Mgg‘U]
GL(np|ny)

1 | 1 —N_
Sd@t NMgh i - [/
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qu X /A MH(U)Sdet [U]N_+V e_StT[Mgg'U]
GL(np|ny)

1 | 1 —N_
Sd@t NMgh i - [/

X / 1y (U)Sdet [U) e StrM U]
GL(np|ny)

Sdet [1 Iy Vi U—l} %
N



: perform the N — oo limit

qu X /A ,UH(U)Sdet [U]N_+V e_StT[Mgg‘U]
GL(np|ny)

1 | 1 —N_
Sdet NMgh i - [/

X / 1y (U)Sdet [U) e StrM U]
GL(np|ny)

6—%Str[M-U_1]
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qu X /A MH(U)SCZ(Bt [U]N_+V @_StT[Mgg'U]
GL(np|ny)

1 | 1 —N_
Sd@t NMgh i - [/

X / 1y (U)Sdet [U) e StrM U]
GL(np|ny)

6—%Str[M-U_1]

Zipg X / g (U)Sdet [U]” o~V 3Str[M-U+M U
GL(nb|nf)
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The proof at 1 # 0

mf1N+ iA—‘r,ufB

H;ﬁf Det " T
' B 1
Zp?zMT :/dAdBe_aNTT[ATA+BTB] :z TH TN
X

" Det

mblN+ ’iA—i—,LLfB

P AT —I—,LLfBJr mply_
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mgln, iA—i—,ufB

H;ﬁf Det | T T
Zp?zMT:/dAdBe_O‘NTT[ATA+BTB] :ZA Tl N
X

" Det

mblN+ ’L'A—I—,ufB

i AT —I—,ufBJr mply_

the same proof: determinant as a gaussian
superintegration, integration of RMTs A and B,

integration of ¢, ¢', use the theorem, N — o
limit
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mgln, iA—i—,ufB

H?f Det | T T
ZpCII%MT — /dAdBG_aNTT[ATA+BTB] :ZA + :LLfB mf]-N_
X

" Det

mblN+ ’L'A—I—,ufB

i AT —I—,ufBJr mply_

the same proof: determinant as a gaussian

superintegration, integration of RMTs A and B,

integration of ¢, ¢', use the theorem, N — o

limit

Prasto X / pp(a) Sdet [al” o~/ 5 5tr[M-at M-~ |+Str[BaBa™]
GL(np|ny)
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] Conclusion

= We have proved the equivalence of the
spectral properties of the N — oo limit of
Y-RMT and the ¢ — y PT. This equivalence
holds for any correlation function and for
arbitrary chemical potential (zero,real
barionic,immaginary isospin or arbitrary
complex).

m super-bosonisation theorem (express
integrals over U(n), Gl(n)/U(n) and Gl(ny|n)
In terms of integrals of vectors or
supervectors and viceversa)
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Outline of the proof

W of the theorem

[t s (Z by @ w,‘;) _
k
~ [ dat@) [ a*vut sy (Ekjm@w;,a)

M manifold of super-Hermitian matrices:



Outline of the proof
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k
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of super-Hermitian matrices:

/ dF GZF(Zk wkz@%i—a)
F=F1




Outline of the proof

W of the theorem

[t s (Z by @ w,‘;) _
k
~ [ dat@) [ a*vuisy (Ekjm@w;,a)

of super-Hermitian matrices:

/ I i F Skl —a) —eStr[Y, vnov]
F=F"



Outline of the proof

F, @ a; o
F — , a —=
o7 Iy ol ao

- 1—N
/ e Det |F| — i€] P
F=Ft Det [FQ — 1€ — CI)T(Fl — ie)‘lCI)]




Outline of the proof

Fl o aq (8
F — , a —=
T F, ol as

- 1—N
_pt Det{y—ric — O(F, — ie) 1]

poles in Det |F} — ie] = 0, = analytic continuation
FL=F —F € U(m);O()



Outline of the proof

aq (87
a —=
OéT as

Det [Fy —ig] " e

1 = FlT — F1 - U(ﬂb), @(&1)
super-contour invariance in F; integration
Fy — Fy—ie— &N F71. @
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Outline of the proof

: of the theorem
(om0 )

Det [Fy —ig] " CiFa

= Ff — F1 € U(ng); ©(aq)
super-contour invariance in F; integration

Fy — Fy—ie— &N F71. @

®, ' enter only in the exponential= gaussian integration
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Outline of the proof

: of the theorem
(om0 )

Det [Fy —ig] " i

=F — F e Uy, O(ar)
super-contour invariance in F; integration

Fy — Fy—ie— &N F71. @

®, ' enter only in the exponential= gaussian integration
F, 5 may be integratated like super analytic contination of
standard integrals
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Outline of the proof

W of the theorem

/ dal@(al)f day et /d@ dO' Sdet
alzaJ{ U(ny)

OZT a9

1 N+ng—ng



Outline of the proof

B of the theorem
% da,O(a, 7{] - /St[] / dO dO' Sdet | [

The integration manifold is GL(n|n;), the measure is the
flat one induced by the metric

OJT a9

Str|da - da]
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Outline of the proof

: of the theorem
F da,O(a, 7{] - /S”] / dO dOT Sdet | [

The integration manifold is GL(n|n;), the measure is the
flat one induced by the metric

CVT a9

Str [da - da) — Haar Str |a”'da - ™' da

From the Berezinian of da — a~'da arise a factor
B = Sdet [a]"' ™"

[ wnayerslsaet o
GL(ny|ny)
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