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e Several fermionic solid state models admit an effective
QFT description in terms of massless Dirac fermions; 1-d
systems Tomonaga (1958); 2-d systems on the honeycomb
lattice at half filling Semenoff (1984).

o It is useful quantitatively understand the relation between
lattice models and emerging QFT description and to keep
fully into account the lattice. Methods of Constructive
QFT are sometimes suitable for that.

o 1) fermionic chains (benchmark)
o 2)Hubbard models on the honeycomb lattice

o 3)A lattice gauge theory for graphene
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Qo
1 _ _
H= ~5 Z[ajaxﬂ—i-ajﬂax |+n Z Px+A Z v(X—Y)pxpy
X X X,y
where at are the fermion creation or annihilation

operato:s and p, = afa;. |v(x —y)| < Ce~rx=vl,

@ If v(x — y) = djx—y,1/2 and h = 0, XXZ spin chain; exact
solution (Yang and Yang 1966). In general no solution.

Q@ x = (x,x), Oy = ™0, e M0 and, if A= O,,...0,,

(A) = %]7, T being the time order product and

T denoting truncation. < a§!...ay” > Schwinger functions.
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SOME PHYSICAL OBSERVABLES

@ p=(po,p) (Po = % also called w,) Susceptibility

K = limp_olimp o < Ppp—p >
@ The Drude weight
D = lim lim —A— < J,J_, >= lim lim D(po, p)
po—0 p—0 po—0 p—0
Jy is the Paramagnetic current J, = L[af, a; — afa, 4],
A=-1<7.> 7o=afa ., +al, a; isthe
Diamagnetic current.

D(—iw+4,0)

The conductivity is o = limy,_o lims_o == =5
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D :
@ From 5;’—0 = —i[Jexy — Jx—1.x] We get
@ Vertex WI
—ipo < Ppay apsp > —i(1— e P) < o al,, >=
<acay > — < ag,d, >
@ Density and current WI

—ipo < Pppp > —i(l—eP) <
—ipp < Ppd_p > —i(1 —eP) <
@ If the correlations are finite

< Dpd—p >mo=0 D(0,p) =0



EXPONENTS AS CONVERGENT SERIES IN THE SPIN

CHAIN

@ Benfatto, Mastropietro CMP (2002). For A small enough

cos(2pex)(1 + O(N)) 14+ 0(N)
212[x2% + (vexp)?)+  2m2[x% + (vEx0)?]

<Px[)0> ~
where pr = cos™ (i) + O(N) (1 =0 pr = 7/2),
ve = sin pr + O()), X convergent expansion

[0(0) — #(2pr)]
(7 sin pr)




EXPONENTS AS CONVERGENT SERIES IN THE SPIN

CHAIN

@ Benfatto, Mastropietro CMP (2002). For A small enough

cos(2pex)(1 + O(N)) 14+ 0(N)
212[x2% + (vexp)?)+  2m2[x% + (vEx0)?]

<pxp0> ~

where pr = cos™ (i) + O(N) (1 =0 pr = 7/2),
ve = sin pr + O()), X convergent expansion

[9(0) — (2p¢)]

X, =1-— A 22
: (rsinpr) O
@ X_ is the Cooper pair 2-point function aj{a; exponent
v(0) — v(2

(7 sin pr)
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LUTTINGER LIQUID RELATIONS

@ In the solvable Luttinger model

X,
TVE

D— V/:)Cr

R =

v =D/k

Haldane (1981): Its solubility rests on quite specific
properties that are lost if the model is modified. | will
argue that its low energy structure still provides a model
of the most important feature of a more general non
solvable models. In particular the above relations are true
in a general class.

@ True in the XXZ model; by the Bethe ansatz cosji = —A,
Ve = Zsinfi, k= [2r(r/fi — 1)sinfi]* and vZ = D/.
Note that X, = (2(1 — £))1 =1— 2 + O()\?)

(V(p) = €) (cfr before V(p) = e”).
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LUTTINGER LIQUID RELATIONS

@ How we check the LL relations in the absence of a
solution?

@ Haldane (1981) provided a class of non solvable
perturbation of the Luttinger model in which the LL
relations holds w = +

(k) = (wk—pr) 4 5 (k— ke ) (wk— ke )?

12m? VE

Bosonization and expansions in m~!

@ In the fermionic chain bosonization cannot be used; we
have convergent expansions but they are too complex to
get from them the LL relations.

@ Regularity properties (from conv. exp.)+lattice
WI+4Emergent WI— LL Relations.



UNIVERSALITY RELATIONS

THEOREM

(Benfatto,Mastropietro CMP 2009, JSP 2010) For A small
enough, there exists K analytic K =1 — /\%:(;:F) + O(\?)
such that

Xe=K , X_=K?! 2n=K+K1-2

and
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symmetric interaction.



EQUIVALENCE WITH A QFT MODEL

o We introduce the QFT model, if j, = 1y, tx
/P(dl/}(SN))e:\oodeV(X—Y)J'u,xju,y

where 1 = 1,1, k, = ko, ck, P(dy(=N)) have
propagator X/v(k)% with a smooth cut-off function

vanishing for |k| > 2" and v(x — y) a short range
symmetric interaction.

o A multiscale integration is now necessary also in the
ultraviolet region to perform the limit N — oc.



EQUIVALENCE WITH A QFT MODEL

It is possible to choose 5\00 and c¢ functions of A ¢ = vg, the
exponents coincide and, for k < |k|, |k,k + p| < &

noad Al V4SO
< ppalj-ﬁ-l)?:’ak—i-p—‘rp“,_f >= 72 <JO,P¢Iwwk+p,w > (14 n)
53

N oAt A— o > T+ T
< i prAciprpy >= S PF—=5 < Jp¥iicipe > (L4 1)
with ||, |ra| < Ck? (contribution from the irrelevant terms)

20 [(0) -~ o(2pr)]
{ON 7T sin pr

A+ O(N\?)

Rigorous relations connecting the fermionic chain (I.h.s) with
the QFT model (r.h.s.); essential that the QFT is regularized
with a momentum cut-off and the fact that there is a line of
fixed points.
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EQUIVALENCE WITH A QFT MODEL

@ Moreover

A A AS) 2 _n a ~
< PpP—p >= [7] < JopJo,—p > +A,,(P)
~ N . 2 2(3) 2 7 ~ ~
< JpJ_p >= (sin pg) [7] < Jipli—p > +A;j(P)
with c
|AP,P(X)|7 |AjJ(X)| S |X|2+6

@ Therefore A, ,(p), A;j(p) are continuous

@ What we have gained? The QFT model has a symmetry
more (the chiral one) so more WI, and this implies more
relations (emergent WI) for the chain model.
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WARD IDENTITIES

(]
< Tt >=<bf > — < f P> +A
Pu < Jup¥Pk Prip - =< P wWkw k+p Pk+p N
/Jimoo An(k,p) = ivp, < jupVkwVkipw >
with v = 2= §(p)

o v is linear in As. Non perturbative 1+1 analogue of
anomaly non renormalization in QED4. Note: with local

interaction high order corrections v = jﬁ’j‘: + b)\2
(CFR Adler-Bardeen (1969), Jackiw-Johnson (1969))

w«(@w@
wOwaQ
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FIXING PARAMETERS

o In the limit N — oo the QFT WI has the form (Johnson
1961 recovered)

) - 1 - -
VuPp < JupUkwWkip >= Ek Yt > — < ¢k+p¢k+p >]

o Implies a WI for the chain

. A -+ VF Z(3)
'Po < Ppai dcyp > —P - or 20) < Jpag aip >=
73 o o
m[< Qa > — < ak+pak+p >]

e It must coincide with the one found via continuity
equation therefore

73) ve ZO

(1—v)Z ~ sinprzB)



Emerging WI due to chiral phase. The invariance under
Vi — el*=1), of the QFT implies, if jo = p + p_,
7= py — p—, implies if Dy = —ipy & vpp

. AC | 1 D_(p
< oy = 15T 2-(p)

+D+(P)

D.(p) D_(p) AP

4rvel — 12
< B, >=

2(3)]2 1 1 D(p) Dilp)
Z " Anvel—12"Di(p) D_(p)

— 2]+ A(p)
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o The value of A, ,(0) (exists by continuity) is fixed by the
lattice WI < ppp_p > |po0 = O (irrelevant if you neglect
wrong result!).

o With this value, using ( ) =1 ifK =1



THE LL RELATIONS

o The value of A, ,(0) (exists by continuity) is fixed by the
lattice WI < ppp_p > |po0 = O (irrelevant if you neglect
wrong result!).

o With this value, using ( ) =1 ifK =1

K vip’

< >= 5= (0]
Pph—p P + O(p)

o Similarly, from D(0, p) = 0 (due to lattice WI) and
z®3)

VFW =1 we get
Kve Po
Dp)=————=+0
(p) e (p)
implying the LL relation for the non solvable chain
vi =D/k.

e The irrelevant terms plays a crucial role



HONEYCOMB LATTICE




THE HUBBARD MODEL ON THE HONEYCOMB LATTICE

EY Y (o, t b )

XeN,i=12,30=T]
SO [CEFEOETD SN | (CAFEE)
XeNyo=T] XeNg o=T]

Where/\A:/\:{nJl—i-nJg : m,n=0,...,L—1} be a
periodic triangular lattice of period L, with basis vectors:

h=1(3,v3), h=1(3,—V3) and
5= (1,0), &= %(—1, V3). &= %(—1, ~V3)



THE OPTICAL CONDUCTIVITY

Zero temperature optical conductivity

2
om = lim  lim ———[Km 0 +Am] :
p0~>0,@—>00 3\/§ Po ! (PO ) !

where R,m(p) is the Fourier transform of (Jy; Jy,m>ﬁ, with
K= v,(ro)jx the paramagnetic current

_ —ipX o+ _
/etg e 577’ ay, _'—‘,—50' b;+§j,ga>?,a)

XeN
o

i—f

with v(o) 3t n’ ; sum of the three bond currents.

A, is the dlamagnetlc term.



THE FREE CASE

@ The 2-point function S(k) =< W, W} >

B 1 ko —v*(k)
S(k)_kgﬂv(ﬁ)P(—v(k) iko )

v(k) =323, eki=0) — 1 4 2e3/2k1 cos Lks.



THE FREE CASE

@ The 2-point function S(k) =< W, W} >

1 ' —v*(k
Sk)= ( ko —v*(k) ) ’
K+ |v(k)2 \ —v(k) ko
v(k) = 300, e*00) = 1 4 273/ cos Lk,

@ If g = (& :|:327§) close to a Dirac propagator

- O (s — 1y \
iko ve '’ (iky F kb)
vO(—ik] F k) iko ’

w
x
+
©
nH
2
VR



THE FREE CASE

@ The 2-point function S(k) =< W, W} >

B 1 ik —v*(k)
S(k)——k2+‘v(lz)|2<_v(l—(») ),

V(E) =37 K00 =1 4 2673/ cos Lk,

e
Q If pe~ = (%, :I:z;—f) close to a Dirac propagator

- O (s — 1y \
ik ve ' (iky F k
SkpE)~ | @ S0 (_1 2) 7
ve ' (—iky F kb) iko

. &2 . . ( )
@ 0/m = 5 50im universal result independent from v

(Stauber, Peres, Geim PRB (2008))



THE FREE CASE

@ The 2-point function S(k) =< W, W} >

B 1 ik —v*(k)
S(k)——k2+‘v(lz)|2<_v(l—(») ),

V(E) =37 K00 =1 4 2673/ cos Lk,

e
Q If pe~ = (%, :I:z;—f) close to a Dirac propagator

, O — iy \
ik ve ' (iky F k
S(k + pg) ~ 0) _.kci y P ; 2) ,
v (—iki F k3) IKo
(0)

Q oy = e—;gé/m universal result independent from v
(Stauber, Peres, Geim PRB (2008))

© Same results found for free Dirac fermions (Ludwig et al
(1994)).



THE OPTICAL CONDUCTIVITY

o Indeed recent optical measurements in graphene (Nair et
al. Nat. Mat. (2007)) show that at half-filling and small
temperatures, if the frequency is above the temperature,
the conductivity is essentially constant and equal, up to a
few percent, to o9 = e_hQ%



THE OPTICAL CONDUCTIVITY

o Indeed recent optical measurements in graphene (Nair et
al. Nat. Mat. (2007)) show that at half-filling and small
temperatures, if the frequency is above the temperature,
the conductivity is essentially constant and equal, up to a
few percent, to o9 = e_hQ%

o Of course, interaction effects could produce modifications
to this theoretical value, obtained by neglecting
interactions; There are interaction corrections to
conductivity 7
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ErrecTIVE QFT MODEL

@ Effective Nambu Jona-Lasinio model in d =2 41

/ dxV¥,7,0,V, + U / dx(V,y, V) (W, V)

@ An ultraviolet regularizations is necessary to avoid uv
divergences

@ With a momentum cut-off (somewhat more realistic) one
gets non vanishing corrections to the conductivity; with
dimensional cut-off (Juricic, Vafek, Herbut PRB 2010) no
corrections at second order. Cut-off dependence; which is
the correct answer?



UNIVERSALITY OF THE CONDUCTIVITY

THEOREM

Giuliani-Mastropietro-Porta PRB 2010. There exists a
constant Uy > 0 such that, for |U| < Uy, and any fixed py,
P (po) is analytic in U uniformly in 3 and

Om= lim |lim o = ——0m -
Im po0+ B0 lm(pO) h 2 Im




UNIVERSALITY OF THE CONDUCTIVITY

THEOREM

Giuliani-Mastropietro-Porta PRB 2010. There exists a
constant Uy > 0 such that, for |U| < Uy, and any fixed py,
P (po) is analytic in U uniformly in 3 and

2

Om= lim |lim o = ——0m -
Im po0+ B0 lm(pO) h 2 Im

o Close to the limit we have 37! < py < t, which
corresponds to the range of frequencies investigated with
optical techniques.
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@ The WI are derived by the continuity equation
—i€0sP(x0,5) T 1P - Jo.p) = 0

If @le(k, p) is the vertex u = 0 density, u = 1,2 current)
and K, , the density-density ;1 = v = 0 or current
correlations

P Goru(k, p) = —eS(k + p) + eS(k)



WARD IDENTITIES

@ The WI are derived by the continuity equation
—i€0sP(x0,5) T 1P - Jo.p) = 0

If @le(k, p) is the vertex u = 0 density, u = 1,2 current)
and K, , the density-density ;1 = v = 0 or current
correlations

P Goru(k, p) = —eS(k + p) + eS(k)

e A
p'Kiy(p) =0
~ ] 11, -
P! Kum(p) = — lim - [p~ (Aﬁ,—/?)}m m=1,2



CONVERGENCE OF THE SERIES EXPANSION

@ Giuliani-Mastropietro (CMP 2007):

S09=5 (g 5) o+ 0tk pi).

where

Z=2Z(U)=1+0(U?) vr=ve(U)= % + O(U?)

are given by convergent series (again by determinant
bounds).



CONVERGENCE OF THE SERIES EXPANSION

@ Giuliani-Mastropietro (CMP 2007):

S09=5 (g 5) o+ 0tk pi).

where
3t
Z=2Z(U)=1+0(U?) vr=ve(U)= >+ O(U?)
are given by convergent series (again by determinant
bounds).

Q@ vf is different from v,(_-o) (increases ve(U) > ve(0));

isotropy of the Dirac cones follows from the lattice
symmetries.Non universal



THE VERTEX AND CURRENT FUNCTION

0 Ifo<p|xk—pgl <1
G = Z,S(k+Pu(B7. 0)S(k) (1 + Ok —pil")) .

where Z, = Z,(U) are analytic in U and 0 < § < 1.
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THE VERTEX AND CURRENT FUNCTION

0 Ifo<p|xk—pgl <1
G = Z,S(k+Pu(B7. 0)S(k) (1 + Ok —pil")) .
where Z, = Z,(U) are analytic in U and 0 < § < 1.
Z1 =2,

~ VAV a

Kim(P) = 7<,]p,l;jfp,m>o7w__ + Rim(P)
where (-), . is the average associated to a non-interacting
system with Fermi velocity ve(U) and

Rim(X,¥)| £ —————

| / (X y)| — 1+|x_y|4+g

with 0 < 0 < 1, so that Rjm(po, 0) is continuous and
differentiable at p = 0 (CFR 1d chain; similar but here
with free QFT).
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IMPLICATIONS OF WI

@ By the lattice WI and the fact that the 2 and vertex
functions have vanishing corrections at the FS

Z():Z, Z]_:ZZ:VFZ.

Kim(p) = Vg(fp,/;j—p,m%,v,: + Rim(p)

@ Note that Kjn(p) is even



IMPLICATIONS OF WI

Q As
C

<—7
Tl

| K (%)]
K,.,(p) is continuous at p = 0; from the WI

Po & .
IP—OKOm(PmPl,O) = | Kim(po, p1,0) +
1

+ ﬁII_IToo L2<[A (pr0).(~pr0)]1m) 5,

Taking first the limit pg — 0 and then the limit p; — 0 we
get that the |.h.s. is vanishing in the limit.



IMPLICATIONS OF WI

Q As
C

K v < ——a )
| Hy (X)| — 1+ |X|4
K,.,(p) is continuous at p = 0; from the WI
.Po ~
IP_KOm(p07p170) - Klm(PO7P1>O) +
1

. 1,4
+lim S {Beo-molm,,

Taking first the limit pg — 0 and then the limit p; — 0 we
get that the |.h.s. is vanishing in the limit.
@ Therefore by continuity

> Ll = g
m = ——— [im lim _[Km ,0 _KmO
gj 3\/§ PO+ Aons g I (pO ) [/ ( )



UNIVERSALITY OF THE CONDUCTIVITY

Finally

Olm =

3\2/§ b Plo |:(le([307 )~ Rin())

+(VF<](p0,6),l;j(—p0,6),m>07vl__ - Vg<j0,/;j0,m>0,vF)] :



UNIVERSALITY OF THE CONDUCTIVITY

Finally

Olm =

3\2/§ b I;Lo [(R/m(Po, )~ Rin())

+(VF<](p0,6),l;j(—p0,6),m>07vl__ - VI%<jO,/;j0,m>07VF):| :

The first term is differentiable and even hence vanishing,
while the first term is identical to the free one (it does not

depend from vg)
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o A(x) = (A(x), As(x)) is the quantized vector potential in
the Coulomb gauge, H, is the energy



LATTICE GAUGE THEORY FOR GRAPHENE

o Giuliani-Mastropietro-Porta PRB 2010. Hamiltonian
H= Ho + HA + VC where

o The interaction with the gauge field is obtained via the
Peierls substitution

12 =, =
— — /e Jo 0j-A(R+s0;,0) ds
t Z Z X 0 X+5J,O' +Tc.c

XeNy o=T]|
j=12,3

o A(x) = (A(x), As(x)) is the quantized vector potential in
the Coulomb gauge, H, is the energy

e2

Ve== D (=D -7y —1),

X, YyEAUAR

~ dps x(IB*+p3) : :
where @5 := [ @n B is a regularized version of the

static Coulomb potential.
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FUNCTIONAL INTEGRAL REPRESENTATION

o The Schwinger functions can be obtained by the following
generating functional

eW§(¢,J,)\) — / P(dw)Pf,h* (dA)eV(\II,A+J)+B(\U,A+J,¢)+(>\,\U)

where P(dW) is the fermionic integration and P(dA) is
the gauge field integration in the & gauge with an infrared
cut-off 27"

[ P(dW)PEH (dAYeV (YA F(A, W)
[ P(dW)PEr (dA)eV (VA

where F(V, A) = F(e*W, A+ da). The most convenient
gauge is the Feynman £ = 0.

¢
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WARD IDENTITIES

8(? WE(®, J + Do, Ne™*) o

and making derivatives with respect to the external fields
WI are derived.

o WI with a bosonic cut-off at scale 2" to get information
on the effective couplings of the theory with no cut-offs
and at scale h.

0=
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THE FLOW OF THE EFFECTIVE COUPLINGS

@ The honeycomb lattice symmetries has to be exploited
carefully to show that a number of possible terms are
indeed irrelevant.

@ We write W =y 45 WD) after the integration of

\IJS)k), AK) for k > h we get an effective theory withwave
function renormalizaztion Zj, Fermi velocity v, the
photon mass is v, and the effective charge is ep,.

@ Thanks to the WI

vh=0(e*2") ey — e_oo = e+ O(€°)
Vh — C Zh ~ 2777'7

where 7 is a critical exponent. Vanishing of the beta
function of the charge; vanishing of the photon mass; line
of fixed points.

@ Emergent relativistic symmetry.



CANCELLATIONS AT LOWEST ORDERS

FIG. 2:



THE 2-POINT FUNCTION

< \IJ_\V+ >kl+pi;:1’\‘

1 ( iko v(K')(—ik, +wk§))_1
Z(k') \v(K")(iki + wkj)+ iko
where
ZK) = K™, 1= v(K) = (1= v)K|7,
where
M= 0(). = i 0.

The Fermi velocity increases up to the light velocity and the
wave function renormalization vanishes.
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ErrecTIVE QFT MODEL

@ The fact that the Fermi velocity flows up to the light
velocity was predicted first by
Gonzalez-Guinea-Vozmediano model (Nucl Phys 1994) in
the effective model

/dx\TJx(%é?o + v§§+ A) iy

with v # ¢
@ Dimensional regularization is however necessary to achieve
this; if momentum regularizations is used in the GGV
model
v;,—>c—ae2—|—...

a > 0 No emergent Lorentz symmetry with momentum
cut-off. If gauge invariance is lost no emergent symmetry.
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ANOMALOUS EXPONENTS

@ We consider responses to sever bilinear, in particular
Kekule' (K), Charge Density waves (CDW), Neel
antiferromagnetism (N), Superconductivity (S), Haldane
currents (H) responses. If e = 0 they decays as |[x — y| .

@ The interaction produces anomalous exponents; the
response is enhanced for K, CDW, N, H; exponents 4 — &

with
2
€0 =2 Loty g oW =2 L o(e
(ap) _ A€ o, o) A€ 4
M =25 +0(): ¢ 32+0@)

2

@ For Cooper pairs is depressed £¢ = —2 + O(e*)
Q@ ¢/ =0 at all orders, by the WI.



ANOMALOUS EXPONENTS

K=, (e ( ie Iy ds bAcsss; 135 by . C.c.)
EJ'DW =2 (azoago - b:+5j,ob;+5j,a)

o =20 a(a)toa;c, - br+6j,ab;+6j,a)

D,J = Za (aIUaX_,U + b:ré- ab;+6j,a)

J’J =3, iee lo ds &/ Axiss; xﬂ,bxj_d o T c.c.)

H __ ie /‘0 dsmj x-+sm; +
xj =2 i€ UEN

—ie [ ds 71 Axsm;

x+mj,

€ x+5 o x+§ +mj,o +c.c.

where in the last line my = d, — 93, my = 63 — &1 and m3 = 61 — &>
indicate next to nearest neighbor vectors.



ANOMALOUS EXPONENTS

(K) . 27 COS (p,_—( (5 + (5 )) (K)
R (x) = 87T2AK X +r; (),
(cowy,_\ 27 1 (cOW)
R,J (x) = 82 CDWW + 1 (x),
27 1
(AF) - (AF)
RJ'J" (X) - 871'2 AF ‘X|4_£ (AF) + r ( ) ’

(H) 27 1 (H)
RJJ (x) = 87‘[‘2AH‘X|4 ¢(H g (x)

where Ay =1+ O(1 — v) + O(e?)). Moreover, the correction
terms ré.a)(x) are subdominant contributions, decaying at
infinity faster than |x| =4+
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MASS TERMS

o If we allow distortions of the honeycomb lattice, the
hopping becomes a function of the bond length / ;

tx,] = t+g(€>?,1_g)

with £ the equilibrium length of the bonds. A Kekulé
dimerization pattern corresponds to, for any jo € {1,2,3},

if pz; = g(lz; — 1)
bz j = Po + Do cos (ﬁ,ﬂf(gj - S}o — X))

o Similarly we can add a term describing an electronic
density asymmetry between the two sublattices

+ + -
Ao Z[a)? a — bx+6l x+52]



MASS TERMS

CDW instability

Kekulé distortion
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MASS TERMS

o In the absence of interaction such terms produce a mass

Ao
1

H<¢k,+p?_g¢k,+p§>\| m
o The interaction replace Ag with A(k) such that
IK
AkE) = AT pK = 262 /(37%) + -
or
A(KE) = A(1)/(1+nCDW) nPY = 2¢2/(372) + -
+
# — 00 as Ay — 0; strong enhancement of the
kekule" or CDW masses for weak masss.
o Increasing of mass with momentum resembles mass

generation in Gorbar, Gusynin,Miransky PRB (2002); here
the bare mass cannot vanish as lattice acts as a uv cut-off.
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o We can let ¢ = {¢;J}é:€}\,2,3 be a classical field to be fixed

self-consistently, so that the total energy
Eo(®) + 52 e @3 is minimal.
J

o The Kekulé distortion pattern is a stationary point,
provided that ¢g = cpg?/K + - - - for a suitable constant ¢
and that A satisfies the following non-BCS gap equation:

Ag ~ 6g—2 / dk’ Z_lﬁk/)%(k,)
" B+ v2(K)IQK + K2R + A

Aglk]st

where A = AYT2) and Z(K') ~ |K/| 77,
v(k') ~1—(1—v)|K|7and A(K') ~ Qg |K'|7,
=g/
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(GAP EQUATION

e Our gap equation has the same qualitative properties of
the simpler equation:

) ) 1 J pla
& /A T—a -
from which it is apparent that at small e, the equation
admits a non trivial solution only for g > g,

o For small e g. ~ /v, with v the free Fermi velocity, even
though the effective Fermi velocity tends to the speed of
light (e = 0 reduces to the one in Hou-Chamon-Mudry
PRL 2007;Chamon,Hou,Jackiw,Mudry,Pi,Semenoff PRB
2008)

o Interactions facilitate the formation of a Kekulé pattern. If
na —1n = 17267:2 + --- exceeds 1, then the integrand in the
r.h.s. of the gap equation diverges as A — 0so g. — 0
(Spontaneous distortion).
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TRANSVERSE CONDUCTIVITY

o If we consider a bilayer graphene, the intra-planar e.m.
interaction decreases the inter-planar transverse
conductivity; if H = H; + H2 + tP with

_ +
P = _tZze/\A[az,lam + a*2‘;’21 + {a — b}]
e Transverse conductivity

75 en) = - liml= (5535 + 2]

1
o In the temperature range tT=7 << 7! << w, << 1
p g

05 (wn) ~ tw)”

o CFR with transverse conductivity between Luttinger
liquids in the same range o5 (wn) ~ 2w}’
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OPEN PROBLEMS

@ The proof of universality of optical conductivity does not
apply in the long range gauge case. The exponent of the
current-current is the same as the free one (finite
conductivity) but wether the optical conductivity is the
same as the free case or not is an open problem (for us?).

@ Either in the case of Hubbard or gauge field interactions,
the frequency dependent corrections to the conductivity
taking into account the full honeycomb lattice.

@ More mathematical: prove convergence in the lattice
gauge (as done for Hubbard interaction)

@ Transverse conductivity at lower temperatures
@ Of course: large U, gap generation ...
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